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Preface

The book aims at presenting a detailed and mathematically rigorous exposition of the

theory and applications of a class of point processes and piecewise deterministic pro-

cesses. The framework is sufficiently general to unify the treatment of several classes

of stochastic phenomena: point processes, Markov chains and other Markov processes

in continuous time, semi-Markov processes, queueing and storage models, and like-

lihood processes. There are applications to finance, insurance and risk, population

models, survival analysis, and congestion models. A major aim has been to show the

versatility of piecewise deterministic Markov processes for applications and to show

how they may also become useful in areas where thus far they have not been much in

evidence.

Originally the plan was to develop a graduate text on marked point processes in-

dexed by time which would focus on probabilistic structure and be essentially self-

contained. However, it soon became apparent that the discussion should naturally

include a traditional class of continuous time stochastic processes constructed from

certain marked point processes. This class consists of ‘piecewise deterministic pro-

cesses’; that is, processes with finitely many jumps on finite time intervals which,

roughly speaking, develop deterministically between the random jump times. The ex-

position starts with the point process theory and then uses this to treat the piecewise

deterministic processes.

Throughout the focus is constructive, emphasizing canonical versions, which often

means that a process is discussed relative to its own filtration, rather than with respect

to a general and larger filtration to which the process may be adapted. Many of the

main results are proved within this canonical setting, which makes it easier to develop

the proofs. But of course these main results then appear only as special cases of well-

established results from ‘the general theory of processes’; even so, we believe that

by treating the canonical setup directly, additional insight into the structure of the

processes is gained.

Among the piecewise deterministic processes those that are Markov are espe-

cially important, and they are also the ones treated most thoroughly in this book.

The pioneering work here was done by Mark Davis and many of his results duly

reappear here—but again, basing everything on marked point process theory leads
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to a somewhat different approach and to a very general construction of not only

time-homogeneous piecewise deterministic Markov processes (the ones considered

by Davis), but also of those that are non-homogeneous.

The text is designed for advanced topics courses or self-study by graduate students

who are at least in the fourth year of a European style degree program or at least in

the second year of an American style Ph.D program. The text will also be useful to

researchers specializing in the use of probabilistic models for point processes and

piecewise deterministic processes. A course can easily be fashioned from selected

parts of the book, and we suggest Chapters 2, 3, 4 and Sections 7.1–Chapter 7. This

material should be supplemented by discussion of some of the models and applications

treated in Part II.

The reader who wishes to master all details of the text will need a background

in measure-theoretic probability theory. Readers with a narrower foundation will also

benefit from reading the book. Short introductions to each chapter, apart from point-

ing to material that is considered essential, also list parts of the text (entire sections,

technical proofs, etc) that may be omitted.

Acknowledgements

An initial version of this text started as lecture notes for a graduate course at the Uni-

versity of Copenhagen in 1995–1996 and went through successive revisions while

lecturing at Copenhagen, the University of Aarhus (1998) and at Chalmers University

of Technology and the University of Gothenburg (1999). Grateful acknowledgement

is made to the University of Aarhus’ Centre for Mathematical Physics and Stochas-

tics (MaPhySto, a network funded by the Danish National Research Foundation), with

special thanks to Ole Barndorff-Nielsen, the then director of the Centre. Many thanks

also to Holger Rootzén for arranging my stay at the Stochastic Centre at Chalmers

University of Technology and the University of Gothenburg in 1999 and for the sup-

port received from the Centre.

I am also much indebted to colleagues and students in Copenhagen and elsewhere

for stimulation and feedback which contributed much to the improvement of the text. I

especially thank Jacob Krabbe Pedersen, now at the University of Southern Denmark,

who voluntarily undertook the huge task of converting the handwritten manuscript of

the original Copenhagen notes into LATEX. My gratitude to him, Bo Markussen and An-

ders Tolver Jensen (both from Copenhagen) for their many insightful comments, ques-

tions and suggestions. I am also very grateful to Kasper Larsen, presently at Carnegie

Mellon, for reading, commenting on and improving the section on finance.

Sid Resnick from Cornell University first encouraged me to write a book based

on the MaPhySto lecture notes. I would like to thank him and also the anonymous

reviewers who offered many helpful suggestions. Finally, many thanks are due to the
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Introduction

1.1 Overview

While point processes in general describe the random scattering of points in a cer-

tain space, the point processes considered in this book are special in the sense that

the specific points are associated with the times at which certain random events occur.

The resulting stochastic phenomena developing over time then form the main object

of study. Just recording the time occurrences of the events results in a simple point

process (SPP), a marked point process (MPP) is obtained if at each time occurrence

the type or mark of the event is also registered. Apart from discussing the theory of

such processes, one of the main points of the book is to show how certain ‘ordinary’

stochastic processes may be viewed as MPPs, e.g., by considering the time points

at which a given stochastic process jumps, with the type of event or marks associ-

ated with each occurrence some characteristic of the jump. The result is a piecewise

deterministic process (PDP), formally defined as a process adapted to the filtration

generated by the MPP of timepoints of jumps and their characteristics.

In the first chapters, Chapters 2 and 3, the definition and construction of simple and

marked point processes are given together with the equivalent description of, respec-

tively, an SPP as a counting process (CP) and an MPP as a random counting measure

(RCM). It is part of the definition that the processes should be stable, i.e., only finitely

many events are allowed in finite intervals of time, but point processes with explosion,

where infinitely many time points accumulate in finite time, arise naturally and they

are therefore discussed as well, albeit somewhat summarily, at various places in the

text.

The long Chapter 4 contains the basic theory of CPs and RCMs, including the

characterization of their distributions through compensators, compensating measures

and martingale properties. In Chapter 5 likelihood processes (processes of Radon–

Nikodym derivatives) are treated. Chapter 6 treats stochastic dependence between

finitely many RCMs as well as RCMs with independent increments.

One of the most important chapters, Chapter 7, develops the theory of piecewise

deterministic Markov processes (PDMPs) using the theory of RCMs from the earlier

chapters. In particular it investigates the description of general PDPs as MPPs using
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jump times and characteristics of jumps to describe the times when events occur and

their marks.

The theoretical Part I of the book contains a number of examples and exercises,

but the main examples are found in Part II, where it is shown how different aspects

of the theory may be used to discuss models of relevance for topics in statistics and

applied probability: survival analysis, branching processes, ruin probabilities, soccer

(football), mathematical finance and queueing theory.

Part III contains two appendices: one on a frequently used differentiation technique

and one on some of the fundamentals from the general theory of stochastic processes

with an introduction to martingales in continuous time.

Each chapter starts with a short introduction in which some of the main references

for the topics covered in the chapter are listed; the reader is alerted as to what material

from the chapter is required reading and what is not. The bibliography with the biblio-

graphical notes are found at the end of the book together with a notation glossary and

subject index.

The emphasis on the time dynamics of the point processes under consideration

already prevalent in the basic construction of SPPs and MPPs from Chapter 3 is not

suited for the discussion of some important topics in the general theory of point pro-

cesses such as palm probabilities, stationarity (although Chapter 7 does contain a sec-

tion on stationarity of homogeneous PDMPs) and thinning of point processes. Also,

as mentioned above, point processes where infinitely many points may accumulate

within small bounded sets are excluded, with the exception of exploding SPPs and

MPPs that allow for exactly one accumulation point.

Some notation: B is the Borel σ -algebra on R. The intervals referring to the time

axis are denoted as follows: R0 = [0,∞[ , R+ = ]0,∞[ , R0 = [0,∞] , R+ =
]0,∞]. The corresponding Borel σ -algebras are written B0, B+, B0, B+. In higher

dimensions, Bd denotes the d-dimensional Borel σ -algebra of subsets of Rd .

An abstract probability space is denoted (�,F,P) . The space of marks for a

marked point process is written (E, E), and the state space for a Markov process or

other stochastic process is denoted by (G,G) . Probabilities on these and other con-

crete spaces are usually denoted by roman letters, e.g., P, while the italics Q are re-

served for probabilities on the canonical space of counting processes or the canoni-

cal space of random counting measures. The symbol P arises exclusively in connec-

tion with the basic Markov kernels P(n) describing the conditional distribution of the

(n + 1)-th jump time given the previous jump times and marks.

If (Di ,Di ) for i = 1, 2 are measurable spaces and P1 is a probability on (D1,D1)

and ψ : (D1,D1)→ (D2,D2) is measurable, we write ψ (P1) for the probability on

(D2,D2) obtained by transformation of P1,

ψ (P1) (A2) = P1

(
ψ−1 (A2)

)
(A2 ∈ D2) .

The phrases ‘almost surely’, ‘almost all’, ‘almost everywhere’, are abbreviated

a.s., a.a., and a.e., respectively.
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Expectations are written using the same font as the matching probability: E (for P),

E (for P), E (for Q). If it is necessary to emphasize which probability the expectation

refers to, this is done using an index, EP, EP, EQ .

If (D,D) is a measurable space, εx for x ∈ D denotes the probability measure

degenerate at x,

εx (A) =
{

1 if x ∈ A,

0 if x /∈ A.

Integrals are written in the standard form, e.g.,

∫
f (x) P (dx) or

∫
f dP

but also quite often as

∫
P (dx) f (x) ;

in particular this is used in connection with multiple integrals. Often we write

E [U ; F] instead of

∫

F

U dP.

R-valued functions that are defined for example on R0 and are right-continuous

and have limits from the left play an important role in the book. They are referred to

by the French acronym cadlag (continus à droite avec les limites à gauche) rather than

the English corlol (continuous on the right with limits on the left).

Differentiation is denoted by the symbol D: Dt f (t) = d
dt

f (t) .

Normally the random variables forming a stochastic process indexed by time t are

denoted as X t , while a given function (non-random) of time is written as f (t).

If a ∈ R we write a+, a− for the positive and negative part of a: a+ = a ∨ 0,

a− = −(a ∧ 0). The same notation is used for R-valued processes and functions.

1.2 Conditional expectations and probabilities

Throughout the book conditional expectations and conditional probabilities are used

in an absolutely essential manner. A short review of the basic definitions and most

relevant results follow below.

Suppose X is an R-valued random variable defined on a probability space (�,F,P)

and let F ′ be a sub σ -algebra of F . If E |X | <∞, there exists a P-integrable and F ′-
measurable random variable E

[
X
∣∣F ′

]
defined on �, the conditional expectation of

X given F ′, such that

∫

F ′
E
[
X
∣∣F ′

]
dP =

∫

F ′
X dP
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for all F ′ ∈ F ′. The conditional expectation is uniquely determined P-a.s.

If F ′ is the σ -algebra σ
(
X ′
)

generated by a random variable X ′, we write

E
[
X
∣∣X ′

]
instead of E

[
X
∣∣F ′

]
. If X ′ is e.g., R-valued, any R-valued and σ

(
X ′
)
-

measurable random variable U has the form g
(
X ′
)

for some measurable g : R→ R.

In particular E
[
X
∣∣X ′

]
= g

(
X ′
)

and we then write

E
[
X
∣∣X ′ = x ′

]
for g

(
x ′
)
.

If X is an indicator, X = 1F for some F ∈ F ′, E
[
X
∣∣F ′

]
is the conditional

probability of F given F ′ and is denoted P
(
F
∣∣F ′

)
.

If (Di ,Di ) for i = 1, 2 are measurable spaces, a Markov kernel or transition

probability from (D1,D1) to (D2,D2) is a map p : D1 ×D2 → [0, 1] such that

(i) x1 �→ p (x1, A2) is D1-measurable for all A2 ∈ D2,

(ii) A2 �→ p
(
x1,A2

)
is a probability on (D2,D2) for all x1 ∈ D1.

Markov kernels in particular serve as regular conditional distributions: if X1, X2 are

random variables on (�,F,P) with values in (D1,D1) and (D2,D2), respectively,

then a regular conditional distribution of X2, given X1 = x1 for all x1 ∈ D1, is a

Markov kernel p from D1 to D2 such that

P (X1 ∈ A1, X2 ∈ A2) =
∫

A1

PX1 (dx1) p (x1, A2) (A1 ∈ D1, A2 ∈ D2) ,

where PX1 = X1(P) is the distribution of X1. Such regular conditional distributions

need not exist (see below for conditions for existence), but if they do they may be used

for finding conditional expectations: if ψ : (D2,D2) → (R,B) is measurable and

E |ψ (X2)| <∞, then

E [ψ (X2) |X1 = x1 ] =
∫

D2

ψ (x2) p (x1, dx2)

for PX1 -a.a. x1 ∈ D1 and

E [ψ (X2) |X1 ] =
∫

D2

ψ (x2) p (X1, dx2)

P-a.s.

More generally, if X is a (D,D)-valued random variable on (�,F,P) and F ′ is

a sub σ -algebra of F , a regular conditional distribution of X given F ′ is a Markov

kernel p′ from
(
�,F ′

)
to (D,D) such that

P
(
(X ∈ A) ∩ F ′

)
=
∫

F ′
P (dω) p′ (ω, A)

for all A ∈ D, F ′ ∈ F ′. Then, if ψ : (D,D)→ (R,B) is measurable and E |ψ (X)| <
∞,
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E
[
ψ (X)

∣∣F ′
]
(ω) =

∫

D

ψ (x) p′ (ω, dx)

for P-a.a. ω. If, in particular, X1and X2 are as above and p is a regular conditional

distribution of X2 given X1 = x1 for all x1, then p′ (ω, A2) = p (X1 (ω) , A2) defines

a regular conditional distribution of X2 given X1 (given F ′ = σ (X1)).

A regular conditional distribution of X given F ′ always exists if the space (D,D)

is a Borel space, i.e., there is a bijection ι : D → B0, a Borel subset of R, such that

ι and ι−1 are measurable when the σ -algebra D is used on D and the trace B ∩ B0

of the Borel σ -algebra is used on B0. In particular, D is then countably generated and

all singletons {x} for x ∈ D are measurable. Recall that Rd (with the d-dimensional

Borel σ -algebra Bd ) and the sequence space RN (equipped with the σ -algebra B∞

generated by the projection maps (xn)n∈N �→ xn0 for n0 ∈ N) are Borel spaces. Also a

host of function spaces are Borel spaces, e.g., the space of functions w̃ : R0 → Rd that

are cadlag (right-continuous with left limits) equipped with the σ -algebra generated

by the projection maps (w̃(t))t∈R0
�→ w̃(t0) for t0 ∈ R0.





2

Simple and Marked Point Processes

This chapter contains the definitions of simple and marked point processes (SPPs and

MPPs, respectively) recording the random occurrences over time of random events

and shows how to identify the point processes with counting processes (CPs) and

random counting measures (RCMs). The canonical spaces K, and KE of sequences

of timepoints of events and their marks are introduced together with the space W of

counting process paths and the space M of discrete counting measures, counting time-

points and marks. It is demonstrated how SPPs and MPPs may be viewed as random

variables with values in the sequence spaces K and KE respectively, while CPs are

W -valued and RCMs are M-valued random variables. The definitions and notation

given in the chapter are fundamental for everything that follows.

Reference. The definitions given here are standard, see e.g., Last and Brandt [81],

Sections 1.2 and 1.3.

2.1 The definition of SPPs and MPPs

In general, point processes are probabilistic models for the random scatterings of

points on some space (often a subset of Rd ). In this book we shall exclusively be

concerned with point processes describing the occurrence over time of random events

in which the occurrences are revealed one-by-one as time evolves. If only the occur-

rences of events are recorded, the space is always the time axis R0 = [0,∞[, and we

shall determine the random points in R0 by referring to the time of the 1st occurrence,

2nd occurrence, and so on. If, in addition, there are different types or marks of events,

then the state space has the form R0 × E where E is the mark space. For the nth oc-

currence, together with the time at which it occurs, there is also the nth mark. Thus,

for the processes we consider, time is an essential characteristic.

Let (�,F,P) be a probability space with the sample space � a non-empty set, F

a σ -algebra of subsets of �, and P a probability measure on F .

Definition 2.1.1 A simple point process (SPP for short) is a sequence T = (Tn)n≥1

of R0-valued random variables defined on (�,F,P) such that
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(i) P (0 < T1 ≤ T2 ≤ · · · ) = 1,

(ii) P (Tn < Tn+1, Tn <∞) = P (Tn <∞) (n ≥ 1) ,

(iii) P (limn→∞Tn = ∞) = 1.

Thus, an SPP is an almost surely increasing sequence of strictly positive, possibly

infinite random variables, strictly increasing as long as they are finite and with almost

sure limit ∞. The interpretation of Tn is that, if finite, it is the timepoint at which

the nth recording of an event takes place with less than n events occurring altogether

(on the time axis R0) if Tn = ∞. By the definition, no event can happen at time 0;

nevertheless we shall mostly use R0 (rather than R+ ) as the time axis.

The condition (iii) in Definition 2.1.1 is important. It is equivalent to the statement

that only finitely many events can occur in any finite time interval. The more general

class of SPPs obtained by retaining only (i) and (ii) from Definition 2.1.1 is the class

of simple point processes with explosion. It will be denoted SPPex and together with

its MPP counterpart is discussed below and at various points in the text.

Introducing the sequence space

K =
{
(tn)n≥1 ∈ R

N

+ : t1 ≤ t2 ≤ · · · ↑ ∞, tn < tn+1 if tn <∞
}

together with the σ -algebra K generated by the coordinate projections

T ◦n (t1, t2, . . . ) = tn (n ≥ 1) ,

we may view the SPP T as a (K,K)-valued random variable, defined P-a.s. The dis-

tribution of T is the probability T (P) on (K,K) obtained by transformation,

T (P) (B) = P {ω : T (ω) ∈ B} (B ∈ K) .

Similarly, introducing

K =
{
(tn)n≥1 ∈ R

N

+ : t1 ≤ t2 ≤ · · · , tn < tn+1 if tn <∞
}

with K as the σ -algebra generated by the coordinate projections on K (as those on K,

also denoted T ◦n ), an SPPex may be viewed as a random variable T = (Tn) with values

in
(
K,K

)
, and the distribution of the SPPex is the transformed probability T (P). Note

that K =
{
(tn) ∈ K : limn→∞tn = ∞

}
.

Now suppose we are also given a measurable space (E, E) called the mark space.

Adjoin to E the irrelevant mark ∇, to be used for describing the mark of an event

that never occurs, write E = E ∪ {∇} and let E = σ (E, {∇}) denote the σ -algebra of

subsets of E generated by the measurable subsets of E and the singleton {∇} .

Definition 2.1.2 A marked point process (MPP for short) with mark space E is a

double sequence (T ,Y) =
(
(Tn)n≥1 , (Yn)n≥1

)
of R+-valued random variables Tn

and E-valued random variables Yn defined on (�,F,P) such that T = (Tn) is an SPP

and

(i) P (Yn ∈ E, Tn <∞) = P (Tn <∞) (n ≥ 1) ,
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(ii) P (Yn = ∇, Tn = ∞) = P (Tn = ∞) (n ≥ 1) .

Thus, as in Definition 2.1.1 we have a sequence of timepoints marking the occur-

rence of events, but now these events may be of different types, with the type (or name

or label or mark) of the nth event denoted by Yn . Note that the use of the irrelevant

mark permits the definition of Yn for all n, even if the nth event never occurs, i.e.,

when Tn = ∞.

An MPP (T ,Y) may be viewed as a (KE ,KE )-valued random variable, where

KE =
{
((tn) , (yn)) ∈ R

N

+ × E
N

: (tn) ∈ K, yn ∈ E iff tn <∞
}

with KE the σ -algebra of subsets of KE generated by the coordinate projections

T ◦n ((tk) , (yk)) = tn, Y ◦n ((tk) , (yk)) = yn .

The distribution of (T ,Y) is then the transformed probability (T ,Y) (P) on (KE ,KE ) .

MPPs with explosion, MPPex, are introduced in the obvious manner as
(
KE ,KE

)
-

valued random variables
(
T ,Y

)
, where

KE =
{
((tn) , (yn)) ∈ R

N

+ × E
N

: (tn) ∈ K, yn ∈ E iff tn <∞
}

with KE the σ -algebra generated by the projections on KE . The distribution of an

MPPex is of course the probability
(
T ,Y

)
(P) on

(
KE ,KE

)
.

It was only assumed above that (E, E) be a measurable space, but from now on

we shall impose more structure and assume that (E, E) be sufficiently ‘nice’: in the

remainder of this book we shall simply require the following:

Assumption The mark space (E, E) is a Borel space.

Borel spaces were introduced on p. 7. There might be other choices for ‘nice’

spaces as well, but Borel spaces have at least three properties that will prove to be

useful:

(i) Singletons are measurable, {y} ∈ E for all y ∈ E, so that in particular E sepa-

rates points, i.e., for any y �= y′ ∈ E there exists A ∈ E such that y ∈ A and

y′ ∈ Ac.

(ii) The σ -algebra E is countably generated.

(iii) If Y is an (E, E)-valued random variable defined on a probability space

(�,F,P) and F ′ ⊂ F is a sub-σ -algebra, there always exists a regular con-

ditional distribution of Y given F ′.

2.2 Counting processes and counting measures

Let T = (Tn)n≥1 be an SPP and define the counting process (CP) associated with T

as N = (Nt )t≥0 , where
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Nt =
∞∑

n=1

1(Tn≤t). (2.1)

Thus Nt counts the number of events in the time interval [0, t] with N0 ≡ 0. Clearly

each Nt is an N0-valued random variable. Also, for P-a.a. ω ∈ � the sample path

t �→ Nt (ω) belongs to the space W of counting process paths,

W =
{
w ∈ N

R0
0 : w(0) = 0, w is right-continuous, increasing,

�w(t) = 0 or 1 for all t
}
.

Notation. N0 denotes the non-negative integers N ∪ {0}, while N0 = N0 ∪ {∞}.
If t �→ f (t) is a cadlag function, � f is the function t �→ f (t) = f (t)− f (t−).

Note that the assumption that the Tn be strictly increasing as long as they are finite

(Definition 2.1.1 (ii)) ensures that t �→ Nt increases only in jumps of size 1.

Define on W the canonical counting process N ◦ =
(
N ◦t
)

t≥0
by N ◦t (w) = w(t),

(so N ◦ : W → W is just the identity), and let

H = σ
(
N ◦t
)

t≥0
(2.2)

the smallest σ -algebra of subsets of W such that all N ◦t are measurable. Then we

may view N defined by (2.1) as a (W,H)-valued random variable with distribution

Q = N (P), the probability on (W,H) obtained by transformation of P.

The sequence T is easily recovered from N since P-a.s. (consider ω ∈ � such that

T (ω) ∈ K only)

Tn = inf {t ≥ 0 : Nt = n} ,
(Tn ≤ t) = (Nt ≥ n) ,

(2.3)

where here as elsewhere we define inf∅ = ∞. Thus we have shown that any SPP may

be identified with its associated CP. Later it will be the probability Q rather than T (P)

that will serve as the basic description of the distribution of an SPP.

The discussion above could also be carried out for T as an SPPex, only now

Nt = ∞ can occur with probability > 0, and W may be replaced by the space W of

exploding counting process paths, CPex, w ∈ N
R0

0 , which otherwise satisfy the condi-

tions already imposed on w ∈ W. On W we use the σ -algebra H defined analogously

to H in (2.2).

We have seen that an SPP can be identified with a counting process. In a similar

fashion, an MPP (T ,Y) = ((Tn) , (Yn)) can be identified with a random counting

measure (RCM) µ, viz.

µ =
∑

n∈N:Tn<∞
ε(Tn ,Yn). (2.4)

Here ε(Tn ,Yn) (ω) = ε(Tn(ω),Yn(ω)) is the measure on the product space (R0×E,B0⊗E)

attaching unit mass to the point (Tn (ω) , Yn (ω)) and identically 0 elsewhere, i.e.,
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ε(Tn ,Yn) (C, ω) = 1C (Tn (ω) , Yn (ω)) (C ∈ B0 ⊗ E) .

Thus, for P-a.a. ω, µ (ω) is a discrete counting measure on (R0 × E,B0 ⊗ E) , and

satisfies in particular that µ (ω) be a positive σ -finite measure m such that

m (C) ∈ N0 (C ∈ B0 ⊗ E),

m ({0} × E) = 0,

m ({t} × E) ≤ 1 (t ≥ 0) ,

m ([0, t]× E) <∞ (t ≥ 0) .

(2.5)

The identity

µ(C) =
∞∑

n=1

1C (Tn, Yn) (C ∈ B0 ⊗ E)

shows that for all measurable C, µ(C) is an N0-valued random variable.

We denote by M the space of discrete counting measures on (R0 × E,B0 ⊗ E),

i.e., measues m of the form

m =
∑

n:tn<∞
ε(tn ,yn) (2.6)

for some sequence ((tn) , (yn)) ∈ KE . Elements in M are denoted m and we write µ◦

for the identity map on M. For C ∈ B0 ⊗ E, µ◦(C) denotes the function m �→ m(C)

from M to N0.

On M we use the σ -algebra

H = σ
(
µ◦(C)

)
C∈B0⊗E , (2.7)

the smallest σ -algebra such that all µ◦(C) are measurable. Thus, with µ the RCM

from (2.4) above, µ becomes an a.s. defined (M,H)-valued random variable. Its dis-

tribution is the probability Q = µ(P) on (M,H) .

Remark 2.2.1 With the mark space (E, E) a Borel space, any measure m satisfy-

ing the four conditions (2.5) will be a discrete counting measure: defining tn =
inf {t : m ([0, t]× E) = n} it is not difficult to verify that (tn) ∈ K, so the problem

is to extract the sequence of marks (yn) from m and then to verify that m is given by

(2.6). For the recipe for obtaining (yn) from m, see (2.9) and (3.7) below.

Instead of using an RCM, it is also possible to describe (T ,Y) through a family

of counting processes; for A ∈ E define N (A) = (Nt (A))t≥0 by

Nt (A) =
∞∑

n=1

1(Tn≤t,Yn∈A)

so Nt (A) counts the number of events on [0, t] matching a mark belonging to the set

A. Note that
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Nt (A) = µ ([0, t]× A) .

The total number of events on [0, t] is denoted N t ,

N t = Nt (E) =
∞∑

n=1

1(Tn≤t),

(cf. (2.1)) and N is the counting process
(
N t

)
t≥0
.

On the space M, the counting processes corresponding to N (A) and N are denoted

N ◦(A) and N
◦

and defined by

N ◦t (A) = µ◦ ([0, t]× A) , N
◦
t = µ◦ ([0, t]× E) .

Exercise 2.2.1 Show that H = σ
(
N ◦t (A)

)
t≥0,A∈E

.

We shall now show how the Tn and Yn may be recovered in a measurable fashion

from µ (or rather, the counting processes N (A)). Clearly, P-almost surely,

Tn = inf
{
t ≥ 0 : N t = n

}
,

(Tn ≤ t) =
(
N t ≥ n

)
; (2.8)

cf. (2.3). It is trickier to find the Yn ; however it holds for any A ∈ E that P-a.s.

(Yn ∈ A) =
∞⋃

K ′=1

∞⋂

K=K ′

∞⋃

k=1

(
N (k−1)/2K = n − 1, Nk/2K (A)− N(k−1)/2K (A) = 1

)
,

(2.9)

showing that if µ is a random variable, then so is Yn .

The identity (2.9) is important, so we shall give a detailed argument based on a

device to be used also in the sequel, which consists in subdividing the time axis R+
into intervals of length 2−K for an arbitrary K ∈ N,

R+ =
∞⋃

k=1

]
k − 1

2K
,

k

2K

]
.

In order to prove (2.9) we shall simply show that anyω ∈ � such that (T (ω) ,Y (ω)) ∈
KE (which by Definition 2.1.2 amounts to P-a.a. ω) belongs to the set (Yn ∈ A) on the

left of (2.9) iff it belongs to the set on the right.

With ω as above, suppose first that Yn (ω) ∈ A (with A ∈ E), so that in particular

Tn (ω) < ∞, and determine for every K ∈ N the unique k = kK (ω) ∈ N such that

(k − 1) /2K < Tn (ω) ≤ k/2K . Because the sequence (Tn′ (ω))n′≥1 belongs to K, we

have that Tn−1 (ω) < Tn (ω) < Tn+1 (ω), and therefore also for K sufficiently large

that Tn−1 (ω) ≤ (k − 1) /2K < Tn (ω) ≤ k/2K < Tn+1 (ω) which is precisely to say

that ω belongs to the set on the right of (2.9). If conversely ω belongs to that set, by

assumption it holds for K sufficiently large that there exists k = kK (ω) such that the

interval Ik,K =
]
(k − 1) /2K , k/2K

]
contains at least one of the jump times Tn′ (ω)
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with n′ ≥ n and precisely one with Yn′ (ω) ∈ A, while also Tn (ω) > (k − 1) /2K .

In particular Ik,K is that interval in the K th partitioning of R+ that contains Tn (ω);

hence k is uniquely determined and as argued above, Tn (ω), for K sufficiently large,

will be the only Tn′ (ω) inside Ik,K ; it follows that necessarily Yn (ω) ∈ A.

Note that even though (2.9) always holds, without assuming that (E, E) is a Borel

space (as we are assuming throughout, cf. p. 11) it may not be possible to compute

Yn (ω) from µ(ω): here it is at least required that E separate points as described in (i),

p. 11). But when (E, E) is a Borel space, we have now seen that any MPP may be

identified with its associated RCM.

If E (and E) is uncountable, it is much more convenient to identify (T ,Y) with

the RCM µ rather than with the collection (N (A))A∈E . If, however, E is at most

countably infinite with E comprising all subsets of E, it is enough to keep track of just

N y := N {y} for all y ∈ E since N (A) =
∑

y∈A N y .

It is of course possible to identify MPPexs with suitable exploding RCMs where

N t = ∞ is possible. Such RCMs are random variables with values in a space of

discrete counting measures m, which are not required to be σ -finite, i.e., it is allowed

that m ([0, t]× E) = ∞ for t ∈ R+. We denote the space of these RCMex’s by(
M,H

)
with the σ -algebra H defined in the obvious way, in complete analogy with

the definition (2.7) of H above.





3

Construction of SPPs and MPPs

This chapter contains the fundamental construction of canonical point processes (i.e.,

probabilities on the sequence spaces K and KE ), canonical counting processes (prob-

abilities on the space W ) and canonical random counting measures (probabilities on

the space M). The construction is performed using successive regular conditional dis-

tributions. The chapter also has a section on how to view certain types of continuous

time stochastic processes as MPPs, an approach examined in detail in Chapters 6 and

7. Finally, a number of basic examples that will reappear at various points in the text

are presented.

Reference. The construction of canonical point processes given here is the same as

that used in Jacobsen [53].

3.1 Creating SPPs

The probabilistic properties of an SPP T = (Tn) are captured by the distribution of

T . As we saw in Chapter 2, this distribution is the probability T (P) on the sequence

space (K,K). In general we shall call a probability measure R on (K,K) a canonical

SPP; and these are the ‘processes’ (i.e., probability measures) we shall now proceed

to construct. Through the bimeasurable bijection (i.e., a map which is one-to-one and

onto with the map and its inverse both measurable) ϕ : (K,K) → (W,H) given by

(cf. (2.1), (2.3))

N ◦t (ϕ ((tn))) =
∞∑

n=1

1[0,t](tn) ((tn) ∈ K, t ≥ 0) ,

T ◦n
(
ϕ−1(w)

)
= inf {t ≥ 0 : w(t) = n} (w ∈ W ), (3.1)

at the same time we then obtain a construction of canonical counting processes, i.e.,

probabilities on (W,H) .



18 3 Construction of SPPs and MPPs

The idea underlying the construction of the distribution of an SPP T = (Tn) is

to start by specifying the marginal distribution of T1 and then, successively for each

n ∈ N, the conditional distribution of Tn+1 given Zn := (T1, . . . , Tn) .More precisely,

let

K(n) = {(t1, . . . , tn) : 0 < t1 ≤ · · · ≤ tn ≤ ∞, tk < tk+1 if tk <∞}

be the space of n-sequences that can appear as the first n-coordinates of an element

in K, equipped with the σ -algebra K(n) spanned by the coordinate projections T ◦k for

1 ≤ k ≤ n, (equivalently, the trace on K(n) of the n-dimensional Borel σ -algebra).

We assume we are given a probability P(0) on R+ and also for every n ∈ N, a

Markov kernel P(n) from
(
K(n),K(n)

)
to
(
R+,B+

)
.

Notation. Write zn for a typical point zn = (t1, . . . , tn) ∈ K(n) and Z◦n for the mapping

from
(
K,K

)
to
(
K(n),K(n)

)
given by Z◦n ((tk)) = (t1, . . . , tn) , equivalently Z◦n =(

T ◦1 , . . . , T ◦n
)
. For an SPP T = (Tn) defined on an arbitrary probability space, we

write Zn = (T1, . . . , Tn) .

Theorem 3.1.1 (a) For every choice of the probability P(0) and the Markov kernels

P(n) for n ≥ 1 satisfying

P
(n)
zn
(]tn,∞]) = 1

(
zn ∈ K(n), tn <∞

)

P
(n)
zn
({∞}) = 1

(
zn ∈ K(n), tn = ∞

)
,

(3.2)

there is a unique probability R on the sequence space
(
K,K

)
allowing explosions,

such that T ◦1 (R) = P(0) and for every n ≥ 1, the probability P
(n)
zn
(·) is a regular

conditional distribution of T ◦n+1 given Z◦n = zn for all zn .

(b) R defines a canonical SPP R, i.e., R (K) = 1 with R the restriction to K of R, if

and only if

R
(

lim
n→∞

T ◦n = ∞
)
= 1. (3.3)

We shall not give the proof here. The theorem follows easily from the Kolmogorov

consistency theorem by showing consistency of the finite-dimensional distributions

(distributions of Z◦n for all n ∈ N), which have the following structure: for B(n) ∈
K(n),

R
(

Z◦n ∈ B(n)
)
=
∫

R+
P(0) (dt1)

∫

R+
P(1)z1

(dt2) · · ·
∫

R+
P(n−1)

zn−1
(dtn) 1B(n) (zn) .

(3.4)

Remark 3.1.1 It should be clear that (3.2) ensures that the sequence
(
T ◦n
)

is increas-

ing a.s., strictly increasing as long as T ◦n is finite. And it is also clear that (3.3) is

exactly the condition ensuring that no explosion occurs. In the sequel the Markov ker-

nels P
(n)
zn

will only be specified for zn = (t1, . . . , tn) ∈ K(n) with tn <∞; due to the

second condition in (3.2) this is of course sufficient.
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Note that several choices of Markov kernels may lead to the same R or R: subject

only to the measurability conditions, P
(n)
zn

may be changed arbitrarily for zn ∈ B(n) ∈
K(n) provided R

(
Z◦n ∈ B(n)

)
= 0.

While arbitrary choices of P(n) for n ≥ 0 lead to possibly exploding SPPs, there

is no simple characterization of the P(n) that results in genuine SPPs. Indeed, it may

be extremely difficult to decide whether or not a canonical SPPex is a true SPP. This

stability problem will be discussed on various occasions later in this book, see p. 61

for example.

If T = (Tn) is an SPP defined on an arbitrary probability space, then the regular

conditional distribution of Tn+1 given Zn = (T1, . . . , Tn) = zn for all zn always exist

(cf. p. 7), and the corresponding Markov kernels for n arbitrary satisfy (3.2).

Notation. For zn ∈ K(n) with tn < ∞, we shall often describe the P
(n)
zn

through their

survivor functions P
(n)

zn
,

P
(n)

zn
(t) = P(n)zn

(]t,∞]) .

By (3.2), P
(n)

zn
(t) = 1 for t ≤ tn if tn < ∞, so it suffices to give P

(n)

zn
(t) for t ≥ tn,

imposing the value 1 for t = tn <∞.

Example 3.1.1 The dead process is the canonical SPP with no jumps in finite time:

R
(
T ◦1 = ∞

)
= 1. It is completely specified by the requirement that P(0) = ε∞, while

the choice of P(n) for n ≥ 1 (subject to (3.2)) is irrelevant; cf. Remark 3.1.1.

Example 3.1.2 The canonical homogeneous Poisson process (SPP version) is the

probability R on (K,K) that makes the waiting times V ◦n := T ◦n − T ◦n−1 for n ≥ 1

(with T ◦0 ≡ 0) independent and identically distributed (iid), exponential with some

rate λ > 0. Thus

P
(0)
(t) = e−λt (t ≥ 0),

P
(n)

zn
(t) = e−λ(t−tn) (n ≥ 1, t ≥ tn).

The corresponding probability Q = ϕ(R) on (W,H) makes N ◦ into a homogen-

eous Poisson process (in the traditional sense) with parameter λ, meaning that N ◦ has

stationary, independent increments that follow Poisson distributions, i.e., for s < t,

N ◦t − N ◦s is independent of
(
N ◦u
)

u≤s
and

Q
(
N ◦t − N ◦s = n

)
= (λ (t − s))n

n!
e−λ(t−s) (n ∈ N0)

with the Poisson distribution depending on s and t through t−s only. This familiar fact,

which is not so easy to prove from the properties of R, will appear as a consequence

of Example 4.7.1 and Proposition 4.7.2 below. At this stage we shall be satisfied with

just determining the distribution of N ◦t directly: for t > 0 trivially
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Q
(
N ◦t = 0

)
= R

(
T ◦1 > t

)
= e−λt ,

while for n ∈ N,

Q
(
N ◦t = n

)
= R

(
T ◦n ≤ t < T ◦n+1

)

= ER

[
R
(
T ◦n+1 > t

∣∣Z◦n
)
; T ◦n ≤ t

]

= ER

[
P
(n)

Z◦n
(t) ; T ◦n ≤ t

]

= ER

[
e−λ(t−T ◦n ); T ◦n ≤ t

]
.

But under R, T ◦n follows a Ŵ-distribution with density

λn

(n − 1)!
sn−1e−λs

for s > 0, and therefore

Q
(
N ◦t = n

)
=
∫ t

0
e−λ(t−s) λn

(n − 1)!
sn−1e−λs ds = (λt)n

n!
e−λt ,

as desired.

The dead process may be viewed as the Poisson process with parameter λ = 0.

That Poisson processes are stable is argued in Example 3.1.3.

Exercise 3.1.1 Try to give a direct proof that if R is Poisson (λ) , then under Q =
ϕ (R) , N ◦ has stationary and independent Poisson distributed increments as asserted

in Example 3.1.2.

Example 3.1.3 A canonical renewal process is a canonical SPP such that the waiting

times V ◦n are iid and finite. If G is the survivor function for the waiting time distribu-

tion, then

P
(0)
(t) = G(t) (t ≥ 0),

P
(n)

zn
(t) = G (t − tn) (t ≥ tn).

The Poisson process is in particular a renewal process. That renewal processes do not

explode (are stable) is of course a consequence of the simple fact that if Un > 0 for

n ≥ 1 are iid random variables, then
∑

Un = ∞ a.s.

The renewal processes defined here are 0-delayed. It is customary in the renewal

process literature to consider the first event (renewal) of a 0-delayed renewal process

to always occur at time 0, but in the SPP theory that occurrence is of course ignored.

Example 3.1.4 Suppose the waiting times V ◦n are independent, V ◦n exponential at rate

λn−1 ≥ 0 for n ≥ 1. Thus

P
(0)
(t) = e−λ0t (t ≥ 0),



3.2 Creating MPPs 21

P
(n)

zn
(t) = e−λn(t−tn) (n ≥ 1, t ≥ tn).

If λn = 0 for some n ≥ 0 and n0 is the smallest such n, precisely n0 jumps occur and

T ◦n0+1 = ∞ a.s.

With this example explosion may be possible and either happens with probability

0 (and we have an SPP) or with probability 1 (and we have a genuine SPPex). Stability

(no explosion) occurs iff
∑

n≥1 ERV ◦n = ∞, i.e., iff
∑

n≥0 λ
−1
n = ∞ (with 1/0 = ∞).

The canonical counting process corresponding to an SPP or SPPex as described

here is a continuous time, homogeneous Markov chain, moving from state 0 to state

1, from 1 to 2 etc. The process N ◦ + 1 is what is commonly called a birth process.

(For a general construction of time-homogeneous Markov chains, see Example

3.3.1 below).

Exercise 3.1.2 In Example 3.1.4, show that explosion occurs with probability 1 if∑
λ−1

n < ∞ (easy), and that the process is stable if
∑
λ−1

n = ∞ (compute and

analyze ER exp
(
− limn→∞ T ◦n

)
).

3.2 Creating MPPs

In complete analogy with the construction of SPPs, the construction of MPPs (T ,Y)

with a mark space (E, E) that is a Borel space space (cf. p. 11), consists in the con-

struction of canonical MPPs, i.e., probabilities R on the sequence space (KE ,KE );

cf. Section 2.1. Furthermore, since (E, E) is a Borel space there is a bimeasurable bi-

jection ϕ : (KE ,KE )→ (M,H) , the space of discrete counting measures defined on

p. 13, given by

ϕ ((tn) , (yn)) =
∑

n:tn<∞
ε(tn ,yn) (3.5)

with the inverse ϕ−1 determined by (cf. (2.8) and (2.9)),

T ◦n ◦ ϕ−1 = inf
{

t : N
◦
t = n

}
(n ∈ N) , (3.6)

(
Y ◦n ◦ ϕ−1 ∈ A

)
(3.7)

=
⋃∞

K ′=1

⋂∞
K=K ′

⋃∞
k=1

(
N
◦
(k−1)/2K = n − 1, N ◦

k/2K (A)− N ◦
(k−1)/2K (A) = 1

)

for n ∈ N, A ∈ E, (where as in Section 2.1, N ◦t (A) = µ◦ ([0, t]× A) , N
◦
t = N ◦t (E)).

Using ϕ one then obtains a construction of a canonical random counting measure by

transformation, viz. the probability ϕ(R) on (M,H) .

Note. There are some subtleties involved in using (3.7) to actually define the Y ◦n :

not only is it (obviously) needed that E separates points, but it is certainly also helpful
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that E is countably generated, and the assumption that (E, E) is a Borel space there-

fore comes in handy. Suppose for simplicity that (E, E) = (R,B) . Taking A = R

in (3.7) one verifies that the set given by the expression on the bottom line equals(
T ◦n ◦ ϕ−1 <∞

)
as it should. Now consider a nested sequence of partitions

(
IK0

)
K0≥1

of R into intervals of length 2−K0 , and such that each interval from IK0+1 is contained

in one from IK0 . Consider an arbitrary m ∈M such that
(
T ◦n ◦ ϕ−1

)
(m) < ∞. The

properties of RCMs listed in (2.5) imply that for each K0 there is precisely one interval

I ∈ IK0 such that with A = I the set in the second line of (3.7) contains m.With IK0

as this interval, it also holds that IK0+1 ⊂ IK0 and therefore
⋂

K0
IK0 = {y} for some

y ∈ R and of course
(
Y ◦n ◦ ϕ−1

)
(m) = y.

The idea behind the construction of an MPP is to start with the marginal distribu-

tion of the first jump time T1 and then successively specify the conditional distribu-

tion of Tn+1 given (T1, . . . , Tn; Y1, . . . , Yn) and of Yn+1 given (T1, . . . , Tn, Tn+1;
Y1, . . . , Yn) . Formally, let

K
(n)
E =

{
(t1, . . . , tn; y1, . . . , yn) ∈ R

n

+ × E
n

: (t1, . . . , tn) ∈ K(n)

and yk ∈ E iff tk <∞
}

denote the space of finite sequences of n timepoints and n marks that form the be-

ginning of sequences in KE or KE , equipped with the σ -algebra K
(n)
E spanned by

the coordinate projections (equivalently the trace on K
(n)
E of the product σ -algebra

Bn ⊗ En). Similarly, for n ∈ N0 define

J(n)(E) = {(t1, . . . , tn, t; y1, . . . , yn) : (t1, . . . , tn; y1, . . . , yn) ∈ K
(n)
E ,

tn ≤ t with tn < t if tn <∞}

equipped with the obvious σ -algebra J
(n)
E .

Assume there is a given probability P(0) on R+ and, for every n ∈ N, a Markov

kernel P(n) from
(

K
(n)
E ,K

(n)
E

)
to
(
R+,B+

)
, as well as, for every n ∈ N0, a Markov

kernel π (n) from
(

J
(n)
E ,J

(n)
E

)
to
(
E, E

)
.

Notation. Write zn for a typical point zn = (t1, . . . , tn; y1, . . . , yn) ∈ K
(n)
E and

(zn, t) or zn, t for a typical point (zn, t) = (t1, . . . , tn, t; y1, . . . , yn) ∈ J
(n)
E . Also

we write Z◦n for the mapping from KE to K
(n)
E given by Z◦n ((tk) , (yk)) = (t1, . . . , tn;

y1, . . . , yn), equivalently Z◦n = (T ◦1 , . . . , T ◦n ; Y ◦1 , . . . , Y
◦
n ). For an MPP (T ,Y) =

((Tn) , (Yn)) defined on an arbitrary probability space, we write Zn = (T1, . . . , Tn;
Y1, . . . , Yn).

Theorem 3.2.1 (a) Given a probability P(0) and Markov kernels P(n) for n ≥ 1 and

π (n) for n ≥ 0 satisfying
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P
(n)
zn
(]tn,∞]) = 1 if tn <∞

P
(n)
zn
({∞}) = 1 if tn = ∞,

π
(n)
zn ,t
(E) = 1 if t <∞,

π
(n)
zn ,t
({∇}) = 1 if t = ∞,

(3.8)

there is a unique probability R on the sequence space
(
KE ,KE

)
allowing explo-

sions, such that T ◦1 (R) = P(0) and for every n ≥ 1, zn ∈ K
(n)
E , the probability

P
(n)
zn
(·) is a regular conditional distribution of T ◦n+1 given Z◦n = zn for all zn, and

for every n ≥ 0, (zn, t) ∈ J
(n)
E , the probability π

(n)
zn ,t
(·) is a regular conditional

distribution of Y ◦n+1 given
(
Z◦n, T ◦n+1

)
= (zn, t) for all (zn, t) .

(b) R defines a canonical MPP R, i.e., R (KE ) = 1 with R the restriction to KE of R,

if and only if

R
(

lim
n→∞

T ◦n = ∞
)
= 1. (3.9)

In the sequel, when describing the Markov kernels, it obviously suffices to consider

P
(n)
zn

and π
(n)
zn

for zn ∈ K
(n)
E with tn <∞ only.

Similar remarks apply to this result as those given after Theorem 3.1.1. The proof

can be based on the Kolmogorov consistency theorem if, as we are assuming, the mark

space (E, E) is a Borel space, but the theorem holds in fact with (E, E) as an arbi-

trary measurable space and is then a consequence of the result known as the Ionescu–

Tulcea theorem. The finite-dimensional distributions have the following appearance

(cf. (3.4)): for n ∈ N, C (n) ∈ K
(n)
E ,

R
(

Z◦n ∈ C (n)
)

(3.10)

=
∫

R+×E

P(0) (dt1) π
(0)
t1
(dy1) · · ·

∫

R+×E

P(n−1)
zn−1

(dtn) π
(n−1)
zn−1,tn

(dyn) 1C(n) (zn) .

It should be noted that if (T ,Y) is an MPP defined on some probability space and

the mark space (E, E) is a Borel space (cf. p.7), the regular conditional distributions

of Yn+1 given Zn = (T1, . . . , Tn; Y1, . . . Yn) = zn and Tn+1 = t for all (zn, t) exist.

The resulting Markov kernels together with those describing the regular conditional

distributions of Tn+1 given Zn = zn for all zn (that always do exist) will satisfy (3.8).

Notation. As in the SPP case we shall write P
(n)

zn
(t) = P

(n)
zn
(]t,∞]); cf. p. 19.

Example 3.2.1 Let (E, E) be an arbitrary mark space, let λ > 0 and let κ be a prob-

ability measure on (E, E) . Write ρ = λκ, a bounded positive measure on E . The

canonical homogeneous Poisson process with mark space E and intensity measure ρ

is the MPP determined by the Markov kernels
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P
(0)
(t) = e−λt (t ≥ 0), P

(n)

zn
(t) = e−λ(t−tn) (n ≥ 1, t ≥ tn),

π
(n)
zn ,t
= κ (n ≥ 0, t > tn).

It follows that the waiting times V ◦n = T ◦n − T ◦n−1 are iid exponential with rate

λ; in particular the canonical process R is stable and the SPP
(
T ◦n
)

of jump times is a

Poisson process (λ); cf. Example 3.1.2. Furthermore, it is also seen that under R the

Y ◦n are iid with distribution κ and that the sequence
(
Y ◦n
)

is stochastically independent

of the sequence
(
T ◦n
)
.

Let Q = ϕ(R) be the corresponding canonical RCM, the homogeneous Pois-

son random measure with intensity measure ρ. Then the following is true: under

Q, for each A ∈ E, the counting process N ◦(A) is a homogeneous Poisson pro-

cess (ρ(A)) , and for A1, . . . , Ar ∈ E mutually disjoint, the counting processes

N ◦ (A1) , . . . , N ◦ (Ar ) are stochastically independent. These (non-trivial) properties

of Q will be established in Proposition 4.7.2. But similar to what was done in Example

3.1.2 we can at least find the distribution of N ◦t (A) for t > 0 and A ∈ E directly: from

the earlier example we know that N
◦
t follows a Poisson distribution with parameter λt,

and using this and the independence under R between the sequences
(
T ◦n
)

and
(
Y ◦n
)
,

it follows that for n ∈ N0,

Q
(
N ◦t (A) = n

)
=

∞∑

n′=n

Q
(

N ◦t (A) = n, N
◦
t = n′

)

=
∞∑

n′=n

R

(
n′∑

k=1

1(Y ◦k ∈A) = n, T ◦n′ ≤ t < T ◦n′+1

)

=
∞∑

n′=n

R

(
n′∑

k=1

1(Y ◦k ∈A) = n

)
R
(
T ◦n′ ≤ t < T ◦n′+1

)

=
∞∑

n′=n

(
n′

n

)
(κ (A))n (1− κ (A))n′−n (λt)n

′

n′!
e−λt

= 1

n!
(tλκ (A))n e−λt

∞∑

n′=n

1

(n′ − n)!
(λt (1− κ (A)))n′−n

= 1

n!
(tλκ (A))n e−tλκ(A),

as desired.

Exercise 3.2.1 If you have solved Exercise 3.1.1, now try to establish the properties

of the homogeneous Poisson measure asserted in Example 3.2.1! (This is not supposed

to be easy).

Example 3.2.2 Suppose (Xn)n∈N0
is a stochastic process in discrete time with state

space (G,G) (each Xn is a (G,G)-valued random variable). The distribution of (Xn)
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conditionally on X0 = x0 for an arbitrary x0 ∈ G may be viewed as the MPP with

mark space (G,G) , given by Tn ≡ n and Yn = Xn and generated by the probability

P
(0)
|x0
= ε1 and the Markov kernels P

(n)
zn |x0

= εn+1 and

π
(n)
zn ,t |x0

(A) = P (Xn+1 ∈ A |X0 = x0, (X1, . . . , Xn) = (y1, . . . , yn) ) (3.11)

where only zn = (t1, . . . , tn; y1, . . . , yn) and t with tk = k and t = n+1 are relevant.

If in particular (Xn) is a Markov chain in discrete time, (3.11) simplifies to

π
(n)
zn ,t |x0

(A) = pn (yn, A)

(with y0 = x0 if n = 0), where pn is the transition probability of the chain from time

n to time n + 1. The chain is homogeneous if all the transition probabilities pn for

n ≥ 0 are the same.

Note that the identification of (Xn) with the MPP ((Tn) , (Yn)) is possible only

after assuming the value of X0 to be known.

3.3 From MPPs to PDPs

One of the main purposes of this book is to construct piecewise deterministic processes

(PDPs) from MPPs and to use MPP theory to discuss the properties of the PDPs. We

now briefly outline how the connection arises.

Suppose X = (X t )t≥0 is a stochastic process defined on some probability space

with a state space (G,G) which is a topological space equipped with its Borel σ -

algebra. Assume further that X is right-continuous and piecewise continuous with

only finitely many discontinuities (jumps) on any finite time interval. Then an MPP

is easily constructed from X by letting Tn be the time of the nth jump, and defining

Yn = XTn (if Tn < ∞) to be the state reached by X at the time of the nth jump.

In general it is of course not possible to reconstruct X from the MPP, but if further

structure is imposed, the reconstruction can be done in a natural way, i.e., such that

knowledge about the MPP on [0, t] yields (Xs)0≤s≤t for any t ; suppose that the initial

value x0 = X0 of X is non-random and that for every n ∈ N0 there is a measurable

G-valued function f
(n)
zn |x0

(t) of zn (with tn < ∞) and t ≥ tn and the initial state x0

such that

X t = f

(
N t

)

Z〈t〉|x0
(t) (3.12)

where

Z〈t〉 :=
(

T1, . . . , TN t
; Y1, . . . , YN t

)
.

Thus, until the time of the first jump (where the MPP contains no information about

X ), X t = f
(0)
|x0
(t) is a given, deterministic function of x0 and t, between the first and

second jump, X t is a function of x0, t and T1, Y1, etc. The functions f (n) provide
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algorithms for computing X between jumps, based on the past history of the process.

Note that the fact that Yn = XTn on (Tn <∞) translates into the boundary condition

f
(n)
zn |x0

(tn) = yn

for all zn with tn <∞, in particular

f
(0)
|x0
(0) = x0.

We shall more formally call a process X of the form (3.12) piecewise deterministic.

It is a step process (or piecewise constant process) if f
(n)
zn
(t) = yn and, if G = R, a

piecewise linear process with slope α if f
(n)
zn
(t) = yn + α(t − tn) for some constant α

not depending on n.

Notation. In the sequel, whenever N t appears as an upper or lower index, we shall

write 〈t〉 as short for N t to simplify the notation. Always, 〈t〉 will refer to the total

number of jumps on [0, t] whether we are dealing with an MPP or RCM or just an

SPP or a CP, and whether the process in question is defined on an abstract probability

space or on one of the canonical spaces. Thus, on (W,H) , 〈t〉 will be short for N ◦t
and on (M,H) , 〈t〉 will be the notation used for N

◦
t .

With this notational convention, (3.12) becomes when also preferring the notation
〈t〉 for (〈t〉) in the upper index,

X t = f
〈t〉
Z〈t〉|x0

(t) (3.13)

where

Z〈t〉 :=
(
T1, . . . , T〈t〉; Y1, . . . , Y〈t〉

)
.

In analogy with 〈t〉 , we shall also use the notation 〈t−〉 for e.g., the left limit

N t− = lims↑t,s<t N s .

The identification of X with an MPP need not refer exclusively to jump times,

but could be based on other selected time points and marks. Between these selected

time points, the computation rule (3.12) should still apply. We then call X piecewise

continuous if all t �→ f
(n)
zn
(t) are continuous on [tn,∞[ . For the general piecewise

deterministic processes, and even for all step processes, it is not required that G be a

topological space.

Above we used as marks Yn = XTn , the states X arives at at the selected time

points. Other choices are possible, e.g., if G = R (or just some topological vector

space) and X is cadlag (right-continuous with left limits) it is sometimes relevant to

use Yn = �XTn = XTn − XTn−, the size of the jump X makes at time Tn .
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Example 3.3.1 We shall outline the MPP description of time-homogeneous Markov

chains in continuous time. That what follows is a construction of such chains is stan-

dard (although a rigorous proof is not always given); see Example 4.3.6 below for a

detailed argument.

Let G be the at most countably infinite state space with G the σ -algebra of all

subsets. G will be the mark space, but in agreement with standard Markov chain no-

tation we write i, in for elements in G rather than y, yn . Next, let λi ≥ 0 for i ∈ G

and let 0 ≤ πi j ≤ 1 for i �= j ∈ G be parameters such that
∑

j : j �=i πi j = 1 for

all i ; consider also an MPPex (T ,Y) = ((Tn) , (Yn)) defined on some measurable

space (�,F) equipped with a Markov family of probabilities
(
P|i0

)
i0∈G

(e.g., use

(�,F) =
(
KG ,KG

)
and define P|i0 using the Markov kernels (3.14) and (3.15)) such

that the P|i0 -distribution of (T ,Y) for an arbitrary i0 ∈ G is generated by the Markov

kernels

P
(0)
|i0
(t) = e−λi0

t , P
(n)

zn |i0
(t) = e−λin (t−tn) (t ≥ tn), (3.14)

π
(n)
zn ,t |i0

(A) =
∑

j∈A\in

πin j , (3.15)

where of course zn = (t1, . . . , tn; i1, . . . , in). Assuming that the process is stable

(which may be non-trivial to verify in concrete cases), define for a given i0 the step

process

X t = X t |i0 = Y〈t〉

with initial state X0 ≡ Y0 ≡ i0 corresponding to taking f
(n)
zn |i0

(t) = in . Thus the wait-

ing times between jumps are exponential given the past determined by the last state

reached by the chain; this last state also governs the destination of the jumps. It now

holds that there are transition probabilities pi j (t) := P|i
(
X t |i = j

)
not depending

on i0 such that

pi j (t) = P|i0 (Xs+t = j |Xs = i ) = P|i0

(
Xs+t = j

∣∣(Xu)0≤u≤s , Xs = i
)

(3.16)

for all i, j ∈ G and all s, t ≥ 0.Here
∑

j pi j (t) = 1 for all i and t (because the MPP is

assumed to be stable). Furthermore the transition probabilities satisfy the Chapman–

Kolmogorov equations,

pi j (s + t) =
∑

k∈G

pik(s)pk j (t)

for all i, j ∈ G, s, t ≥ 0 with pi j (0) = δi j , and the transition intensities

qi j = limt→0
1
t

(
pi j (t)− δi j

)

exist for all i, j , and are given by qi i = −λi , while for i �= j, qi j = λiπi j , in

particular qi i ≤ 0 and
∑

j qi j = 0 for all i.
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Note that if λi = 0, the state i is absorbing, as is seen from (3.14): once the chain

enters state i it remains there forever and consequently the πi j for j �= i are irrelevant

for the description of the chain.

If the MPP is not stable, defining X t |i0 = ∇ for t ≥ limn→∞ Tn, with ∇ an

additional state not in G, the conclusions above about the properties of X are still

valid. The resulting Markov chain is the so-called minimal jump chain determined

by the transition intensities qi j , with substochastic transition probabilities on G, i.e.,∑
j∈G pi j (t) < 1 is possible.

For a proof of the properties of X given above and a stronger form of the Markov

property (3.16), see Example 4.3.6 below and also, for Markov chains on general state

spaces; see Section 7.2. At this stage, just note that one way of showing (3.16) is to

show that

P|i0

(
X t1 = i1, . . . , X tn = in

)
= P|i0

(
X t1 = i1, . . . , X tn−1 = in−1

)
pin−1in (tn − tn−1)

for all n ≥ 1 and all 0 = t0 < t1 < · · · < tn, i0, i1, . . . , in ∈ G.

Example 3.3.2 Let G be a finite set, and G the σ -algebra of all subsets. A step

process X =
(
X t |i0

)
is a semi-Markov process or Markov renewal process in con-

tinuous time with initial state i0 ∈ G, provided it is determined from an MPP

(T ,Y) = ((Tn) , (Yn)) by X t |i0 = Y〈t〉 (just as in Example 3.3.1 and still using

Y0 ≡ i0), but where now the sequence (Vn, Yn)n≥1 , where Vn = Tn − Tn−1, is a

discrete time-homogeneous Markov chain with transition probabilities of the form

P|i0(Yn+1 = j, Vn+1 ∈ B|Yn = i, Vn)

= P|i0(Yn+1 = j, Vn+1 ∈ B|(Vk, Yk)1≤k≤n−1, Yn = i, Vn) (3.17)

= Pi j (B)

for n ≥ 0, i, j ∈ G and B ∈ B+. Here each Pi j is a non-negative finite measure (of

total mass ≤ 1) on R+ such that all Pi i ≡ 0 and
∑

j �=i Pi j is a probability measure for

all i ∈ G, i.e.,
∑

j �=i πi j = 1 where πi j = Pi j (R+) .
From (3.17) one finds that

P|i0 (Yn+1 = j |Yn = i, Vn ) = πi j ,

and since this does not depend on Vn it follows that (Yn)n≥0 is a homogeneous Markov

chain with initial state i0 and transition probabilities
(
πi j

)
. It is then also clear from

(3.17) that the Markov kernels generating the jump times Tn for (T ,Y) are determined

by

P
(0)
|i0
(t) =

∑

j �=i0

Pi0 j (t) , P
(n)

zn |i0
(t) =

∑

j �=in

Pin j (t − tn) (n ≥ 1, t ≥ tn) ,

with zn = (t1, . . . , tn; i1, . . . , in) , writing Pi j (u) = Pi j (]u,∞[) . To find the

Markov kernels generating the marks Yn is more complicated, but using (3.17) to find

the conditional distribution of Yn+1 given (Zn, Tn+1) one eventually arrives at
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π
(n)
zn ,t |i0

({ j}) = dPin j

d
∑

j ′ �=in
Pin j ′

(t − tn) (t > tn, j �= in) .

Here the Radon–Nikodym derivatives are determined by

∫

]u,∞[

dPi j

d
∑

j ′ �=i Pi j ′
(v)

∑

j ′ �=i

Pi j ′ (dv) = Pi j (u)

for any u ≥ 0, i �= j. If in particular there are probability measures Pi on R+ and

constants ci j ′ such that Pi j ′ = ci j ′Pi for j ′ �= i, then necessarily ci j ′ = πi j ′ and it is

immediately verified that

π
(n)
zn ,t |i0

({ j}) = πin j .

If Pi j (u) = πi j e
−λi u for all i �= j for some λi ≥ 0, then X becomes a homo-

geneous Markov chain as in Example 3.3.1. If all Pi j = πi j P for i �= j with P a

probability on R+, then the SPP (Tn)n≥1 is a 0-delayed renewal process, as in Exam-

ple 3.1.3, with iid waiting times Vn that have distribution P.

The final example we shall present, like the two preceding examples, gives an

MPP construction of a certain type of stochastic process in continuous time but it

is more advanced in two respects: the obtained process is not a PDP, but it is more

complicated, and the mark space required is much larger than the ones encountered

so far. The example is included mainly to illustrate that it is relevant to allow marks

that are functions rather than just points in Rd or some countable set; but since this is

outside the main scope of this book, the example is not reused or referred to later.

Example 3.3.3 We shall construct a simple example of a so-called branching diffu-

sion where particles or individuals are born and die and during their lifetime, moving

randomly through space (in this case R) following the sample path of a Brownian mo-

tion. To this end, let G be the space of all continuous functions w : R0 → R and

define G as the smallest σ -algebra of subsets of G that makes all the projection maps

w
π◦t�→ w(t) measurable. Furthermore, let PB|x be the probability on (G,G) such that

under PB|x the process
(
π◦t
)

t≥0
is a standard Brownian motion on R, starting from

x : PB|x (X0 = x) = 1; and for all n ∈ N, 0 = t0 < t1 < · · · < tn , the increments(
π◦tk − π

◦
tk−1

)
1≤k≤n

are independent with π◦t − π◦s for s < t Gaussian with mean 0

and variance t − s.

For r ≥ 1, let {G}r denote the set of all sets {w1, . . . , wr } consisting of r elements

of G. As a mark space we shall use

E = {0} ∪
∞⋃

r=1

{G}r

with the understanding that if the mark 0 occurs, the branching diffusion has become

extinct, while if the mark {w1, . . . , wr } ∈ {G}r results, then the branching diffusion
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has reached a population size r and the locations in R of the r individuals at any (!)

future point in time are specified by the collection {w1, . . . , wr } of Brownian paths

(for technical reasons to be used though only until the time of the next jump for the

MPP).

In order to describe the MPP we finally need a birth rate β > 0 at which new

individuals are born, and a death rate δ > 0 at which individuals die.

Write y = (r, {w1, . . . , wr }) for the elements of E, (just y = 0 if r = 0) and let

y0 =
(
r0,
{
w1, . . . , wr0

})
be a given but arbitrarily chosen initial state with r0 ≥ 1.

Then define the Markov kernels P
(n)
zn |y0

generating the jump times (Tn) by

P
(0)
|y0
(t) = e−r0(β+δ)t , P

(n)

zn |y0
(t) = e−rn(β+δ)(t−tn) (n ≥ 1, t ≥ tn) ,

writing zn = (t1, . . . , tn; y1, . . . , yn) with yn =
(
rn,
{
w1, . . . , wrn

})
.

Note that if rn = 0, P
(n)
zn |y0

= ε∞, then the population has become extinct and the

(n + 1)th jump never occurs. So in order to define the kernel π
(n)
zn ,t |y0

we need only

consider the case rn ≥ 1 and in that case we describe π
(n)
zn ,t |y0

as follows: just before

the time t of the (n + 1)th jump the rn individuals in the population are located at the

positions w1 (t − tn) , . . . , wrn (t − tn) . Now, with probability

β

rn (β + δ)

choose any one of these positions, w j (t − tn), and then generate Yn+1 as the collec-

tion of rn + 1 Brownian paths chosen independently according to the distributions

PB|wi (t−tn) for 1 ≤ i ≤ rn and an extra PB|w j (t−tn)
.

Similarly, with probability

δ

rn (β + δ)

choose any of the positions w j (t − tn) and let Yn+1 consist of the collection of rn − 1

Brownian paths chosen independently according to the distributions PB|wi (t−tn) for

1 ≤ i ≤ rn with i �= j.

Thus, at each finite jump time Tn , a new individual is born with probability

β/ (β + δ) and starts moving from the same location as its parent, with all individuals

following independent Brownian motions, by construction made continuous across the

jump times Tn . Similarly, with probability δ/ (β + δ) , one of the existing individuals

dies and is removed from the population, the remaining individuals still moving as

independent Brownian motions.

Having constructed the MPP ((Tn) , (Yn)) it is a simple matter to define the branch-

ing diffusion ρ = (ρt )t≥0 itself: ρt is the random variable

ρt = Y〈t〉,t

where
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Y〈t〉,t (ω) =
{
w1 (t − Tn (ω)) , . . . , wrn (t − Tn (ω))

}

when N t (ω) = n and Yn (ω) =
(
rn,
{
w1, . . . , wrn

})
. Here the definition of Y〈t〉,t (ω)

as a collection of locations should allow for repetitions: it will happen once in a while

that two of the different Brownian motions meet, and also, if at time Tn (ω) a birth

occurs, two of the locations describing Y〈t〉,Tn(ω) (ω) are certainly the same.

In the construction above new Brownian motions are generated at each jump time

Tn for all individuals surviving immediately after Tn . It is not necessary to do this.

One might just as well have continued using the Brownian paths already in place for

the individuals in the population immediately before Tn and then generate just one

new Brownian motion for the newborn individual if a birth takes place at Tn . By the

Markov property of Brownian motion this alternative branching diffusion will have the

same distribution as the one we have constructed — even though the resulting MPP is

certainly different from the one defined above. The construction with new Brownian

motions for all individuals at each jump time was chosen because it appears simpler

to describe.

We have defined ρ as a process with a state space which is the set of all finite

subsets of R, when allowing for repetitions. An equivalent definition allows one to

view a branching diffusion as a process ρ̃ = (ρ̃t )t≥0 with values in the space of discrete

counting measures on R, viz. by letting ρ̃t (B) be the number of elements of Y〈t〉,t
(when counting repetitions of course) that belong to the Borel set B.

A final comment on the branching diffusion is that the MPP involved is in fact

stable. It is easily seen from the description of the Markov kernels when referring

back to Example 3.3.1 that the process (ρ̃t (R))t≥0 is a homogeneous Markov chain

on N0 with transition intensities qi j given by qi i = −i (β + d), while for i �= j the

only non-zero intensities are qi,i+1 = iβ and qi,i−1 = iδ for i ≥ 1. Intuitively this

implies that ρ̃ (R) jumps more slowly than the birth process from Example 3.1.4 with

λi = i (β + δ), and since by Exercise 3.1.2 that birth process is stable, so is ρ̃ (R) . A

formal proof may be given using Corollary 4.4.4.
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Compensators and Martingales

This chapter contains the basic theory of probability measures on the space W of

counting process paths and the space M of discrete counting measures. Compensators

and compensating measures are defined using hazard measures, and by exploring the

structure of adapted and predictable processes on W and M (a structure that is dis-

cussed in detail), it is shown how the various forms of compensators characterize prob-

abilities on canonical spaces. Also, these probabilities are described by the structure of

basic martingales. Stochastic integrals (all elementary) are discussed and the martin-

gale representation theorem is established. It is shown (Itô’s formula) how processes

adapted to the filtration generated by an RCM may be decomposed into a predictable

process and a local martingale. Finally, there is a discussion of compensators and com-

pensating measures for counting processes and random counting measures defined on

arbitrary filtered probability spaces.

Much of the material presented in this chapter is essential for what follows and

complete proofs are given for the main results. Some of these proofs are quite long and

technical and rely on techniques familiar only to readers well acquainted with measure

theory and integration. It should be reasonably safe to omit reading the proofs of e.g.,

the following results: Theorem 4.1.1 (the proof of the last assertion), Proposition 4.2.1,

Theorem 4.3.2, Proposition 4.3.5, Proposition 4.5.1 (although it is useful to understand

why (4.65) implies that f is constant) and Theorem 4.6.1.

References. Hazard measures (Section 4.1) are treated in Jacod [60] and Appendix

A5 in Last and Brandt [81]. Other than these, everything in this chapter apart from

Section 4.8 refers to canonical SPPs, CPs, MPPs and RCMs. The corresponding theory

for processes on general filtered spaces was initiated by Jacod [60]; a nice survey is

given in Chapter 2 of Last and Brandt [81].

4.1 Hazard measures

Let P be a probability on
(
R+,B+

)
with survivor function P. Thus P(t) = P (]t,∞])

with P(0) = 1 and P(t−) = P ([t,∞]) . Also write �P(t) := P ({t}) with �P(∞) :=
P ({∞}) .
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Define

t† := inf
{
t > 0 : P(t) = 0

}
, (4.1)

the termination point for P. Note that t† > 0 because P(0) = 1 and P is right-con-

tinuous. Further, t† = ∞ iff P(t) > 0 for all t ∈ R+ and if t† < ∞, then P(t†) =
0 always; in addition either �P

(
t†
)
> 0 and P

(
t†−

)
> 0, or �P

(
t†
)
= 0 and

P(t† − ǫ) > 0 for all 0 < ǫ < t†.

Definition 4.1.1 The hazard measure for P is the R0-valued measure ν on (R+,B+)
with ν ≪ P and, for t ∈ R+,

dν

dP
(t) =

{
1/P(t−) if P(t−) > 0,

0 otherwise.
(4.2)

Formally, the Radon–Nikodym derivative is with respect to the restriction to R+
of P rather than P itself. By the definition of ν,

ν(B) =
∫

B

1

P(s−)
P (ds) (4.3)

for all B ∈ B+, as follows from the observation that

P
({

t ∈ R+ : P(t−) = 0
})
= 0, (4.4)

i.e., the definition of dν/dP(t) when P(t−) = 0 is irrelevant. (For us ν
(]

t†,∞
[)
= 0

because of (4.2) — but that need of course not hold with other definitions of ν beyond

t†). To argue that (4.4) holds, just note that the set appearing in (4.4) is= ∅ if t† = ∞,
=
[
t†,∞

[
if t† <∞ and �P

(
t†
)
= 0, =

]
t†,∞

[
if t† <∞ and �P

(
t†
)
> 0).

It will be clear from Theorem 4.1.1 below that hazard measures are not in general

σ -finite; it is possible that ν ([s, t]) = ∞ for some 0 < s < t <∞.

The reader is reminded of the standard more informal definition of hazard mea-

sure: namely, if U is a R+-valued random variable, then the hazard measure for the

distribution of U is given by

ν ([t, t + dt[) = P (t ≤ U < t + dt |U ≥ t ) ,

i.e., if U is the timepoint at which some event occurs, ν measures the risk of that event

happening now or in the immediate future given that it has not yet occurred.

There are two particularly important structures for P, where the hazard measure ν

has a nice form, and where it is easy to recover P from ν.

Suppose first that P has a density f with respect to Lebesgue measure. Then ν has

density u where u(t) = f (t)/P(t) if t < t†, and the function u is called the hazard

function of P. If in addition f, and therefore also u, is continuous on
]
0, t†

[
, u is

found by differentiation,

u(t) = −Dt log P(t)
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for t < t†, and since P(0) = 1 it also follows that

P(t) = exp

(
−
∫ t

0
u(s) ds

)
. (4.5)

For the second structure, suppose that there is a finite or infinite sequence (tk) in

R+ with 0 < t1 < t2 < · · · such that P is concentrated on the tk and, possibly,∞ with

all tk atoms for P: P(R+\ {(tk)}) = 0 and�P(tk) > 0 for all k. Then ν is concentrated

on {(tk)}. Writing �ν(t) := ν ({t}) , we have that

�ν (tk) =
�P(tk)

P(tk−)
= 1− P(tk)

P(tk−1)

(with t0 = 0 if k = 1) so that

P(tk) =
k∏

j=1

(
1−�ν(t j )

)
. (4.6)

The basic properties of hazard measures are summarized in the next result.

Theorem 4.1.1 Let ν be the hazard measure for some probability P on
(
R+,B+

)
.

Then

(i) ν (]0, t]) <∞ if t < t†;

(ii) �ν(t) ≤ 1 for all t ∈ R+, �ν(t) < 1 for all t < t†;

(iii) if t† <∞, then �ν
(
t†
)
= 1 iff �P

(
t†
)
> 0;

(iv) if �P
(
t†
)
> 0, then ν

(]
0, t†

])
<∞ if t† <∞ and ν (R+) <∞ if t† = ∞;

(v) if �P
(
t†
)
= 0, then ν

(]
0, t†

[)
= ∞ whether or not t† is finite.

If, conversely, ν is a R0-valued measure on (R+,B+), and locally finite at 0 so

that ν (]0, t]) < ∞ for t > 0 sufficiently small, and with �ν (t) ≤ 1 for all t ∈ R+,

then ν is the hazard measure for a uniquely determined probability P on
(
R+,B+

)
in

the following sense: the termination point t† for P is

t† = inf {t > 0 : ν (]0, t]) = ∞ or �ν (t) = 1} , (4.7)

the survivor function P for P is given by the product integral

P(t) =
{∏

0<s≤t (1− ν (ds)) if t < t†,

0 if t ≥ t† (4.8)

and the hazard measure for P agrees with ν on
{
t ∈ R+ : P(t−) > 0

}
.

Note. The product integral (4.8) reduces to (4.5) and (4.6) in the special cases where

either ν (dt) = u(t) dt or where ν is concentrated on {(tk)}; cf. the two special struc-

tures for P used to arrive at (4.5) and (4.6). To define the product integral for general
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ν, define t† as in (4.7) and restrict ν to
]
0, t†

]
if t† <∞, ν

(]
0, t†

[)
<∞ and (neces-

sarily) �ν
(
t†
)
= 1, and restrict ν to

]
0, t†

[
otherwise. The restriction is denoted by ν

as well.

Now split the restricted ν into its discrete part νd and its continuous part νc, i.e.,

ν = νc + νd , where

νd(B) = ν (B ∩ Aν) (B ∈ B+)

with Aν = {t ∈ R+ : �ν(t) > 0}, at most the countably infinite set of atoms for ν.

(The definition of t† implies that ν (]0, t]) < ∞ for any t < t†, hence on each ]0, t]

with t < t†, ν can have at most countably many atoms). Then define for t < t†

∏

0<s≤t

(1− ν(ds)) = exp
(
−νc (]0, t])

) ∏

0<s≤t

(
1−�νd(s)

)
. (4.9)

(The continuous product extends of course only over s such that s ≤ t with s ∈ Aν).

Proof. If P (t−) > 0, then ν (]0, t]) ≤
∫

]0,t] 1/P(t−)P(ds) <∞, proving (i) and (iv).

(ii) and (iii) follow from �ν(t) = �P(t)/P(t−) if P(t−) > 0. To prove (v), note that

0 < P
([

t, t†
[)
↓ 0 as t ↑ t† with t < t†; then define t0 = 0 and recursively choose

tk ↑ t† such that 0 < P
([

tk, t
†
[)
≤ 1

2 P
([

tk−1, t
†
[)
. Then

ν
(]

0, t†
[)
=

∞∑

k=1

ν
([

tk−1, tk
[)

=
∞∑

k=1

∫

[tk−1,tk[

1

P(s−)
P (ds)

≥
∞∑

k=1

P
([

tk−1, tk
[)

P
([

tk−1, t†
[)

where the assumption �P(t†) = 0 has been used in the last step. But the series in the

last line diverges since each term is ≥ 1
2 .

For the proof of the last part of the theorem, let t† be given by (4.7), restrict ν to]
0, t†

]
or
]
0, t†

[
as described in the note above, and let ν now denote this restriction.

Consider the function

P(t) = exp
(
−νc (]0, t])

) ∏

0<s≤t

(
1−�νd(s)

)
(4.10)

defined by the right-hand side of (4.9). The basic structure of the product integral that

we shall explore is that (obviously) for 0 ≤ s < t < t†,

P(t) = P(s) exp
(
−νc (]s, t])

) ∏

s<u≤t

(
1−�νd(u)

)
. (4.11)

By the elementary inequality 1 − x ≤ e−x for x ≥ 0 it follows that for 0 ≤ s <

t < t†,



4.1 Hazard measures 37

∏

s<u≤t

(
1−�νd(u)

)
≤ exp

(
−νd (]s, t])

)
(4.12)

implying that

P(t) ≤ P(s) exp (−ν (]s, t])) . (4.13)

Also, for fixed t0 < t†, since by the definition of t†, �νd(t) < 1 for t ≤ t0, and since

on ]0, t0] there can be at most finitely many t with �ν(t) > ǫ for any given ǫ > 0, it

follows that

sup
0<t≤t0

�νd(t) ≤ c0 < 1;

determining γ0 > 1 to be so large that 1− x ≥ e−γ0x for 0 ≤ x ≤ c0, it follows that

∏

s<u≤t

(
1−�νd(u)

)
≥ exp

(
−γ0ν

d (]s, t])
)

(4.14)

and so

P(t) ≥ P(s) exp
(
−νc (]s, t])− γ0ν

d (]s, t])
)

≥ P(s) exp (−γ0ν (]s, t])) . (4.15)

Letting t ↓ s with t > s in (4.13) and (4.15) it follows that P is right-continuous on

]0, t0[ for any t0 < t†, and so, trivially, P is right-continuous on R+. Since P(0) = 1

and P is decreasing, P is the survivor function for a (uniquely determined) probability

P on R+.
We now proceed to show that P has termination point t†(P) = t†, and that P has

hazard measure ν. Since by the definition (4.10) of P, P(t†) = 0 if t† < ∞, we see

that t†(P) ≤ t†. On the other hand, for t0 < t†, (4.15) gives

P(t0) ≥ exp (−γ0ν (]0, t0])) > 0

so that t†(P) ≥ t0, forcing t†(P) ≥ t†, and we conclude that t†(P) = t†.

To show that P has hazard measure ν, we use the differentiation technique from

Appendix A, and start by showing that on
]
0, t†

[
, ν(t) := ν (]0, t]) is pointwise

differentiable with derivative 1/P(t−) with respect to the distribution function FP =
1− P for P. This means that

(i) whenever FP(s) = FP(t) for some s < t < t†, then also ν(s) = ν(t);
(ii) whenever �ν(t) > 0 for some t < t†, then also �P(t) > 0;

(iii) limK→∞ FK (t) = 1/P(t−) for P-a.a t ∈
]
0, t†

[
,

where, in (iii), writing Ik,K =
]

k−1
2K ,

k
2K

]
,

FK (t) =
∞∑

k=1

1Ik,K
(t)
ν
(
Ik,K

)

P
(
Ik,K

) (4.16)
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with 0/0 = 0 if the denominator (and by (i), also the numerator) in the kth term

vanishes.

(i) follows directly from (4.11). Letting s ↑ t with s < t in (4.11) gives P(t) =
P (t−) (1−�ν(t)) so that

�P(t) = P(t−)�ν(t) (4.17)

and (ii) follows. Finally, if t < t†, letting ]aK , bK ] denote the interval Ik,K containing

t , we have

FK (t) =
ν (]aK , bK ])

PK (]aK , bK ])

= νK (]aK , bK ])

P (aK )
(
1− exp (−νc (]aK , bK ]))

∏
aK<u≤bK

(
1−�νd(u)

)) .

Since ]aK , bK ] ↓ {t} and P (aK )→ P(t−), it is clear from (4.17) that if �ν(t) > 0,

lim
K→∞

FK (t) =
�ν(t)

�P(t)
= 1

P(t−)
.

If �ν(t) = 0,, writing νd
K = νd (]aK , bK ]), we have inequalities from (4.12) and

(4.14) of the form

e−γ ν
d
K ≤

∏

aK<u≤bK

(1−�ν(u)) ≤ e−ν
d
K (4.18)

for γ > 1, chosen so that 1 − x ≥ e−γ x if 0 ≤ x ≤ cK , where cK =
sup {�ν(u) : aK < u ≤ bK } . But since �ν(t) = 0, νK := ν (]aK , bK ]) → 0 and

consequently also cK → 0 as K →∞. It is clear that for any γ > 1, (4.18) holds for

K sufficiently large. Therefore

νK

P (aK )
(
1− e−γ νK

) ≤ FK (t) ≤
νK

P (aK )
(
1− e−νK

)

for γ > 1, K sufficiently large, and since the expression on the right converges

to 1/P (t−) , and on the left to 1/(γP (t−)) as K → ∞, the desired conclusion

lim FK (t) = 1/P (t−) follows.

To show that P has hazard measure ν it remains to show that ν is obtained by

integrating the derivative,

ν(t) =
∫

]0,t]

1

P (s−)
P(ds) (4.19)

for t < t†. (This must also hold for t = t† if t† < ∞ and �P
(
t†
)
> 0, but that is

automatic if (4.19) is valid for t < t†; let t ↑ t† to obtain

ν
(]

0, t†
[)
= ν

(
t†−

)
≤ 1

P
(
t†−

) <∞
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and so, by the definition of t†, �ν
(
t†
)
= 1, and �ν

(
t†
)
= �P

(
t†
)
/P
(
t†−

)
follows

since t† is the termination point for P).

By Proposition A.0.2, (4.19) will hold if for every t0 < t† there is a constant c

such that for 0 ≤ s < t ≤ t0,

ν(t)− ν(s) ≤ c (FP(t)− FP(s)) .

Since by (4.11) and (4.13)

P (]s, t]) ≥ P(s) (1− exp (−ν (]s, t])))
≥ P(t0)b0ν (]s, t])

for b0 > 0 chosen so small that 1 − e−x ≥ b0x for 0 ≤ x ≤ ν (]0, t0]) , we may use

c = 1/
(
P(t0)b0

)
.

The final assertion of the theorem is that there is only one probability that has

a given hazard measure ν as its hazard measure, i.e., the probability with survivor

function given by (4.8). So assume that P1 �= P2 are two probabilities with hazard

measure ν. Certainly, both probabilities have termination point t† given by (4.7) and

defining t0 = inf
{
t : P1 (t) �= P2 (t)

}
we must have t0 < t†. For t ∈

[
t0, t

†
[

consider

d(t) := |P1 ([t0, t[)− P2 ([t0, t[)| =
∣∣∣∣
∫

[t0,t[

(
P1 (s−)− P2 (s−)

)
ν (ds)

∣∣∣∣ .

Here by the definition of t0,

P1 (s−)− P2 (s−) = P2 ([t0, s[)− P1 ([t0, s[) ,

so it follows that

d (t) ≤
∫

[t0,t[
d (s) ν (ds) . (4.20)

Choose any t1 ∈
]
t0, t

†
[

and put

K = sup {d (s) : t0 < s < t1} .

By (4.20), for t ∈ [t0, t1[ ,

d(t) ≤ Kν ([t0, t[) ≤ Kν ([t0, t1[)

and hence

K ≤ Kν ([t0, t1[) .

But for t1 ↓ t0, ν ([t0, t[) ↓ ν ({t0}) < 1, by choosing t1 > t0 sufficiently close to t0 it

follows that K = 0, and therefore also that d(t) = 0 for t > t0 sufficiently close to t0;

thus, for these t, P1 (t) = P2 (t), in contradiction with the definition of t0. �
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The following immediate consequence of Theorem 4.1.1 will be used later:

Corollary 4.1.2 If U is a R+-valued random variable with hazard measure ν, then

P (ν (]0,U ] ∩ R+) <∞) = 1.

Example 4.1.1 (i) ν ≡ 0 is the hazard measure for the probability ε∞ with point

mass 1 at∞.
(ii) ν = λℓ where λ > 0 and ℓ denotes Lebesgue measure is the hazard measure for

the exponential distribution with rate λ, i.e., P(t) = e−λt .

(iii) ν =
∑∞

n=1 p εn where 0 < p < 1 is the hazard measure for the geometric

distribution on N given by �P (n) = p (1− p)n−1 for n ∈ N.

Hazard measures have some further nice properties that we quote, leaving the

proofs as an exercise.

Proposition 4.1.3 (i) If P has hazard measure ν and t0 > 0 is such that P(t0) >

0, then the hazard measure for the conditional probability P (· |]t0,∞] ) is the

restriction to ]t0,∞[ of ν.

(ii) If U1,U2 are R+-valued and independent random variables with distributions

P1,P2 and hazard measures ν1, ν2 respectively, then provided �P1(t)�P2(t) = 0

for all t > 0, the distribution of U := min (U1,U2) has hazard measure

ν = ν1 + ν2.

The assumption in (ii) that P1 and P2 do not have atoms in common on R+ is

essential for the assertion to be valid, as is made clear from the following.

Exercise 4.1.1 Show part (i) of Proposition 4.1.3. Also show the following sharp-

ening of part (ii): if U1,U2 are R+-valued and independent random variables with

distributions P1,P2 and hazard measures ν1, ν2 respectively, then U = min(U1,U2)

has hazard measure ν given by

ν (]0, t]) = ν1 (]0, t])+ ν2 (]0, t])−
∑

0<s≤t

�ν1(s)�ν2(s).

(Hint: show and use that

ν (]0, t]) = E

[
1

P1(U−)P2(U−)
;U ≤ t

]
).

For later use we give the following result:

Lemma 4.1.4 There exists a universal constant c < 1 such that for any probability P

on R+ with hazard measure ν, it holds that

∫

]0,∞[
P(ds) e−ν(s) ≤ c,

where ν (s) := ν (]0, s]) .
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Proof. As motivation, suppose first that P has Lebesgue density f. Then the integral

above equals

∫ ∞

0
f (s)P (s) ds = lim

t→∞

(
− 1

2

(
P (t)

)2 + 1
2

)
≤ 1

2 .

For the general case, introduce

I (t) :=
∫

]0,t]
P(ds) e−ν(s),

and note that by partial integration

I (t) = 1− P(t)e−ν(t) +
∫

]0,t]
P(ds)P(s−)DPe−ν(s), (4.21)

where the differentiation DP is in the sense described in Appendix A, and where the

formula itself is most easily verified by differentiation with respect to P — it is always

valid for t < t† and extends to t = t† in case t† <∞ and �P(t†) > 0.

Now, by direct computation if P(s−) > 0,

DPe−ν(s) = e−ν(s−)
1

P(s−)
exp

(
−�P(s)/P(s−)

)
− 1

�P(s)/P(s−)

using the obvious definition
(
e−x − 1

)
/x = −1 if x = 0, and so

DPe−ν(s) ≤ e−ν(s−)
1

P(s−)
γ (4.22)

where

γ := sup
0≤x≤1

(
e−x − 1

)
/x

is < 0 and ≥ −1. But since also ν (s−) ≤ ν(s), we may replace ν (s−) by ν(s) in

(4.22) and from (4.21) we deduce that

(1− γ ) I (t) ≤ 1− P(t)e−ν(t) ≤ 1

and the assertion of the proposition follows with c = 1/ (1− γ ) . �

4.2 Adapted and predictable processes

In most of this chapter we shall deal with canonical counting processes and canonical

random counting measures, i.e., probabilities on the spaces (W,H) and (M,H), re-

spectively; cf. Sections 3.1 and 3.2. Recall that any such probability may be viewed as

an SPP, respectively an MPP through the following definition of the sequence of jump

times (τn) on W :
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τn = inf
{
t > 0 : N ◦t = n

}
(n ∈ N),

see (3.1), and the following definition of the sequence of jump times (τn) and marks

(ηn) on M,

τn = inf
{

t > 0 : N
◦
t = n

}
(n ∈ N),

(ηn ∈ A) =
∞⋃

K ′=1

∞⋂

K=K ′

∞⋃

k=1

(
N
◦
(k−1)/2K = n − 1, N ◦

k/2K (A)− N ◦
(k−1)/2K (A) = 1

)

(4.23)

for n ∈ N, A ∈ E, see (3.6), (3.7). Because we have assumed that (E, E) is a Borel

space (see p. 11) we are able to identify the exact value of ηn from (4.23) and may

therefore write

µ◦ =
∑

n:τn<∞
ε(τn ,ηn),

see (2.4). Other notation used throughout is

N ◦(w) = w, N ◦t (w) = w(t) (w ∈ W, t ≥ 0),

and

µ◦ (m) = m, µ◦ (C,m) = m(C)

for m ∈M, C ∈ B0 ⊗ E, while N
◦
t : M→ N0 and N ◦t (A) : M→ N0 (for A ∈ E)

are defined by

N
◦
t (m) =

∞∑

n=1

1(τn≤t) (m)

N ◦t (A,m) =
∞∑

n=1

1(τn≤t,ηn∈A) (m) = µ◦ ([0, t]× A,m)

for m ∈ M, and where we write e.g. N ◦t (A,m) rather than N ◦t (A)(m). Finally we

define

ξn =
{

(τ1, . . . , τn) on W,

(τ1, . . . , τn; η1, . . . , ηn) on M
(4.24)

as well as (cf. p. 26)

ξ〈t〉 =
{
ξN◦t ,

ξN
◦
t
,

ξ〈t−〉 =
{
ξN◦t− ,

ξN
◦
t−
,

(4.25)
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with the convention that on
(
N ◦t = 0

)
, resp.

(
N
◦
t = 0

)
, ξ〈t〉 ≡ 0 (the important thing

is that ξ〈0〉 should be something non-informative and if viewed as a random variable,

should generate the trivial σ -algebra, σ
(
ξ〈0〉

)
= {∅,W } or {∅,M}). Note that ξ〈t〉

summarizes the jump times and marks occurring in [0, t] , and ξ〈t−〉 summarizes those

occurring in [0, t[ .

The canonical filtration on (W,H) is (Ht )t≥0 where

Ht = σ
((

N ◦s
)

0≤s≤t

)
(4.26)

is the smallest σ -algebra such that all N ◦s for s ≤ t are measurable. Similarly, the

canonical filtration on (M,H) is (Ht )t≥0 where

Ht = σ
((

N ◦s (A)
)

0≤s≤t,A∈E

)
. (4.27)

For t = 0 we get the trivial σ -algebra,

H0 =
{
{∅,W }
{∅,M} .

Considering the space (M,H) it should be noted that if E ′ ⊂ E is a collection of

sets in E that generates E (the σ -algebra σ
(
E ′
)

generated by the sets in E ′ is E itself)

such that E ∈ E ′ and E ′ is closed under the formation of finite intersections, i.e.,

A1 ∩ A2 ∈ E ′ if A1, A2 ∈ E ′, then Ht = σ
((

N ◦s (A)
)

0≤s≤t,A∈E ′
)
.

Remark 4.2.1 The filtrations (Ht ) are defined entirely from the structure of the two

spaces W and M. If, in addition, a probability Q is given on the relevant space, it is

customary in general process theory as part of the so-called usual conditions to enlarge

each Ht by including all subsets (H-measurable or not) of Q-null sets from H. In this

book, however, we always use the H as defined originally and the Ht as in (4.26) and

(4.27) — no completed σ -algebras are ever considered. Keeping to these (restrictive)

definitions is essential for results such as in Proposition 4.2.1 below to be valid! (For

more on the usual conditions and completions, see Appendix B).

A process X = (X t )t≥0 with state space (G,G) defined on W or M is a fam-

ily of G-valued random variables; each X t is a measurable map from (W,H) or

(M,H) to (G,G) . The process is measurable if the mapping (t, w)
X�→ X t (w), re-

spectively (t,m)
X�→ X t (m) , is measurable from (R0 ×W,B0 ⊗H) , respectively

(R0 ×M,B0 ⊗H) , to (G,G) . X is adapted if it is measurable and each X t is Ht -

measurable; X is predictable (or previsible ) if X0 is H0-measurable (i.e., if G sepa-

rates points, X0 ≡ x0 for some x0 ∈ G) and if X restricted to (R+ ×W,B+ ⊗H) ,

or (R+ ×M,B+ ⊗H), is measurable with respect to the predictable σ - algebra P .

Here P is generated by the subsets

]t,∞[× H (t ≥ 0, H ∈ Ht ) (4.28)
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of R+ ×W or R+ ×M.

If (G,G) =
(
Rd ,Bd

)
, the process X is right-continuous if all sample paths are

right-continuous, i.e., in the case of (M,H) , the map t �→ X t (m) is right-continuous

on R0 for all m ∈ M; similarly X is left-continuous, continuous, cadlag, increasing

if for all m, t �→ X t (m) is respectively left-continuous on R+, continuous, right-

continuous on R0 with left limits on R+, increasing in each of the d coordinates.

Appendix B contains a more general discussion of the concepts from process

theory introduced here.

Example 4.2.1 Let X be an Rd -valued process defined on (M,H) (or (W,H)). Then

X is measurable if it is either right-continuous or left-continuous, e.g., if X is right-

continuous this follows from the representation

X t (m) = lim
K→∞

∞∑

k=1

1[(k−1)2−K ,k2−K [(t)Xk2−K (m)

where each term in the sum is B0⊗H-measurable since it is a product of a measurable

function of t and a measurable function of m.

The concept of predictability is crucial and therefore deserves some comments.

Note that from (4.28) it follows immediately that all sets of the form ]s, t] × H or

]s, t[× H for 0 ≤ s < t and H ∈ Hs belong to P; therefore also a process X defined,

for example, on (M,H) of the form

X t (m) = 1]s0,t0] (t)U (m) or 1]s0,t0[ (t)U (m)

for some 0 ≤ s0 < t0 ≤ ∞ and some R-valued and Hs0 -measurable random variable

U is predictable. It is critically important in (4.28) that the interval ]t,∞[ is open to

the left!

Intuitively a process X should be understood to be predictable, if for every t > 0 it

is possible to compute the value of X t from everything that has been observed strictly

before time t, i.e., observations referring to the time interval [0, t[ . The prime example

is

Example 4.2.2 An R-valued process X on e.g., (M,H) , that is left-continuous with

each X t Ht -measurable (i.e., X is left-continuous and adapted), is predictable: just use

the representation

X t (m) = lim
K→∞

∞∑

k=1

1](k−1)2−K ,k2K ](t)X(k−1)2−K (m)

for t > 0, m ∈M.

The following very useful result characterizes the σ -algebras Ht (as defined by

(4.26), (4.27)) as well as adapted and predictable processes, and also shows that the

filtration (Ht ) is right-continuous. (For this the definitions (4.26) and (4.27) of the Ht

are essential, cf. Remark 4.2.1). Recall the definitions (4.24), (4.25) of ξn, ξ〈t〉 and

ξ〈t−〉.
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Proposition 4.2.1 (a) Consider the space (W,H) .

(i) A set H ⊂ W belongs to Ht iff for every n ∈ N0 there exists Bn ∈ Bn
+ ∩

]0, t]n such that

H ∩
(
N ◦t = n

)
= (ξn ∈ Bn, τn+1 > t) . (4.29)

(ii) For every t ≥ 0,Ht+ = Ht where Ht+ :=
⋂
ε>0 Ht+ε.

(iii) A real-valued process X = (X t )t≥0 is adapted iff for every n ∈ N0 there

exists a measurable function (zn, t) �→ f
(n)
zn
(t) from Rn

+ × R 0 to R such

that identically on W and for all t ∈ R0,

X t = f
〈t〉
ξ〈t〉
(t).

(iv) A real-valued process X = (X t )t≥0 is predictable iff for every n ∈ N0 there

exists a measurable function (zn, t) �→ f
(n)
zn
(t) from Rn

+ × R 0 to R such

that identically on W and for all t ∈ R0

X t = f
〈t−〉
ξ〈t−〉

(t). (4.30)

(b) Consider the space (M,H) .

(i) A set H ⊂ M belongs to Ht iff for every n ∈ N0 there exists Cn ∈
(Bn
+ ⊗ En) ∩ (]0, t]n × En) such that

H ∩
(

N
◦
t = n

)
= (ξn ∈ Cn, τn+1 > t) . (4.31)

(ii) For every t ≥ 0,Ht+ = Ht where Ht+ :=
⋂
ε>0 Ht+ε.

(iii) A real-valued process X = (X t )t≥0 is adapted iff for every n ∈ N0 there

exists a measurable function (zn, t)→ f
(n)
zn
(t) from (Rn

+ × En)× R 0 to R

such that identically on M and for all t ∈ R0

X t = f
〈t〉
ξ〈t〉
(t). (4.32)

(iv) A real-valued process X = (X t )t≥0 is predictable iff for every n ∈ N0 there

exists a measurable function (zn, t)→ f
(n)
zn
(t) from (Rn

+ × En)× R 0 to R

such that identically on M and for all t ∈ R0

X t = f
〈t−〉
ξ〈t−〉

(t). (4.33)

Note. Because H0 is the trivial σ -algebra, the meaning of (4.29) and (4.31) for n = 0

is that H ∈ H0 iff H ∩
(
N ◦t = 0

)
, resp. H ∩

(
N
◦
t = 0

)
, equals either the empty set

or the set (τ1 > t) . Also, for n = 0 the function f
(n)
zn
(t) is a function f (0)(t) of t only.
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Remark 4.2.2 The description of adapted processes merely states (apart from mea-

surability properties) that a process is adapted iff its value at t can be computed

from the number of jumps on [0, t] and the timepoints and marks for these jumps.

In particular, an adapted R-valued process on e.g., (M,H) is piecewise deterministic,

(cf. (3.12)). For a process to be predictable, to find its value at t it suffices to know the

number of jumps on [0, t[, their location in time and the marks.

Example 4.2.3 On (W,H) , the counting process N ◦ is adapted but not predictable.

Similarly, on (M,H) the counting processes N ◦(A) are adapted for all A ∈ E, but

not predictable except for A = ∅. To see the latter, fix A �= ∅, t > 0 and just note

that there is an m ∈M with N ◦t (m, A) = 0 and a different m′ with N ◦t−
(
m′, A

)
= 0,

N ◦t
(
m′, A

)
= 1 (the first jump for m′ occurs at time t, resulting in a mark in A), but

were N ◦(A) predictable, by Proposition 4.2.1, N ◦t (m, A) = N ◦t (m
′, A).

As an example of the representation (4.32), note that on (M,H) , N ◦t (A) has this

representation with

f (n)zn
(t) =

n∑

k=1

1A (yk)

where, as usual, zn = (t1, . . . , tn; y1, . . . , yn) .

Proof of Proposition 4.2.1. We just prove (b).

(i). Note first that since ξn ∈ K(n) (E) always (see p. 22 for the definition of

K(n) (E)), in (4.31) it is only the part of Cn inside K(n) (E) that is relevant: Cn may be

replaced by Cn ∩ K(n) (E) .

It is easy to see that the class of sets H ∈ Ht that have the representation (4.31)

is a σ -algebra (e.g., if (4.31) holds for H, it also holds for H c, replacing Cn by(
]0, t]n × En

)
\Cn). It therefore suffices to show that (4.31) holds for the members

of the Ht -generating class
((

N ◦s (A) = l
))

l∈N0,s≤t,A∈E . But

(
N ◦s (A) = l, N

◦
t = n

)
=
(

n∑

k=1

1(τk≤s,ηk∈A) = l, τn ≤ t < τn+1

)

so (4.31) holds with

Cn =
{

zn :
n∑

k=1

1]0,s]×A (tk, yk) = l, tn ≤ t

}
,

where here and below it is notationally convenient to allow zn – the vector (t1, . . . , tn;
y1, . . . , yn) – to vary freely in all of ]0, t]n × En rather than the part of K(n) (E)

with tn ≤ t. Suppose conversely that H ⊂ M satisfies (4.31) for all n. Since H =⋃∞
n=0 H ∩

(
N
◦
t = n

)
, H ∈ Ht follows if we show H ∩

(
N
◦
t = n

)
∈ Ht . But for

that, since the class of sets Cn for which (ξn ∈ Cn, τn+1 > t) ∈ Ht forms a σ -algebra

of measurable subsets of ]0, t]n × En , it suffices to consider Cn of the form
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Cn = {zn : tk ≤ s, yk ∈ A} (4.34)

for some k and s with 1 ≤ k ≤ n, s ≤ t, A ∈ E, since these sets generate
(
Bn
+ ⊗ En

)
∩(

]0, t]n × En
)
. But with Cn given by (4.34), use a variation of (4.23) to verify that

(ξn ∈ Cn, τn+1 > t) = (τk ≤ s, ηk ∈ A, τn+1 > t)

=
(

N
◦
s ≥ k, N

◦
t < n + 1

)
∩ Hn

where

Hn =
∞⋃

K ′=1

∞⋂

K=K ′

2K⋃

j=1

(
N
◦
( j−1)s/2K = k − 1, N ◦

js/2K (A)− N ◦
( j−1)s/2K (A) = 1

)
,

and it is clear that (ξn ∈ Cn, τn+1 > t) ∈ Ht .

(ii). We must show that Ht+ ⊂ Ht . So suppose that H ∈ Ht+, i.e., that

H ∈ Ht+k−1 for all k ∈ N. By (i), for every n, k there is Cn,k ⊂
]
0, t + 1

k

]n

× En

measurable such that

H ∩
(

N
◦
t+ 1

k
= n

)
=
(
ξn ∈ Cn,k, τn+1 > t + 1

k

)
. (4.35)

Now consider the set of m ∈ M belonging to the set (4.35) for k sufficiently

large. Because t �→ N
◦
t is right-continuous and piecewise constant and because

m ∈
(
τn+1 > t + k−1

)
for k sufficiently large iff m ∈ (τn+1 > t) , this leads to the

identity

H ∩
(

N
◦
t = n

)
=
(
ξn ∈

∞⋃

K=1

∞⋂

k=K

Cn,k

)
∩ (τn+1 > t) .

But since Cn,k is a measurable subset of
]
0, t + k−1

]n × En,
⋃∞

K=1

⋂∞
k=K Cn,k is a

measurable subset of ]0, t]n × En, hence (4.31) holds and by (i), H ∈ Ht .

(iii). Let X be an R-valued, adapted process. Writing X = X+−X−, the difference

between the positive and negative part of X, it is seen that to establish (4.32) it is

enough to consider X ≥ 0. Further, writing

X t (m) = lim
K→∞

∞∑

k=0

k

2K
1( k

2K ≤X< k+1

2K

) (t,m)

it is clear that it suffices to consider adapted X of the form

X t (m) = 1D (t,m) (4.36)

for some D ∈ B0 ⊗H, i.e., to ensure adaptedness D has the property that

Dt := {m : (t,m) ∈ D} ∈ Ht

for all t . But by (i), for every n ∈ N0, t ≥ 0,
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Dt ∩
(

N
◦
t = n

)
=
(
ξn ∈ Cn,t , τn+1 > t

)

for some measurable Cn,t ⊂ ]0, t]n × En, and it follows that (4.32) holds with

f (n)zn
(t) = 1Cn,t (zn) .

It remains to show that this f (n), which is measurable in zn for each t, is a measurable

function of (zn, t) . But since X = 1D is measurable, so is

(t,m)
ρ�→ X t (m)1

(
N
◦
t =n

) (m) = f
(n)
ξn(m)

(t) 1(τn+1>t)(m),

and hence, so is ρ ◦ (id, ϕ) where (id, ϕ) : R+ × K (E) → R+ ×M is given by

(id, ϕ) (t, z∞) = (t, ϕ (z∞)) for z∞ = (t1, t2, . . . ; y1, y2, . . . ) ∈ K (E). (For the

definition of ϕ, see (3.5); the σ -algebras on the two product spaces are the obvious

product σ -algebras). Since, with obvious notation,

ρ ◦ (id, ϕ) (t, z∞) = f (n)zn
(t)1]t,∞] (tn+1)

the assertion follows easily.

For the converse, suppose that X is given by (4.32) with all (zn, t) �→ f
(n)
zn
(t)

measurable. It is immediately checked that X is then measurable, and it remains to see

that X t is Ht -measurable. But for B ∈ B, n ∈ N0,

(
X t ∈ B, N

◦
t = n

)
=
(

f
(n)
ξn
(t) ∈ B, τn ≤ t < τn+1

)

= (ξn ∈ Cn, τn+1 > t)

where

Cn =
{

zn ∈ ]0, t]n × En : f (n)zn
(t) ∈ B

}
.

Hence by (i),
(

X t ∈ B, N
◦
t = n

)
∈ Ht and it follows that X t is Ht -measurable.

(iv). Arguing as in the beginning of the proof of (iii), to prove that any predictable

X has the form (4.33), by standard extension arguments it suffices to consider

X t (m) = 1D (t,m)

for D ∈ P. But it is clear that the class of D ∈ P such that X = 1D has the form

(4.33) is closed under the operations \ and ↑: if D1 ⊃ D2 belong to the class, so does

D1\D2, and if D1 ⊂ D2 ⊂ · · · belong to the class, so does
⋃

n Dn . Since the desired

representation holds trivially for D = R+ ×M, it therefore suffices to consider D of

the form

D = ]s,∞[× H (s > 0, H ∈ Hs) , (4.37)

because these sets form a class closed under the formation of finite intersections that

generate P.
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Since H ∈ Hs, (4.31) holds,

H ∩
(

N
◦
s = k

)
= (ξk ∈ Ck, τk+1 > s)

for some measurable Ck ⊂ ]0, s]k× Ek, and consequently, if D is given by (4.37), for

t ≥ 0,

X t = 1]s,∞[(t)1H

= 1]s,∞[(t)

∞∑

n=0

1(
N
◦
t−=n

)
n∑

k=0

1(ξk∈Ck ,τk+1>s)

using that when t > s, then N
◦
t− ≥ N

◦
s . Thus (4.32) holds with

f (n)zn
(t) = 1]s,∞[(t)

(
n−1∑

k=0

1Ck (zk) 1]s,∞[ (tk+1)+ 1Cn (zn)

)
.

Finally, let X be given by (4.33) and let us show that X is predictable. Clearly X0

is H0-measurable. To show that X is P-measurable on R+×M, it suffices to consider

f (n) of the form

f (n)zn
(t) = 1Cn (zn) 1]sn ,∞[(t)

for some Cn ∈ Bn
+ ⊗ En, sn ≥ 0; in particular X only takes the values 0 and 1. We

need

Dn :=
{
(t,m) : t > 0, X t (m) = 1, N

◦
t−(m) = n

}
∈ P

and find, using sn, j,K := sn + j2−K to approximate the value of t > s, that

Dn =
∞⋃

K ′=1

∞⋂

K=K ′

∞⋃

j=0

]
sn, j,K , sn, j+1,K

]
×
(
ξn ∈ Cn, j,K , τn+1 > sn, j,K

)

where

Cn, j,K = Cn ∩
(]

0, sn, j,K

]n × En
)
.

But this shows that Dn ∈ P because by (i)
(
ξn ∈ Cn, j,K , τn+1 > sn, j,K

)
∈ Hsn, j,K

and

the interval
]
sn, j,K , sn, j+1,K

]
is open to the left. �

Proposition 4.2.1 has the following intuitively obvious and very useful conse-

quence: conditioning on Ht is the same as conditioning on the number of jumps on

[0, t] , their location in time and their associated marks. More formally we have

Corollary 4.2.2 If Q is a probability on (M,H) (or (W,H)) and U is an R-valued

random variable with E |U | <∞, then

E [U |Ht ] =
∞∑

n=0

1(
N
◦
t =n

)E
[
U |ξn, τn+1 > t

]
. (4.38)
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Note. E = EQ denotes Q-expectation. E
[
U |ξn, τn+1 > t

]
is the conditional expec-

tation of U given the random variables ξn and 1(τn+1>t) considered only on the set

(τn+1 > t).

Proof. By definition E
[
U |ξn, τn+1 > t

]
is a measurable function of ξn and 1(τn+1>t),

evaluated on the set (τn+1 > t) only where the indicator is 1 (as displayed in (4.39)

below). Thus we may write for some measurable function ρn that

1(
N
◦
t =n

)E
[
U |ξn, τn+1 > t

]
= 1(

N
◦
t =n

)ρn (ξn)

and (4.32) shows that the sum on the right of (4.38) is Ht -measurable. Next, let H ∈
Ht and use (4.31) and the definition of E

[
U |ξn, τn+1 > t

]
to obtain

∫

H

∞∑

n=0

1(
N
◦
t =n

)E
[
U |ξn, τn+1 > t

]
d Q

=
∞∑

n=0

∫

(ξn∈Cn ,τn+1>t)
E
[
U |ξn, τn+1 > t

]
d Q

=
∞∑

n=0

∫

(ξn∈Cn ,τn+1>t)
U d Q

=
∫

H

U d Q.

(That it is permitted to interchange the order of summation and integration in the

second line follows by monotone convergence if U ≥ 0. In particular, therefore, for

U ≥ 0 with EU <∞, the random variable on the right of (4.38) is Q-integrable. For

arbitrary U with E |U | <∞ we then have

E

∣∣∣∣∣
∞∑

n=0

1(
N
◦
t =n

)E
[
U |ξn, τn+1 > t

]
∣∣∣∣∣ ≤ E

∞∑

n=0

1(
N
◦
t =n

)E
[
|U | |ξn, τn+1 > t

]
<∞

and dominated convergence can be used to argue for the interchange). �
Remark 4.2.3 The usefulness of Corollary 4.2.2 comes from the construction of SPPs

and MPPs which makes it natural to work with the conditional expectations on the

right of (4.38). Note that on (τn+1 > t) ,

E
[
U |ξn, τn+1 > t

]
=

E
[
U1(τn+1>t) |ξn

]

Q (τn+1 > t |ξn )
= 1

P
(n)

ξn
(t)

E
[
U1(τn+1>t) |ξn

]
. (4.39)

4.3 Compensators and compensating measures

Let Q be a probability on (W,H) determined by the sequence
(
P(n)

)
of Markov ker-

nels; see Theorem 3.1.1. If tn <∞,write ν
(n)
zn

for the hazard measure for P
(n)
zn
, cf. Sec-

tion 4.1, so that
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dν
(n)
zn

d P
(n)
zn

(t) = 1

P
(n)

zn
(t−)

when P
(n)

zn
(t−) > 0. Since P

(n)
zn

is concentrated on ]tn,∞] , so is ν
(n)
zn
, wherefore

ν
(n)
zn
(]0, tn]) = 0.

Definition 4.3.1 The compensator for Q is the non-negative process �◦ =
(
�◦t
)

t≥0
on (W,H) given by

�◦t =
N◦t∑

n=0

ν
(n)
ξn

(]
τn, τn+1 ∧ t

])
. (4.40)

The compensator combines the hazard measures ν
(n)
ξn
, following ν(0) on the inter-

val ]0, τ1] , ν
(1)
ξ1

on ]τ1, τ2] etc. It is critical that the half-open intervals, where each

hazard measure operates, are closed to the right, open to the left.

Note that in (4.40) only for the last term, n = N ◦t , is τn+1 ∧ t = t.

Clearly, for all w ∈ W, t �→ �◦t (w) is ≥ 0, 0 at time 0, increasing and right-

continuous. The ambiguity in the choice of the Markov kernels (see p.19) translates

into the following ambiguity about the compensator: if
(
P̃(n)

)
is another sequence of

Markov kernels generating Q with resulting compensator �̃◦, then �◦ and �̃◦ are

Q-indistinguishable, i.e.,

Q
⋂

t≥0

(
�̃◦t = �◦t

)
= 1. (4.41)

(For a proof, use that P̃(0) = P(0) and that for n ≥ 1, we have P̃
(n)
zn
= P

(n)
zn

except for

zn ∈ Bn, where Q (ξn ∈ Bn) = 0. Thus, outside the Q-null set
⋃

n (ξn ∈ Bn) we have

that �̃◦t = �◦t for all t).

As it stands �◦t can take the value∞. However, by Corollary 4.1.2 it follows that

Q
⋂

t≥0

(
�◦t <∞

)
= 1.

Another important property of the compensator, see Theorem 4.1.1 (iii), is that

Q
⋂

t≥0

(
��◦t ≤ 1

)
= 1. (4.42)

With these properties of �◦ in place, �◦ may be identified with a random positive

and σ -finite measure on (R0,B0) that we also denote by �◦: �◦ ([0, t]) = �◦t . In

particular for Q-a.a w ∈ W it holds that �◦ ({0}) (w) = 0, that �◦ ([0, t]) (w) < ∞
for all t ∈ R0 and that �◦ ({t}) (w) ≤ 1 for all t ∈ R0.

The definition of what corresponds to the compensator for a probability Q on

(M,H) is more involved.

Let
(
P(n)

)
,
(
π (n)

)
be the sequences of Markov kernels generating Q, and let ν

(n)
zn

denote the hazard measure for P
(n)
zn
.
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Definition 4.3.2 (i) The total compensator for Q is the process �
◦ =

(
�
◦
t

)
t≥0

on

(M,H) given by

�
◦
t =

N
◦
t∑

n=0

ν
(n)
ξn

(]
τn, τn+1 ∧ t

])
. (4.43)

(ii) The Q-compensator for the counting process N ◦(A) is the process �◦(A) =(
�◦t (A)

)
t≥0

on (M,H) given by

�◦t (A) =
∫

]0,t]
π
〈s−〉
ξ〈s−〉,s

(A)�
◦
(ds). (4.44)

(iii) The compensating measure for Q is the random, non-negative, Q-a.s. σ -finite

measure L◦ on R0 × E given by

L◦(C) =
∫

R0

∫

E

1C (s, y) π
〈s−〉
ξ〈s−〉,s

(dy)�
◦
(ds) (C ∈ B0 ⊗ E) . (4.45)

Part (i) of the definition mimics (4.40) and �
◦

and all �◦(A) have the same

properties as �◦ in the CP-case as listed above. In particular, for Q-a.a m, the

right-continuous functions t �→ �
◦
(m) and t �→ �◦t (A,m) for arbitrary A ∈ E

define positive measures �∗(dt,m), all of which satisfy that �∗ ({0} ,m) = 0,

�∗ ([0, t] ,m) <∞ for all t and �∗ ({t} ,m) ≤ 1 for all t.

That L◦ is a random measure as described in part (iii) of the definition means of

course that for Q-a.a. m, C �→ L◦ (C,m) is a positive, σ -finite measure on B0 ⊗ E .

Note that

�◦t (A) = L◦ ([0, t]× A) , �
◦
t = L◦ ([0, t]× E) .

Also note that if
(
P̃(n)

)
and

(
π̃ (n)

)
are a second set of sequences of Markov kernels

that generate Q, and that if L̃◦ is the corresponding compensating measure, then

Q
⋂

C∈B0⊗E

(
L̃◦(C) = L◦(C)

)
= 1;

cf. the argument leading to (4.41).

An essential property of compensators is presented in

Proposition 4.3.1 (a) The compensator �◦ for a probability Q on (W,H) is pre-

dictable.

(b) The compensators �◦(A) for the counting processes N ◦(A) under a probability

Q on (M,H) are predictable for all A ∈ E .
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Proof. We prove (a), which is good enough to pinpoint the critical part of the argu-

ment. Keeping Proposition 4.2.1 (aiv) in mind, on
(
N ◦t− = n

)
where either N ◦t = n or

N ◦t = n + 1,

�◦t =
n−1∑

k=0

ν
(k)
ξk

(]
τk, τk+1

])
+ ν(n)ξn (]τn, t]) (4.46)

if N ◦t = n, and

�◦t =
n∑

k=0

ν
(k)
ξk

(]
τk, τk+1

])
+ ν(n+1)

ξn+1

(]
τn+1, t

])

if N ◦t = n+ 1. But in this latter case, τn+1 = t and it is seen that the expression (4.46)

still holds and thus also the representation (4.30). �

It is critically important that it is possible to reconstruct the Markov kernels gen-

erating a probability Q from the compensators: consider first the CP case. Then using

(4.40) one finds that for any n, zn = (t1, . . . , tn) ∈ K (n),

ν(n)zn
(]tn, t]) = �◦t (w)−�◦tn (w)

for any w ∈
(
N ◦t− = n, ξn = zn

)
. Similarly, in the MPP case, cf. (4.43), for any n,

zn = (t1, . . . , tn; y1, . . . , yn) ,

ν(n)zn
(]tn, t]) = �

◦
t (m)−�

◦
tn
(m) (4.47)

for any m ∈
(

N
◦
t− = n, ξn = zn

)
. To extract the kernels π

(n)
zn ,t

is more elaborate and

based on the fact, obvious from (4.44), that the measure �◦ (dt, A) on R0 determined

from the right-continuous process t �→ �◦t (A) is absolutely continuous with respect

to the measure �
◦
(dt) with the Radon–Nikodym derivative

d�◦(A)

d�
◦ (t) = π 〈t−〉ξ〈t−〉,t

(A).

Thus

π
(n)
zn ,t
(A) = d�◦(m, A)

d�
◦
(m)

(t) (4.48)

for any m ∈
(

N
◦
t− = n, ξn = zn

)
. The only problem here is that the Radon–Nikodym

derivative is determined only for �
◦
(m, dt)-a.a. t , with an exceptionel set depending

on A and m, so care is needed to obtain e.g., that A �→ π
(n)
zn ,t
(A) is always a probability

on (E, E).

Even though the Markov kernels are obtainable from the compensators, it is just

conceivable that two different Q’s might have the same compensators. That this is not

the case follows from the next result which informally stated shows that compensators

characterize probabilities on (W,H) or (M,H) .



54 4 Compensators and Martingales

Theorem 4.3.2 (a) Suppose that �◦ is the compensator for some probability Q on

(W,H) . Then that Q is uniquely determined.

(b) Suppose L◦ is the compensating measure for some probability Q on (M,H) .

Then that Q is uniquely determined.

Proof. We just consider (b). Suppose that Q �= Q̃ are two probabilities on (M,H)

with compensating measures L◦ and L̃◦ determined by (4.45) using a specific but

arbitrary choice of Markov kernels P(n), π (n) and P̃(n), π̃ (n) that generate Q and Q̃

respectively. We shall show that no matter how the kernels are chosen, it holds that

Q̃
(
L̃◦ �= L◦

)
> 0, (4.49)

so that L◦ is not Q̃-indistinguishable from L̃◦, and hence cannot be a compensating

measure for Q̃, cf. (4.41).

Since Q �= Q̃ there is a smallest n ∈ N such that the Q-distribution of ξn is

different from the Q̃-distribution of ξn . Define

Cn−1 = {zn−1 : the conditional Q-distribution of (τn, ηn) given

ξn−1 = zn−1 is different from the corresponding

conditional Q̃-distribution } ,

and note that for any zn−1 = (t1, . . . , tn−1; y1, . . . , yn−1) ∈ Cn−1, necessarily then

tn−1 <∞ and yn−1 ∈ E . Also, by the definition of n,

Q (ξn−1 ∈ Cn−1) = Q̃ (ξn−1 ∈ Cn−1) > 0. (4.50)

For m ∈ (ξn−1 ∈ Cn−1) , consider the conditional Q̃-distribution of (τn, ηn) given

ξn−1 evaluated at m,

ρ̃m (dt, dy) = P̃(n−1)
zn−1

(dt) π̃
(n−1)
zn−1,t

(dy) ,

where zn−1 = ξn−1 (m) , together with the corresponding Q-conditional distribution

ρm �= ρ̃m . Introduce σn−1 (m) as the smallest timepoint ≥ τn−1 (m) such that for

τn−1 (m) ≤ t < σn−1 (m) , ρ̃m ≡ ρm on all measurable subsets of
[
τn−1 (m) , t

]
× E,

while for t > σn−1 (m) , ρ̃m and ρm are not identical on the subsets of
[
τn−1 (m) , t

]
×

E . Then necessarily σn−1 (m) <∞, and since

�̃◦t (m, A)− �̃◦τn−1(m)
(m, A) =

∫

]τn−1(m),t]
ν̃(n−1)

zn−1
(ds) π̃ (n−1)

zn−1,s
(A)

if τn (m) ≥ t with a similar formula valid for �◦ (A) , we deduce that L̃◦ �= L◦ if

either

(i) τn (m) > σn−1 (m) , or

(ii) τn (m) = σn−1 (m) = t0, and

�ν̃(n−1)
zn−1

(t0) π̃
(n−1)
zn−1,t0

�= �ν(n−1)
zn−1

(t0) π
(n−1)
zn−1,t0

. (4.51)
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We now claim that

Q̃
(
L̃◦ �= L◦ |ξn−1

)
(m) > 0 (4.52)

for all m ∈ (ξn−1 ∈ Cn−1) , which will certainly imply (4.49) since then, using (4.50),

Q̃
(
L̃◦ �= L◦

)
≥ Ẽ

[
Q̃
(
L̃◦ �= L◦ |ξn−1

)
; ξn−1 ∈ Cn−1

]
> 0.

To establish (4.52), write t̃
†
n−1 (m) for the termination point of P̃

(n−1)
zn−1

. If

t̃
†
n−1 (m) > σn−1 (m) , (4.52) follows directly since then, by (i) above and the defi-

nition of t̃
†
n−1 (m) ,

Q̃
(
L̃◦ �= L◦ |ξn−1

)
(m) ≥ Q̃ (τn > σn−1 (m) |ξn−1 ) (m) > 0.

If t̃
†
n−1 (m) = σn−1 (m) = t0, since by the definition of σn−1 (m) , ρ̃m and ρm are

identical strictly before t0, t0 must be an atom for P̃
(n−1)
zn−1

, and since by assumption

ρ̃m has no mass strictly after t0, also (4.51) must hold. Thus for m with t̃
†
n−1 (m) =

σn−1 (m) ,

Q̃
(
L̃◦ �= L◦ |ξn−1

)
(m) ≥ Q̃ (τn = σn−1 (m) |ξn−1 ) (m) > 0,

as desired. �

Note. In the proof it was tacitly assumed that the set
(
L̃◦ �= L◦

)
∈ H and that the

random time σn−1 is measurable. Both facts follow when using that L̃◦ ≡ L0 iff

�̃◦t (A) ≡ �◦t (A) for all rational t ≥ 0 and all A ∈ E0, with E0 a countable collection

of sets from E such that E0 generates E and E0 is closed under the formation of finite

intersections.

Example 4.3.1 Suppose Q on W makes N ◦ Poisson λ; see Example 3.1.2. Then the

hazard measure for P
(n)
zn

is the restriction to ]tn,∞[ of λ times Lebesgue measure.

Thus

�◦t = λt;

in particular the compensator is deterministic.

Example 4.3.2 Suppose Q on W makes N ◦ a renewal process with waiting time

distribution with hazard measure ν; see Example 3.1.3. Then

�◦t =
N◦t∑

n=0

ν
(]

0, (τn+1 ∧ t)− τn

])
.

If in particular the waiting time distribution is absolutely continuous with hazard func-

tion u, then

�◦t =
∫ t

0
u
(
s − τ〈s〉

)
ds. (4.53)
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Example 4.3.3 Consider the homogeneous Poisson random measure with intensity

measure ρ = λκ from Example 3.2.1. Then

�
◦
t = λt, �◦t (A) = tρ (A)

and

L◦ = ℓ⊗ ρ,

where ℓ is Lebesgue measure on R0. In particular L◦ is a deterministic product mea-

sure.

Example 4.3.4 Consider the MPP construction from Example 3.3.1 of time-homogen-

eous Markov chains on an at most countably infinite state space G. Thus, assuming

that stability holds, Q is the probability on (M,H) generated by the Markov kernels

(3.14) and (3.15). Consequently, with i0 as the initial state for the chain, which itself

is the step process X◦ =
(
X◦t
)

given by X◦t = η〈t〉, where η0 ≡ i0,

�
◦
t =

N
◦
t∑

n=0

ληn ((τn+1 ∧ t)− τn) =
∫ t

0
λX◦s− ds;

writing �◦i = �◦ ({i}) for i ∈ G so that �◦(A) =
∑

i∈A�
◦i , we have

�◦it =
∫ t

0
1(X◦s− �=i)λX◦s−πX◦s−i ds =

∫ t

0
1(X◦s− �=i)qX◦s−i ds.

We come now to a key lemma that will prove immensely useful in the future. For

s ≥ 0, define the shift θs mapping W, respectively M, into itself, by

(θs N ◦)t =
{

N ◦t − N ◦s if t ≥ s

0 if t < s,
θsµ

◦ = µ◦ (· ∩ (]s,∞[× E)) . (4.54)

Thus θs only contains the points from the original process that belong strictly after time

s.Writing
(
τn,s

)
n≥1

,
(
ηn,s

)
n≥1

for the sequence of jump times and marks determining

θs, we have for instance in the MPP case that

τn,s = τn ◦ θs = τk+n, ηn,s = ηn ◦ θs = ηk+n

on
(

N
◦
s = k

)
. Note also that

θsµ
◦ =

∑

n:s<τn<∞
ε(τn ,ηn).

For later use, we also introduce the translated shift θ∗s : M → M (with the

obvious analogue on W ) by

θ∗s µ
◦ =

∑

n:s<τn<∞
ε(τn−s,ηn), (4.55)
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equivalently, for C ∈ B0 ⊗ E,

θ∗s µ
◦(C) = θsµ

◦ (C + s)

where C + s := {(t + s, y) : (t, y) ∈ C} . (Note that for C ⊂ R+ × E, θ∗s µ
◦(C) =

µ◦ (C + s) since then C + s ⊂ ]s,∞[× E).

Similar to θs , for k0 ∈ N, define ϑk0 = θτk0
as the map ϑk0 :

(
τk0 <∞

)
→ W or

M given by

(ϑk0 N ◦)t =
{

N ◦t − N ◦τk0
if t ≥ τk0

0 if t < τk0 ,
ϑk0µ

◦ = µ◦
(
· ∩

(]
τk0 ,∞

[
× E

))
.

Lemma 4.3.3 (Key lemma.) (a) Let Q be a probability on (W,H) with compensator

�◦, generated by the Markov kernels
(
P(n)

)
n≥0

.

(i) For any s ∈ R0, the conditional distribution of θs N ◦ given N ◦s = k, ξk = zk

for an arbitrary k ∈ N0, zk = (t1, . . . , tk) ∈ K(k) with tk ≤ s is the proba-

bility Q̃ = Q̃|k,zk
on (W,H) generated by the Markov kernels

(
P̃
(n)
|k,zk

)
n≥0

from K(n) to R+ given by

P̃
(0)
|k,zk

= P(k)zk
(· |]s,∞] )

P̃
(n)
z̃n |k,zk

= P
(k+n)

join (zk ,̃zn)
(n ≥ 1) ,

where for z̃n =
(̃
t1, . . . , t̃n

)
∈ K(n) with t̃1 > s,

join (zk, z̃n) =
(
t1, . . . , tk, t̃1, . . . , t̃n

)
.

(ii) For any k0 ∈ N, the conditional distribution of ϑk0 N ◦ given ξk0 = zk0 for

an arbitrary zk0 =
(
t1, . . . , tk0

)
∈ K(k0) with tk0 < ∞ is the probability

Q̃ = Q̃∣∣∣k0,zk0

on (W,H) generated by the Markov kernels

(
P̃
(n)∣∣∣k0,zk0

)

n≥0

from K(n) to R+ given by

P̃
(0)∣∣∣k0,zk0

= P(k0)
zk0

P̃
(n)

z̃n

∣∣∣k0,zk0

= P
(k0+n)

join
(

zk0
,̃zn

) (n ≥ 1) ,

where for z̃n =
(̃
t1, . . . , t̃n

)
∈ K(n) with t̃1 > tk0 ,

join
(
zk0 , z̃n

)
=
(
t1, . . . , tk0 , t̃1, . . . , t̃n

)
.
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(b) Let Q be a probability on (M,H) , generated by the Markov kernels
(
P(n)

)
n≥0

and
(
π (n)

)
n≥0

.

(i) For any s ∈ R0, the conditional distribution of θsµ
◦ given N s = k, ξk = zk

for an arbitrary k ∈ N0, zk = (t1, . . . , tk; y1, . . . , yk) ∈ K
(k)
E with tk ≤ s

is the probability Q̃ = Q̃|k,zk
on (M,H) generated by the Markov kernels(

P̃
(n)
|k,zk

)
n≥0

from K
(n)
E to R+ and

(
π̃
(n)
|k,zk

)
n≥0

from J
(n)
E to E given by

P̃
(0)
|k,zk

= P(k)zk
(· |]s,∞] ) ,

P̃
(n)
z̃n |k,zk

= P
(k+n)

join (zk ,̃zn)
(n ≥ 1) ,

π̃
(n)
z̃n ,t |k,zk

= π (k+n)

join (zk ,̃zn),t

(
n ≥ 0, t > t̃n

)

where for z̃n =
(̃
t, . . . , t̃n; ỹ1, . . . , ỹn

)
∈ K

(n)
E with t̃1 > s,

join (zk, z̃n) =
(
t1, . . . , tk, t̃1, . . . , t̃n; y1, . . . , yk, ỹ1, . . . , ỹn

)
.

(ii) For any k0 ∈ N, the conditional distribution of ϑk0µ
◦ given ξk0 = zk0

for an arbitrary zk0 =
(
t1, . . . , tk0; y1, . . . , yk0

)
∈ K

(k0)
E with tk0 < ∞

is the probability Q̃ = Q̃∣∣∣k0,zk0

on (M,H) generated by the Markov ker-

nels

(
P̃
(n)∣∣∣k0,zk0

)

n≥0

from K
(n)
E to R+ and

(
π̃
(n)∣∣∣k0,zk0

)

n≥0

from J
(n)
E to E given

by

P̃
(0)∣∣∣k0,zk0

= P(k0)
zk0
,

P̃
(n)

z̃n

∣∣∣k0,zk0

= P
(k0+n)

join
(

zk0
,̃zn

) (n ≥ 1) ,

π̃
(n)

z̃n ,t

∣∣∣k0,zk0

= π (k0+n)

join
(

zk0
,̃zn

)
,t

(
n ≥ 0, t > t̃n

)

where for z̃n =
(̃
t1, . . . , t̃n; ỹ1, . . . , ỹn

)
∈ K

(n)
E with t̃1 > tk0 ,

join
(
zk0 , z̃n

)
=
(
t1, . . . , tk0 , t̃1, . . . , t̃n; y1, . . . , yk0 , ỹ1, . . . , ỹn

)
.
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Note. By Corollary 4.2.2, the conditional probabilities described in (ai) and (bi) simply

determine the conditional distribution of θs given Hs on the set
(
N ◦s = k, ξk = zk

)
,

respectively
(

N
◦
s = k, ξk = zk

)
. Thus, for example, Q (θsµ

◦ ∈ · |Hs ) is the probabil-

ity on (M,H) generated by the Markov kernels P̃
(n)

|〈s〉,ξ〈s〉 from K
(n)
E to R+ and π̃

(n)

|〈s〉,ξ〈s〉
from J

(n)
E to E .

Proof. We only outline the proof. The expressions for P̃
(0)
|k,zk

in (ai), (bi) follow imme-

diately from Corollary 4.2.2 and (4.39). The remaining assertions are consequences

of the fact that conditining first on e.g., the first k jump times and marks, and then

within that conditioning, also conditioning on the times and marks for the next n

jumps, is the same as conditioning from the start on the k + n first jump times and

marks: if U,U ′ are random variables with values in two arbitrary measurable spaces,

defined on some probability space (�,F,P) , and if P|U=u denotes a regular condi-

tional probability of P given U = u for all u, then for each u one may consider a

regular conditional probability of P|U=u given U ′ = u′ for all u′. The result of this

repeated conditioning,
(
P|U=u

)
|U ′=u′ , is simply a regular conditional probability of

P given
(
U,U ′

)
=
(
u, u′

)
. �

Example 4.3.5 As a first example on how the lemma may be used, consider the

canonical homogeneous Poisson random measure Q (Examples 3.2.1 and 4.3.3), i.e.,

Q has compensating measure λℓ ⊗ κ and the waiting times τn − τn−1 are iid expo-

nential at rate λ, while the ηn are iid with distribution κ and are independent of the τn .

But then the conditional distribution of θsµ
◦ given N

◦
s = k, ξk = zk has

P̃
(0)

|k,zk
(t) = e−λ(t−tk )

e−λ(s−tk )
= e−λ(t−s)

for t ≥ s, and after the first jump, θsµ
◦ behaves exactly as µ◦. Shifting back to time

0, it is seen that Q has the lack of memory property

Q
(
θ∗s ∈ · |Hs

)
= Q, (4.56)

i.e., θ∗s µ
◦ is independent of Hs and has distribution Q.

Exercise 4.3.1 Show that if Q is a probability on (H,M) such that the lack of mem-

ory property (4.56) holds for all s, then Q is a homogeneous Poisson random measure.

Example 4.3.6 We shall illustrate the usefulness of the lemma by establishing the

Markov property in its usual form for the homogeneous Markov chains on at most

countably infinite state spaces, as they were constructed in Example 3.3.1; see also

Example 4.3.4. We assume that stability holds.

For a given initial state i0 ∈ G, we let Q|i0 denote the distribution of the RCM de-

termined by the MPP from Example 3.3.1, and recall that on M, the Markov chain is

given by X◦t = η〈t〉. By Lemma 4.3.3, given Hs on the set
(

N
◦
s = k

)
, the conditional

distribution of the first jump time of θs has survivor function
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P̃
(0)

|k,ξk (t) = e−ληk
(t−s) (4.57)

for t ≥ s, while

π̃
(0)
t |k,ξk ({i}) = πηk ,i 1(ηk �=i)

determines the conditional distribution given Hs and τ1,s of the state reached by θs

through its first jump. Both quantities depend on the past ξk through ηk = X◦s only;

since it is clear from the lemma that for n ≥ 1 all P̃
(n)

z̃n |k,ξk and π̃
(n)
z̃n ,t |k,ξk depend neither

on ξk nor on s (but only on ĩn, the last state listed in z̃n), we have shown the Markov

property,

Q|i0 (θs ∈ · |Hs ) = Q|i0

(
θs ∈ ·

∣∣X◦s
)
,

i.e., given the past the entire future depends only on the present. Because of the time

homogeneity expressed in (4.57) by the fact that the dependence on s and t is through

t − s only, even more is true: with θ∗s the translated shift given by (4.55), it is clear

from the above that

Q|i0

(
θ∗s ∈ · |Hs

)
= Q|X◦s .

This is the homogeneous Markov property which implies in particular that under all

Q|i0 , the chain X◦ has the same transition probabilities.

The formulation we have given of Lemma 4.3.3 uses the Markov kernels to de-

scribe the conditional distributions of θs and ϑk0 . Alternatively they may be described

using compensators and compensating measures. Here, using Proposition 4.1.3 (i), it

is seen that if Q is a probability on (M,H) with compensating measure L◦, then the

conditional distribution of θs given N
◦
s = k, ξk = zk has a compensating measure

L◦|k,zk
which is the restriction of L◦ to [s,∞[ in the following sense. For any m0 ∈M

such that N s (m0) = k, ξk (m0) = zk,

L◦|k,zk
(m,C) = L◦ (m̃,C ∩ (]s,∞[× E))

for arbitrary m ∈ M, C ∈ B0 ⊗ E, where m̃ = cross (m0,m) ∈ M is obtained by

using m0 on [0, s]× E, m on ]s,∞[× E, i.e.,

cross (m0,m) = m0 (· ∩ ([0, s]× E))+ m (· ∩ (]s,∞[× E)) .

In particular, with �◦t |k,zk
(A) = L◦t |k,zk

([0, t]× A) ,

�◦t |k,zk
(m, A) =

{
�◦t (m̃, A)−�◦s (m̃, A) if t ≥ s,

0 if t < s.
(4.58)

For a probability Q on (W,H) , the conditional distribution of θs given N ◦s = k,

ξk = zk has a compensator �◦|k,zk
given by
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�◦t |k,zk
(w) =

{
�◦t (w̃)−�◦s (w̃) if t ≥ s,

0 if t < s,

where for any w0 ∈
(
N ◦s = k, ξk = zk

)
, w̃ = cross (w0, w) is given by w̃(u) =

w0(u) for u ≤ s and = w0(s)+ (w(u)− w(s)) for u ≥ s.

We have in this section only discussed compensators for CPs and RCMs that do

not explode (see p. 11). The definitions carry over verbatim to processes with explo-

sion with �◦ in the CP case and L◦ in the RCM case now defined on the spaces

allowing explosions,
(
W ,H

)
and

(
M,H

)
respectively, adding e.g., the requirement

that L◦ ([τ∞,∞[× E) ≡ 0 with τ∞ = inf
{

t : N
◦
t = ∞

}
the time of explosion. (For

the definitions of
(
W ,H

)
and

(
M,H

)
, see p. 12 and p. 15). One may then give the

following characterization of τ∞, which is of theoretical interest, but not very useful

in practice.

Proposition 4.3.4 Let Q be a probability on
(
M,H

)
. With �

◦
the total compensator

for Q, it then holds Q-a.s. that

τ∞ = inf
{

t : �
◦
t = ∞

}
.

Proof. Define τ ′∞ = inf
{

t : �
◦
t = ∞

}
.We still have from Corollary 4.1.2 that for all

n, �
◦
τn
<∞ Q-a.s. and hence τ ′∞ ≥ τ∞ a.s. For the converse, consider

αn := E
(

e−�
◦
τn ; τn <∞

)
.

Conditioning on ξn we get for n ≥ 0,

αn+1 = E

[
e−�

◦
τn

∫

]τn ,∞[
P
(n)
ξn
(ds) exp

(
−ν(n)ξn (]τn, s])

)
; τn <∞

]
.

By Lemma 4.1.4 there is a constant c < 1 such that the inner integral is always ≤ c.

Thus αn+1 ≤ cαn implying that αn ≤ cn → 0 as n →∞. But then

E
(

e−�
◦
τ∞ ; τ∞ <∞

)
≤ E

(
lim

n→∞
e−�

◦
τn 1(τn<∞)

)
= lim

n→∞
αn = 0

by monotone convergence, and thus �
◦
τ∞ = ∞ a.s. on (τ∞ <∞) forcing τ ′∞ ≤ τ∞

a.s. �

Exercise 4.3.2 Let Q be a probability on
(
M,H

)
. Show that �

◦
∞ = ∞ Q-a.s. on

⋂
n (τn <∞) . (Hint: find limn→∞ e−�

◦
τn 1(τn<∞)).

A more useful criterion for stability in terms of compensators is the following:

let Q be a CP probability on (W,H) (no explosions) and let Q̃ be a probability

on
(
M,H

)
, the space of possibly exploding discrete counting measures m (i.e.,

N
◦
t (m) = m ([0, t]× E) = ∞ is possible). Let Q have total compensator �◦, and
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let Q̃ have total compensator �̃
◦
. Finally, for w ∈ W, m ∈ M ⊂ M, write for any

t > 0

m �t w

if for all t ′ ≤ t, m is delayed relative to w,

N
◦
t ′ (m) ≤ N ◦t ′ (w) .

Proposition 4.3.5 Assume that �◦ and �̃
◦

are continuous. A sufficient condition for

Q̃ to be stable (non-exploding) is that there exists a set H ∈ H with Q̃(H) = 1 such

that

�̃
◦
t (m)− �̃

◦
s′ (m) ≤ �

◦
t (w)−�

◦
s (w) (4.59)

for all s ≤ s′ ≤ t and all m ∈ H, w ∈ W with m �t w and N
◦
t (m) = N

◦
s′ (m) =

N ◦t (w) = N ◦s (w).

Proof. An outline of the proof: the idea is to construct on the same probability space,

sequences T = (Tn) and
(
T̃ , Ỹ

)
=
((

T̃n

)
,
(
Ỹn

))
such that the CP determined by T

has distribution Q, the RCMex determined by
(
T̃ , Ỹ

)
has distribution Q̃ and such that

for all n, T̃n ≥ Tn . Since Q is stable this coupling will force Q̃ to also be stable. The

construction of the coupling is itself based on a simpler and standard coupling. If U

and V are real-valued random variables with survivor functions

FU (x) = P (U > x) , F V (x) = P (V > x) ,

and U is stochastically larger than V,

FU (x) ≥ F V (x)

for all x , then it is possible to define U ′ and V ′ on the same probability space such that

U ′ has the same distribution as U, V ′ has the same distribution as V, and U ′ ≥ V ′.
Now let P̃

(n)
z̃n
, π̃

(n)
z̃n ,t

denote the Markov kernels generating the jump times and

marks for Q̃ and let P
(n)
zn

denote the Markov kernels generating the jump times for Q.

Because �̃
◦

and �◦ are continuous we have (cf. (4.8) and (4.9))

P̃
(n)

z̃n
(t) = exp

(
−ν̃(n)z̃n

(]̃
tn, t

]))
, P

(n)

zn
(t) = exp

(
−ν(n)zn

(]tn, t])
)

(4.60)

where z̃n = (̃t1, . . . , t̃n; ỹ1, . . . , ỹn) and zn = (t1, . . . , tn). But since

ν̃
(n)
z̃n

(]̃
tn, t

])
= �̃

◦
t (m)− �̃

◦
t̃n
(m)

for any m ∈ H such that N
◦
t̃n
(m) = N

◦
t−(m) = n and ξn(m) = z̃n , and since similarly,

ν(n)zn
(]tn, t]) = �◦t (w)−�◦tn (w)
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for any w ∈ W such that N ◦tn (w) = N ◦t−(w) = n and ξn(w) = zn, the assumption

(4.59) translates into the inequality

ν̃
(n)
z̃n

(]̃
tn, t

])
≤ ν(n)zn

(]tn, t])

for all n ≥ 0, all z̃n and zn such that t̃k ≥ tk for 1 ≤ k ≤ n, and all t ≥ t̃n, i.e., because

of (4.60),

P̃
(n)

z̃n
(t) ≥ P

(n)

zn
(t). (4.61)

Using this for n = 0, apply the simple coupling described above to obtain T1 ≤ T̃1.

Then generate Ỹ1 using the Markov kernel π̃
(0)

T̃1
. Since T1 ≤ T̃1, use (4.61) for n = 1

with z̃1 =
(
T̃1, Ỹ1

)
and z1 = T1 to generate T2 ≤ T̃2 and π̃

(1)(
T̃1,Ỹ1

)
,T̃2

to generate Ỹ2. To

continue, it is clear the desired coupling construction of T and (T ,Y) results. �

A simpler and more useful consequence of this result is presented in Corollary

4.4.4 in the next section.

4.4 Intensity processes

We shall in this section discuss the case where compensators can be represented using

ordinary Lebesgue integrals.

Definition 4.4.1 (a) Let Q be a probability on (W,H) with compensator �◦. A pre-

dictable process λ◦ ≥ 0 is an intensity process for Q if Q-a.s.

�◦t =
∫ t

0
λ◦s ds (t ≥ 0) .

(b) Let Q be a probability on (M,H) with compensating measure L◦.
(i) Let A ∈ E . A predictable process λ◦(A) ≥ 0 is an intensity process for the

counting process N ◦(A) under Q if Q-a.s.

�◦t (A) =
∫ t

0
λ◦s (A) ds (t ≥ 0) .

(ii) If for arbitrary A ∈ E there is an intensity process λ◦(A) for N ◦(A) under Q

such that Q-a.s. A �→ λ◦t (A) is a positive measure on (E, E) for all t, then

the collection (λ◦(A))A∈E is an intensity measure for Q.

(iii) If κ is a positive, σ -finite measure on (E, E) and if λ◦ = (λ◦y)y∈E is a

collection of predictable processes λ◦y ≥ 0 such that (m, t, y) �→ λ
◦y
t (m) is

measurable and such that Q-a.s.

�◦t (A) =
∫ t

0

∫

A

λ
◦y
s κ (dy) ds (t ≥ 0, A ∈ E)
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or, equivalently,

L◦ (C) =
∫

R0

∫

E

1C (s, y) λ
◦y
s κ (dy) ds (C ∈ B0 ⊗ E) ,

then λ◦ is a κ-intensity process for Q.

The family (λ◦y) of processes in (biii) is an example of a predictable field that will

appear in a more general form later, see p. 78.

Note that we have demanded that all intensities be predictable. It is perfectly pos-

sible to work with intensities that are adapted but not predictable and still give pre-

dictable (since adapted and continuous) compensators by integration; cf. Proposition

4.4.2. However, in some contexts (see Proposition 4.4.3 and Theorem 5.1.1 below) it

is essential to have the intensities predictable.

The requirement in (biii) stipulates that Q-a.s. the compensating measure L◦ for

Q should have a density with respect to the product measure ℓ⊗κ:

L◦ (dt, dy) = λy
t dt κ (dy) .

Of course if λ◦ is a κ-intensity for Q, then (λ◦(A))A∈E is an intensity measure for

Q, where

λ◦t (A) =
∫

A

λ
◦y
t κ (dy) ,

and each λ◦(A) defined this way is an intensity process for N ◦(A).
The following result gives sufficient conditions for existence of intensities. Recall

the definition p.34 of hazard functions.

Proposition 4.4.1 (a) Let Q be a probability on (W,H) determined by the Markov

kernels P(n). Assume that Q-a.s. for every n, P
(n)
ξn

is absolutely continuous with

respect to Lebesgue measure with hazard function u
(n)
ξn
. Then

λ◦t = u
〈t−〉
ξ〈t−〉

(t) (4.62)

is an intensity process for Q.

(b) Let Q be a probability on (M,H) determined by the Markov kernels P(n) and

π (n).

(i) Assume that Q-a.s. for every n, P
(n)
ξn

is absolutely continuous with respect

to Lebesgue measure with hazard function u
(n)
ξn
. Then (λ◦(A))A∈E is an in-

tensity measure for Q, where

λ◦t (A) = u
〈t−〉
ξ〈t−〉

(t)π
〈t−〉
ξ〈t−〉,t

(A). (4.63)

(ii) If in addition to the assumption in (i), it also holds that there is a positive, σ -

finite measure κ on (E, E) such that Q-a.s. for every n and Lebesgue-a.a. t,
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π
(n)
ξn ,t

is absolutely continuous with respect to κ with a density p
(n)
ξn ,t

such that

(zn, t, y) �→ p
(n)
zn ,t
(y) is measurable, then (λ◦y)y∈E is a κ-intensity for Q,

where

λ
◦y
t = u

〈t−〉
ξ〈t−〉

(t)p
〈t−〉
ξ〈t−〉,t

(y). (4.64)

Proof. The predictability of the intensity processes is ensured by the left-limits N
◦
t−,

ξ〈t−〉 appearing in the expressions. Everything else follows from the definitions of the

compensators; see (4.43) and (4.44), and the fact that

ν
(n)
ξn
(dt) = u

(n)
ξn
(t) dt. �

Example 4.4.1 The canonical homogeneous Poisson counting process with parameter

λ has intensity process

λ◦t ≡ λ;

cf. Example 4.3.1.

Example 4.4.2 For the renewal process (Example 4.3.2), if the waiting time distribu-

tion has hazard function u,

λ◦t = u
(
t − τ〈t−〉

)

is an intensity process. Note that the compensator �◦t =
∫ t

0 λ
◦
s ds is the same as that

given by (4.53), but that the integrand in (4.53) is not predictable.

Example 4.4.3 Consider the homogeneous Poisson random measure from Examples

3.2.1 and 4.3.3 with intensity measure ρ = λκ, where λ > 0 and κ is the probability

on E that determines the distribution of the marks. Then

λ
◦y
t ≡ λ

for all t and y defines a κ-intensity process.

Example 4.4.4 Consider the MPP construction of homogeneous Markov chains from

Example 3.3.1. Letting κ denote counting measure on the state space G, it is clear

from Example 4.3.4 that the RCM describing the chain has κ-intensity process

λ◦it = λX◦t−πX◦t−,i 1(X◦t− �=i) = qX◦t−,i 1(X◦t− �=i)

for all t ≥ 0, i ∈ G.

The following description is perhaps the one most often associated with the con-

cept of (non-predictable) intensity processes.
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Proposition 4.4.2 (a) Let Q be a probability on (W,H) and assume that Q has an

intensity process λ◦ given by (4.62) such that Q-a.s. all limits from the right, λ◦t+ =
lim

h↓0,h>0
λ◦t+h exist. Then for all t, Q-a.s.

λ◦t+ = lim
h↓0,h>0

1

h
Q
(
N ◦t+h − N ◦t ≥ 1 |Ht

)
.

(b) Let Q be a probability on (M,H) , let A ∈ E and assume that N ◦(A) has intensity

process λ◦(A) given by (4.63) such that Q-a.s. all limits from the right, λ◦t+(A) =
limh↓0,h>0 λ

◦
t+h(A) exist. Then for all t, Q-a.s.

λ◦t+(A) = lim
h↓0,h>0

1

h
Q
(

N
◦
t+h − N

◦
t ≥ 1, η1,t ∈ A |Ht

)
.

Proof. Recall from p. 56 that η1,t is the mark for the first jump on ]t,∞] . The proof

is now based on Lemma 4.3.3 and follows by explicit calculations that we show in the

MPP case:

1

h
Q
(

N
◦
t+h − N

◦
t ≥ 1, η1,t ∈ A |Ht

)

= 1

h
Q
(
τ1,t ≤ t + h, η1,t ∈ A |Ht

)

= 1

h

∫ t+h

t

u
〈t〉
ξ〈t〉
(s) exp

(
−
∫ s

t

u
〈t〉
ξ〈t〉
(v) dv

)
π
〈t〉
ξ〈t〉,s

(A) ds

→ λ◦t+(A),

as h ↓ 0. �

Remark 4.4.1 Proposition 4.4.2 shows in what sense it is possible to build a model

(CP or RCM) from intensities of the form that specifies (approximately) the probabil-

ity of a certain event happening in the near future, conditionally on the entire past: as

we have seen, it is sometimes possible to interpret these kind of intensities as genuine

intensity processes, in which case we have a CP or RCM. There is of course always the

usual problem with explosions, but other than that the importance of the result lies in

the fact that from an intuitive understanding of the phenomenon one wants to describe,

one can often argue the form of the intensities given by limits as in Proposition 4.4.2.

That this may lead to a complete specification of the model is certainly a non-trivial

observation!

Warning. In the literature one may often find alternative expressions for e.g., the count-

ing process intensities λ◦t+ such as

lim
h↓0

1

h
Q
(
N ◦t+h − N ◦t = 1 |Ht

)
, lim

h↓0

1

h
E
(
N ◦t+h − N ◦t |Ht

)
.

Although often valid, these expressions are not valid in general (for the second version,

not even if all E N ◦s <∞). Something like
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lim
h↓0

1

h
Q
(
N ◦t+h − N ◦t ≥ 2 |Ht

)
= 0,

is required, but this may fail (although the examples may appear artificial).

The right limit intensities in Proposition 4.4.2 are typically not predictable. They

must never be used in expressions such as (5.7) below. Also the next result will not in

general hold for right limit intensities.

Proposition 4.4.3 (a) Let Q be a probability on (W,H) with the intensity process

given by (4.62). Then for all n ≥ 1,

Q
(
λ◦τn > 0, τn <∞

)
= Q (τn <∞) .

(b) Let Q be a probability on (M,H) with κ-intensity process given by (4.64). Then

for all n ≥ 1,

Q
(
λ◦ηn
τn
> 0, τn <∞

)
= Q (τn <∞) .

Proof. (b). By explicit calculation

Q
(
λ◦ηn
τn
= 0, τn <∞

)

= Q
(

u
(n−1)
ξn−1

(τn) p
(n−1)
ξn−1,τn

(ηn) = 0, τn <∞
)

= E

[∫

]τn−1,∞[
P
(n−1)
ξn−1

(dt)

∫

E

π
(n−1)
ξn−1,t

(dy) 1C (t, y)

]

where C is a random set of timepoints and marks, determined by ξn−1:

C =
{
(t, y) : u

(n−1)
ξn−1

(t) p
(n−1)
ξn−1,t

(y) = 0
}
.

Since

P
(n−1)
ξn−1

(dt) = u
(n−1)
ξn−1

(t)P
(n−1)
ξn−1

(t) dt, π
(n−1)
ξn−1,t

(dy) = p
(n−1)
ξn−1,t

(y) κ (dy)

by assumption, it is clear that

Q
(
λ◦ηn
τn
= 0, τn <∞

)
= 0. �

Exercise 4.4.1 In the same vein as Proposition 4.4.3, show that for any probability Q

on (M,H) it holds for all n ≥ 1 that

Q
(
�
◦
τn+1

= �◦τn ; τn+1 <∞
)
= 0

and more generally that for any A ∈ E

Q
(
�◦τn+1

(A) = �◦τn (A) ; τn+1 <∞, ηn+1 ∈ A
)
= 0.
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Let Q be a probability on (W,H) (hence stable), and Q̃ a probability on
(
M,H

)

as in Proposition 4.3.5. Assume that the Markov kernels P
(n)
zn
, P̃

(n)
z̃n

generating the

jump times for Q and Q̃ respectively are absolutely continuous with hazard functions

u
(n)
zn
, ũ
(n)
z̃n
. Let also λ◦, λ̃

◦
denote the intensity processes,

λ◦t = u
〈t−〉
ξ〈t−〉 (

t) , λ̃
◦
t = ũ

〈t−〉
ξ〈t−〉 (

t)

(with ξ〈t−〉 as defined on W in the first case and as defined on M in the second).

Corollary 4.4.4 A sufficient condition for Q̃ to be stable is that there exists H ∈ H

with Q̃(H) = 1 such that

λ̃
◦
t (m) ≤ λ◦t (w)

for all t ≥ 0 and all m ∈ H, w ∈ W with m �t w and N
◦
t− (m) = N ◦t−(w).

The proof is obvious (exercise) from Proposition 4.3.5. See p. 62 for the meaning

of the ‘inequality’ m �t w.

Example 4.4.5 If Q̃ is such that there exists constants an ≥ 0 with
∑

1/an = ∞ and

λ̃
◦
t ≤ a〈t−〉 everywhere on M for every t, then Q̃ is non-exploding; cf. Example 3.1.4.

Exercise 4.4.2 Suppose an ≥ 0 with
∑

1/an = ∞ as in the example above and let

α : R0 → R0 be a function such that A(t) :=
∫ t

0 α(s) ds <∞ for all t.

(i) Show that the probability Q on
(
W ,H

)
with intensity process λ◦t = α(t)a〈t−〉 is

stable. (Hint: one possibility is to consider the stable Q′ on (W,H) with inten-

sity process λ′◦t = a〈t−〉 and then show that the under Q′ the counting process

(Nu)u≥0 given by Nu = N ◦A(u) has distribution Q).

(ii) Let Q̃ be a probability on
(
M,H

)
with a total intensity process λ̃

◦
t satisfying

that there is a set H ∈ H with Q̃(H) = 1 such that

λ̃
◦
t (m) ≤ α(t)a〈t−〉(m)

for all t and all m ∈ H. Show that Q̃ is stable.

4.5 The basic martingales

In this section we shall characterize compensators and compensating measures through

certain martingale properties. The main results provide Doob–Meyer decompositions

of the counting process N ◦ on (W,H) and the counting processes N ◦(A) on (M,H).

These counting processes are Ht -adapted and increasing, hence they are trivially local

submartingales and representable as a local martingale plus an increasing, predictable

process, 0 at time 0. As we shall see, the increasing, predictable process is simply the

compensator.
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The fact that the increasing, predictable process in the Doob–Meyer decomposition

is unique (when assumed to equal 0 at time 0) in our setup amounts to Proposition 4.5.1

below.

It is important for what follows that we know the filtration to be right-continuous,

Ht = Ht+; see Proposition 4.2.1 (aii) and (bii).

Recall that a R0-valued map defined on (W,H) or (M,H) is a stopping time

provided (τ < t) ∈ Ht for all t, (equivalently, since the filtration is right-continuous,

(τ ≤ t) ∈ Ht for all t). The pre-τ σ -algebra Hτ is the collection

{H ∈ H : H ∩ (τ < t) ∈ Ht for all t} = {H ∈ H : H ∩ (τ ≤ t) ∈ Ht for all t}

of measurable sets. In particular each τn is a stopping time and Hτn is the σ -algebra

generated by ξn :

Exercise 4.5.1 Show that Hτn = σ (ξn) , the σ -algebra generated by ξn . (Consider

the space (M,H) and use Proposition 4.2.1 (b): if H ∈ σ (ξn) , H has the form

(ξn ∈ Cn) for some set Cn, and from the proposition it follows readily that H ∈ Hτn .

The converse is more difficult, but if H ∈ Hτn , it is at least easy to see that H ∩
(τn = ∞) ∈ σ (ξn) simply because on (τn = ∞) , ξn determines µ◦. Then show that

H ∩ (τn <∞) ∈ σ (ξn) by e.g., showing and using that

H ∩ (τn <∞) =
∞⋃

K ′=1

∞⋂

K=K ′

∞⋃

k=1

H ∩
(

k−1
2K < τn ≤ k

2K , N
◦
k/2K = n

)

together with Proposition 4.2.1 (b)).

Let Q be a probability on (W,H) or (M,H). A local Q-martingale is a real-

valued, Ht -adapted process M = (Mt )t≥0, such that each Mρn :=
(
Mρn∧t

)
t≥0

is

a true martingale – still with respect to the filtration (Ht ) – for some increasing se-

quence (ρn) of stopping times with ρn ↑ ∞ Q-a.s. The sequence (ρn) is called a

reducing sequence and we write that M is a local Q-martingale (ρn) . By far the most

important reducing sequence is the sequence (τn) of jump times. (See Appendix B

for a general discussion of stopping times, martingales and local martingales and the

optional sampling theorem.)

Proposition 4.5.1 Suppose M is a right-continuous, Ht -predictable local Q-martin-

gale on (W,H) or (M,H) . Then M is constant,

Q
⋂

t≥0

(Mt = c) = 1,

where c is the constant value of the H0-measurable random variable M0.

Proof. Suppose first that M is a right-continuous, predictable martingale. By optional

sampling, which applies only because M is right-continuous, for any t,

E Mτ1∧t = E M0 = c.
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But since M is predictable and N
◦
(τ1∧t)− = 0, by Proposition 4.2.1 there is a Borel

function f such that Mτ1∧t = f (τ1 ∧ t) and thus c = f (0) and

f (0) = f (t)P
(0)
(t)+

∫

]0,t]
f (s) P(0) (ds) , (4.65)

where
∫

]0,t] | f | d P(0) < ∞ because E
∣∣Mτ1∧t

∣∣ < ∞. Of course the identity (4.65)

is required only for t such that P
(0)
(t) > 0, i.e., for t ∈

[
0, t†

[
if P

(0) (
t†−

)
= 0 or

t† = ∞, and for t ∈
[
0, t†

]
if P

(0) (
t†−

)
> 0 and t† < ∞ with t† the termination

point for P(0).

If you are lazy, just assume that P(0) has a continuous density, deduce from (4.65)

first that f is continuous, then that f is differentiable and differentiate to see that

f ′ ≡ 0 so f is constant. For the general case, (4.65) gives that f is cadlag and finite

on the domain of interest, and that f P
(0)

is differentiable with respect to P(0) with

DP(0) f P
(0) = − f (see Appendix A for a discussion of this form of differentiability).

But it is verified directly that

DP(0)
1

P
(0)
(t) = 1

P
(0)
(t−)P(0)(t)

,

hence by the differentiation rule for products, (A.4) from Appendix A, it follows that

f is differentiable with respect to P(0) with derivative

DP(0) f (t) = DP(0)

(
f P

(0)
/P

(0)
)
(t)

= f P
(0)
(t)DP(0)

(
1/P

(0)
)
(t)+ DP(0)

(
f P

(0)
)
(t)/P

(0)
(t−)

= 0. (4.66)

That this implies that f is constant follows from Proposition A.0.2 in Appendix A: we

show that f is constant on [0, t0[ for a fixed t0 < t† by showing that there is a constant

c′ such that

| f (t)− f (s)| ≤ c′P(0) (]s, t]) (4.67)

for 0 ≤ s < t ≤ t0. But (4.65) gives

| f (t)− f (s)| =
∣∣∣∣∣

(
1

P
(0)
(t)
− 1

P
(0)
(s)

)
f P

(0)
(s)− 1

P
(0)
(t)

∫

]s,t]
f d P(0)

∣∣∣∣∣ ,

so (4.67) follows with

c′ = 1
(

P
(0)
(t0)

)2
sup
[0,t0]

∣∣∣ f P
(0)
∣∣∣+ 1

P
(0)
(t0)

sup
[0,t0]

| f | ,

which is finite because f cadlag on
[
0, t†

[
implies that f is bounded on [0, t0[ .
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Thus it has been shown that f is constant on
[
0, t†

[
. We need to extend this to

[
0, t†

]
if t† < ∞ and P

(0) (
t†−

)
> 0, but then f

(
t†
)
= f

(
t†−

)
is immediate from

(4.66).

To proceed beyond τ1, by optional sampling for n ≥ 1, E
[
Mτn+1∧t

∣∣Hτn∧t

]
=

Mτn∧t . But since (τn < t) ∈ Hτn∧t and, as is easily argued (see Exercise 4.5.2 below),

Hτn∧t ∩ (τn < t) = Hτn ∩ (τn < t) , this implies

1(τn<t)E
[
Mτn+1∧t

∣∣Hτn
]
= 1(τn<t)E Mτn , (4.68)

which since Mτn = f
(n−1)
ξn−1

(τn) and Mτn+1∧t = f
(n)
ξn
(τn+1 ∧ t) when τn < t, see

Proposition 4.2.1 (aiv) and (biv), reduces to the identity

1(τn<t) f
(n−1)
ξn−1

(τn) = 1(τn<t)

[
f
(n)
ξn
(t)P

(n)

ξn
(t)+

∫

]τn ,t]
f
(n)
ξn
(s) P

(n)
ξn
(ds)

]
;

using the argument above, this implies that s �→ f
(n)
ξn
(s) is constant on

]
τn, τn+1

]
and

equal to f
(n−1)
ξn−1

(τn) = Mτn . Thus, by induction M is constant on each closed interval[
τn, τn+1

]
and M ≡ M0 follows.

Now let M be a right-continuous and predictable local Q-martingale with reducing

sequence (ρn) .We claim that for each n the martingale Mρn is in fact predictable and

from this the assertion that M is constant follows from what has been proved already:

for each n we have Mρn ≡ M0 a.s. and since ρn ↑ ∞ a.s. also M ≡ M0 a.s.

It remains to show that if X is a right-continuous and predictable R-valued process

and ρ is a stopping time, then Xρ is predictable. But

X
ρ
t = X t 1(ρ≥t) + Xρ1(ρ<t)

and here the first term on the right defines a predictable process since X and the

left-continuous indicator process
(
1(ρ≥t)

)
t≥0

are predictable. The second term is pre-

dictable since the process
(
Xρ1(ρ<t)

)
t≥0

is left-continuous and for all t,

Xρ1(ρ<t) = lim
K→∞

∞∑

k=1

X k

2K ∧t
1( k−1

2K ∧t≤ρ< k

2K ∧t
)

is Ht -measurable. �

Exercise 4.5.2 In the proof of (4.68) it was used that

Hτn∧t ∩ (τn < t) = Hτn ∩ (τn < t) .

Show that this is true. (Hint: the inclusion ⊂ is obvious. For the converse, use that

since Hτn = σ (ξn), any set H ∈ Hτn is of the form (ξn ∈ Cn) for some measurable

Cn ⊂ K
(n)
E ).
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Remark 4.5.1 The result is peculiar to the point process setup: Brownian motion is

the most famous example of a continuous, hence predictable and right-continuous,

martingale which is not constant! The assumption that M be right-continuous is also

vitally important: it is easy to find cadlag (in particular right-continuous) martingales

M that are not constant, and such that Q (Mt = Mt−) = 1 for all t — a simple ex-

ample is provided by the basic Poisson martingale from Example 4.5.1 below. But

then obviously (Mt−) is a left-continuous, hence predictable martingale, which is non-

constant.

Theorem 4.5.2 (a) Let Q be a probability on (W,H) with compensator �◦. Then

M◦ := N ◦−�◦ is a local Q-martingale (τn) and�◦ is, up to Q-indistinguishabil-

ity, the unique right-continuous Ht -predictable process V ◦, 0 at time 0, such that

M = N ◦ − V ◦ is a Q-local martingale. A sufficient condition for M◦ to be a

Q-martingale is that E N ◦t <∞ for all t.

(b) Let Q be a probability on (M,H) with compensating measure L◦ and com-

pensators �◦(A), �◦t (A) = L◦ ([0, t]× A) . Then, for any A ∈ E, M◦(A) :=
N ◦(A) − �◦(A) is a local Q-martingale (τn) and �◦(A) is, up to Q-indistin-

guishability, the unique right-continuous Ht -predictable process V ◦, 0 at time 0,

such that M = N ◦(A) − V ◦ is a Q-local martingale. A sufficient condition for

M◦(A) to be a Q-martingale is that E N ◦t (A) <∞ for all t.

Proof. The proof relies on a technique that will be used also on several occasions in

the sequel, and is therefore here presented in detail. We consider the more difficult case

(b) only and will start by showing that M◦(A) is a Q-martingale if E N ◦t (A) <∞ for

all t.

The idea is to argue that for this it suffices to prove that

E N ◦τ1∧t (A) = E�◦τ1∧t (A), (4.69)

for all probabilities Q on (M,H) , where of course �◦(A) is the compensator for

the Q considered, and then verify (4.69) by explicit calculation. (Note that since 0 ≤
N ◦τ1∧t (A) ≤ 1 the expectation on the left is trivially finite for all Q; in particular it

follows from (4.69) that �◦τ1∧t (A) is Q-integrable for all Q and all t and A).

We claim first that from Lemma 4.3.3 (b) and (4.69) it follows that for all n ∈ N0

and all t ≥ 0,

E
[

N ◦τn+1∧t (A)− N ◦τn∧t (A) |ξn
]
= E

[
�◦τn+1∧t (A)−�◦τn∧t (A) |ξn

]
. (4.70)

This identity is obvious on (τn > t) and on (τn ≤ t) is just (4.69) applied to the condi-

tional distribution of the shifted process ϑnµ
◦; see Lemma 4.3.3 and (4.58) (with the

fixed time point s there replaced by τn).

It is an immediate consquence of (4.69) and (4.70) that for all Q, A, and all n and

t,

E N ◦τn∧t (A) = E�◦τn∧t (A)

with both expectations finite since N ◦τn∧t (A) ≤ n. Let n ↑ ∞ and use monotone

convergence to deduce that for all Q, A, and all t,
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E N ◦t (A) = E�◦t (A), (4.71)

whether the expectatons are finite or not. Finally, assuming that E N ◦t (A) <∞ for all

t it follows first for s < t that E
(
N ◦t (A) |Hs

)
< ∞ Q-a.s., and then from Lemma

4.3.3 (b) and (4.71) applied to the conditional distribution of θsµ
◦ given Hs that

E
[
N ◦t (A)− N ◦s (A) |Hs

]
= E

[
�◦t (A)−�◦s (A) |Hs

]
,

which by rearrangement of the terms that are all finite results in the desired martingale

property

E
[
M◦

t (A) |Hs

]
= M◦

s (A).

It remains to establish (4.69). But

E N ◦τ1∧t (A) = Q (τ1 ≤ t, η1 ∈ A)

=
∫

]0,t]
π (0)s (A) P(0)(ds),

while

E�◦τ1∧t (A) = E

∫

]0,τ1∧t]
π (0)s (A) ν(0) (ds)

= P
(0)
(t)

∫

]0,t]
π (0)s (A) ν(0) (ds) (4.72)

+
∫

]0,t]

(∫

]0,u]
π (0)s (A) ν(0) (ds)

)
P(0)(du)

and (4.69) follows by differentiation with respect to P(0): using (A.4) and Proposition

A.0.1, the last expression in (4.72) is easily seen to have derivative π
(0)
s (A), which

is evidently the derivative of E N ◦τ1∧t (A). It is also easy to satisfy the conditions of

Proposition A.0.2 (with g constant), hence E N ◦τ1∧t (A) − E�◦τ1∧t (A) is constant as a

function of t. Since both expectations are 0 for t = 0, (4.69) has been proved.

That�◦(A) is the only predictable process, 0 at time 0, such that N ◦(A)−�◦(A) is

a local Q-martingale follows immediately from Proposition 4.5.1: if also N ◦(A)−V ◦

is a local martingale, where V ◦ is predictable, right-continuous and 0 at time 0, then

�◦(A) − V ◦ is a predictable, right-continuous local martingale, 0 at time 0, hence

identically equal to 0.

The remaining assertion of the theorem, that M◦(A) is always a local Q-martingale

(τn) , is easy to verify: the distribution Qn of the stopped RCM µ◦τn := µ◦(· ∩[
0, τ ◦n

]
× E) obviously has compensating measure L◦τn = L◦(· ∩

[
0, τ ◦n

]
× E),

(the Markov kernels Pn,(k), πn,(k) generating Qn are those of Q for k ≤ n, while

Pn,(n+1) = ε∞), and since En N ◦t (A) ≤ n < ∞, by what has been proved above,

M◦τn (A), which is Qn-indistinguishable from M◦(A), is a Qn-martingale for all n,

equivalently M◦(A) is a local Q-martingale (τn). �



74 4 Compensators and Martingales

Example 4.5.1 Let Q be the Poisson λ probability on (W,H) , where λ > 0. Then

M◦ =
(
N ◦t − λt

)
t≥0

is a Q -martingale, the basic Poisson martingale.

Some of the other important martingales arising directly from the compensators are

presented in the next result. Note that the result does not hold in the form presented

here without the assumption about continuity of�◦ and�
◦
. (For a generalization, see

Examples 4.7.3 and 4.7.4 below).

Proposition 4.5.3 (a) Let Q be a probability on (W,H)with continuous compensator

�◦. Then M◦2 − �◦ is a local Q-martingale (τn), which is a Q-martingale if

E N ◦t <∞ for all t.

(b) Let Q be a probability on (M,H) with compensators�◦(A) and continuous total

compensator �
◦
.

(i) For every A ∈ E, M◦2 (A)−�◦(A) is a local Q-martingale (τn) , which is a

Q-martingale if E N ◦t (A) <∞ for all t. It always holds that E M◦2
τn∧t (A) <

∞ for all n and t, while for a given t, E M◦2
t (A) <∞ if E N ◦t (A) <∞

(ii) For every A, A′ ∈ E with A ∩ A′ = ∅, M◦(A)M◦(A′) is a local Q-

martingale (τn) which is a Q-martingale if E N ◦t (A), E N ◦t (A
′) < ∞ for

all t. It always holds that E
∣∣M◦

τn∧t (A)M◦
τn∧t

(
A′
)∣∣ < ∞ for all n and t,

while for a given t, E
∣∣M◦

t (A)M◦
t

(
A′
)∣∣ <∞ if E N ◦t (A), E N ◦t (A

′) <∞.

Proof. We shall just prove (b), and for this assume that E N ◦t (A) <∞ in the proof of

(i) and that E N ◦t (A) <∞, E N ◦t (A
′) <∞ in the proof of (ii): to obtain in general the

local martingales with reducing sequence (τn) , just consider the distribution Qn of Q

stopped at τn as was done at the end of the proof of Theorem 4.5.2.

For the proof of (b), note first that all�◦(A) are continuous when�
◦

is. Otherwise

the technique from the proof of Theorem 4.5.2 is used, i.e., for the two parts of the

Proposition it is argued that it suffices to show that for all Q, all A, all A′ disjoint

from A and all t,

E M◦2
τ1∧t = E�◦τ1∧t ,

E M◦2
τ1∧t (A) = E�◦τ1∧t (A), E M◦

τ1∧t (A)M
◦
τ1∧t (A

′) = 0, (4.73)

respectively. These identities are then verified directly (see p. 76 below) through

straightforward calculations leading to some not so straightforward partial integra-

tions.

We now discuss the proof of (b) in some detail. The argument requires repeated

use of the fact that if M is a Q-martingale and σ ≤ σ ′ are bounded stopping times,

then if Mσ ,Mσ ′ ∈ L2(Q),

E
[
(Mσ ′ − Mσ )

2 |Hσ
]
= E

[
M2
σ ′ − M2

σ |Hσ
]

(4.74)

as follows writing

(Mσ ′ − Mσ )
2 = M2

σ ′ − M2
σ − 2Mσ (Mσ ′ − Mσ )
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and using optional sampling. As a consequence of (4.74) we obtain the orthogonality

relation

E (Mσ ′ − Mσ )
2 = E M2

σ ′ − E M2
σ . (4.75)

As a first step in the proof, use (4.73) on ϑnµ
◦ given ξn to obtain,

E

[(
M◦
τn+1∧t (A)− M◦

τn∧t (A)
)2
|ξn
]
= E

[
�◦τn+1∧t (A)−�◦τn∧t (A) |ξn

]
,

E
[(

M◦
τn+1∧t (A)− M◦

τn∧t (A)
) (

M◦
τn+1∧t (A

′)− M◦
τn∧t (A

′)
)
|ξn
]
= 0,

and take expectations, remembering that E�◦τn∧t (A) = E N ◦τn∧t (A) ≤ n, to arrive at

E
(

M◦
τn+1∧t (A)− M◦

τn∧t (A)
)2
= E

(
�◦τn+1∧t (A)−�◦τn∧t (A)

)
<∞, (4.76)

E
(

M◦
τn+1∧t (A)− M◦

τn∧t (A)
) (

M◦
τn+1∧t (A

′)− M◦
τn∧t (A

′)
)
= 0

with the integrand in the last expression integrable by (4.76) and the Cauchy–Schwarz

inequality. (4.76) also implies that all M◦
τn∧t (A) ∈ L2(Q), hence by (4.75),

E M◦2
τn∧t (A) = E�◦τn∧t (A)

and, by analogous reasoning,

E M◦
τn∧t (A)M

◦
τn∧t (A

′) = 0. (4.77)

Now, use Fatou’s lemma and monotone convergence to obtain (for any Q such that

E N ◦t (A) <∞ for all t)

E M◦2
t (A) = E lim inf

n→∞
M◦2
τn∧t (A)

≤ lim inf
n→∞

E M◦2
τn∧t (A) (4.78)

= lim
n→∞

E�◦τn∧t (A)

= E�◦t (A)

= E N ◦t (A)

<∞.

But with M◦(A) a martingale and M◦2
t (A) integrable for all t, M◦2(A) is a submartin-

gale and in particular, by optional sampling,

E M◦2
t (A) ≥ E M◦2

τn∧t (A) = E�◦τn∧t
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for all n, t. Letting n ↑ ∞ gives E M◦2
t (A) ≥ E�◦t which combined with the opposite

inequality resulting from (4.78) yields

E M◦2
t (A) = E�◦t (A). (4.79)

Applying this to θsµ
◦ given Hs together with (4.74) finally shows that M◦2(A) −

�◦(A) is a Q-martingale whenever E N ◦t (A) <∞ for all t.

To show similarly that M◦(A)M◦(A′) is a Q-martingale if E N ◦t (A) < ∞,
E N ◦t (A

′) <∞ for all t , the critical step is to deduce from (4.77) that

E M◦
t (A)M

◦
t (A

′) = 0.

The product is certainly Q-integrable since M◦
t (A),M◦

t (A
′) ∈ L2(Q), so the problem

is to verify that

0 = lim
n→∞

E M◦
τn∧t (A)M

◦
τn∧t (A

′) = E M◦
t (A)M

◦
t (A

′).

As argued above, by (4.75) e.g.,

E
(
M◦

t (A)− M◦
τn∧t (A)

)2 = E M◦2
t (A)− E M◦2

τn∧t (A)→ 0,

and similarly for A′. Thus M◦
τn∧t (A)→ M◦

t (A) and M◦
τn∧t (A

′)→ M◦
t (A

′) in L2(Q)

and consequently

|E
(
M◦

t (A)M
◦
t (A

′)− M◦
τn∧t (A)M

◦
τn∧t (A

′)
)
|

= |E
(
M◦

t (A)− M◦
τn∧t (A)

) (
M◦

t (A
′)− M◦

τn∧t (A)
′) |

≤
[

E
(
M◦

t (A)− M◦
τn∧t (A)

)2
E
(
M◦

t (A
′)− M◦

τn∧t (A)
′)2] 1

2 → 0,

as desired.

The proof of the proposition is completed by the verification of (4.73). For this,

introduce

Iu(A) =
∫

]0,u]
π (0)s (A) ν(0) (ds) , Iu(A

′) =
∫

]0,u]
π (0)s (A′) ν(0) (ds) ,

the (non-random) values of �◦u(A) and �◦u(A
′) on (τ1 ≥ u). Then note first that

E M◦2

τ1∧t (A) = P
(0)
(t) (It (A))

2

+
∫

]0,t]
π (0)u (A) (1− Iu(A))

2 P(0) (du)

+
∫

]0,t]

(
1− π (0)u (A)

)
(Iu(A))

2 P(0) (du)

which by differentiation is seen to equal (4.72) — the proper approach is to use the

method from Appendix A, but if things are smooth enough as functions of t, ordinary
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differentiation will do. Similarly, the second claim in (4.73) follows by differentiation

in the expression

E M◦
τ1∧t (A)M

◦
τ1∧t (A

′) = P
(0)
(t)It (A)

+
∫

]0,t]
π (0)u (A) (1− Iu(A))

(
−Iu(A

′)
)

P(0) (du)

+
∫

]0,t]
π (0)u (A′) (−Iu(A))

(
1− Iu(A

′)
)

P(0) (du)

+
∫

]0,t]

(
1− π (0)u (A ∪ A′)

)
(−Iu(A))

(
−Iu(A

′)
)

P(0) (du) .

The assumption A∩ A′ = ∅ is used here in an essential manner: the first mark is either

inside A or inside A′ or outside A∪ A′ with the three possibilities mutually exclusive.

�

Example 4.5.2 Suppose Q is the canonical homogeneous Poisson RCM with com-

pensating measure L◦ = ℓ ⊗ ρ, where ρ = λκ with λ > 0 the total intensity for a

jump and κ the distribution of the iid marks; cf. Example 4.3.3. From Theorem 4.5.2

it follows that M◦
t (A) = N ◦t (A) − tρ (A) defines a Q-martingale, while Proposition

4.5.3 gives that also M◦2

t (A) − tρ (A) and M◦
t (A)M◦

t

(
A′
)

when A ∩ A′ = ∅ de-

fine Q-martingales. These facts certainly agree with the assertion that each counting

process N ◦(A) is homogeneous Poisson with intensity ρ(A) such that the processes

N ◦(A) and N ◦(A′) are independent when A and A′ are disjoint. But it must be remem-

bered that this Poisson process structure is not apparent from the original definition in

Example 3.2.1! The assertion will be firmly established in Proposition 4.7.2 below.

Remark 4.5.2 For (bi) it suffices to assume that �◦(A) is continuous, and for (bii)

that �◦(A) and �◦(A′) are continuous. Without these continuity assumptions it is

still possible to find in (bi) a predictable, increasing process �̃◦ such that M◦2
(A) −

�̃◦ is a local martingale, and in (bii) a predictable process ϒ, 0 at time 0, such that

M◦(A)M◦(A′)− ϒ is a local martingale, see Examples 4.7.3 and 4.7.4 below.

Exercise 4.5.3 Let Q be a probability on (M,H) such that �
◦

is continuous. Show

that for any A, A′ ∈ E , the process M◦(A)M◦(A′) − �◦
(

A ∩ A′
)

is a local Q-

martingale (τn) always, and a true martingale if E N ◦t (A) < ∞ and E N ◦t (A
′) < ∞

for all t.

4.6 Stochastic integrals and martingales

Let Q be a probability on (M,H) with compensating measure L◦ (for the results

in this section it is natural to consider canonical CPs as a special case of canonical

RCMs). We shall first discuss stochastic integrals with respect to µ◦ and L◦ and then

use them to arrive at the martingale representation theorem, Theorem 4.6.1 below.



78 4 Compensators and Martingales

The integrands will be functions of m ∈M, t ≥ 0 and y ∈ E . A typical integrand

is denoted S where (m, t, y) �→ S
y
t (m) is assumed to be R-valued and measurable

(with respect to the Borel σ -algebra on R and the product σ -algebra H ⊗ B0 ⊗ E on

M×R0×E). Often we shall think of S as a family (Sy)y∈E of processes Sy =
(
S

y
t

)
t≥0

and then refer to S as a field of processes. Particularly important are predictable fields

which are fields with each Sy predictable.

The stochastic integral

N ◦(S) =
(
N ◦t (S)

)
t≥0
, N ◦t (S) :=

∫

]0,t]×E

S
y
s µ

◦ (ds, dy)

is always well defined as an R-valued process, and the stochastic integral is just a finite

sum,

N ◦t (S) =
∑

n:τn≤t

Sηn
τn
=

N
◦
t∑

n=1

Sηn
τn
.

If each Sy is adapted, also N ◦(S) is adapted.

The stochastic integral �◦(S) =
(
�◦t (S)

)
t≥0
,

�◦t (S) :=
∫

]0,t]×E

S
y
s L◦ (ds, dy) =

∫

]0,t]

∫

E

S
y
s π

〈s−〉
ξ〈s−〉,s

(dy)�
◦
(ds)

is always well defined if S ≥ 0 (or S ≤ 0) as an R0-valued process (respectively

a process with values in [−∞, 0]) with the integral an ordinary Lebesgue–Stieltjes

integral �◦t (S,m) evaluated for each m ∈ M. If S ≥ 0, in order for �◦(S) to be

Q-a.s. finite, i.e.,

Q
⋂

t≥0

(
�◦t (S) <∞

)
= 1,

it suffices that

Q
⋂

t≥0

(
sup

s≤t,y∈E

S
y
s <∞

)
= 1.

For arbitrary S, write S = S+ − S− where S+ = S ∨ 0, S− = −S ∧ 0 and define

�◦(S) = �◦(S+)−�◦(S−)whenever�◦(S+) or�◦(S−) is Q-a.s. finite. In particular

�◦(S) is well defined with

Q
⋂

t≥0

(∣∣�◦t (S)
∣∣ <∞

)
= 1

provided

Q
⋂

t≥0

(
sup

s≤t,y∈E

∣∣Sy
s

∣∣ <∞
)
= 1.



4.6 Stochastic integrals and martingales 79

If �◦(S) is well defined, it is an adapted process if each Sy is adapted and a pre-

dictable process if S is a predictable field.

Note. If discussing counting processes there is of course no need for predictable fields:

S is just a predictable process.

Suppose �◦(S) is well defined and then define the process M◦(S) by

M◦
t (S) = N ◦t (S)−�◦t (S). (4.80)

This may also be understood as

M◦
t (S) =

∫

]0,t]
S

y
s M◦ (ds, dy)

with M◦ := µ◦− L◦ being the fundamental martingale measure for Q. However, M◦

should be used with care: formally it is a random signed measure on R0 × E but need

not be defined on all sets in B0 ⊗ E since e.g., µ◦ (R0 × E) = L◦ (R0 × E) = ∞
Q-a.s. is perfectly possible. The restriction of M◦ to [0, t] × E for any t ∈ R0 is of

course well defined and bounded Q-a.s.

Theorem 4.6.1 (The martingale representation theorem) Let Q be a probability

on (W,H) or (M,H) .

(i) Suppose M is a right-continuous local Q-martingale. Then there exists a pre-

dictable field S = (Sy) such that

Mt = M0 + M◦
t (S). (4.81)

(ii) If S ≥ 0 is a predictable field, then

(1) for all n ≥ 1, t ≥ 0,

E N ◦τn∧t (S) = E�◦τn∧t (S) ≤ ∞,

and M◦(S) given by (4.80) is a local Q-martingale (τn) if for all n ≥ 1, t ≥ 0,

E N ◦τn∧t (S) <∞;

(2) for all t ≥ 0,

E N ◦t (S) = E�◦t (S) ≤ ∞,

and M◦(S) given by (4.80) is a Q-martingale if for all t ≥ 0,

E N ◦t (S) <∞.

(iii) If S is a predictable field, then
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(1) M◦(S) given by (4.80) is a local Q-martingale (τn) if for all n ≥ 1, t ≥ 0,

E N ◦τn∧t (|S|) <∞;

(2) M◦(S) given by (4.80) is a Q-martingale if for all t ≥ 0,

E N ◦t (|S|) <∞. (4.82)

Note. (4.82) is satisfied in particular if S (as a function of m, s and y) is uniformly

bounded on [0, t] for all t and E N
◦
t <∞ for all t.

Proof. We outline the main parts of the proof and note first that (iii) follows trivially

from (ii). We start with the proof of

(ii). By the technique introduced in the proof of Theorem 4.5.2, it suffices to prove

that

E

∫

]0,τ1∧t]×E

S
y
s µ

◦ (ds, dy) = E

∫

]0,τ1∧t]×E

S
y
s L◦ (ds, dy) (4.83)

for all t and all Q, with L◦ the compensating for Q. By Proposition 4.2.1 (biv) there

is a function f (s, y) , jointly measurable in s and y, such that S
y
s = f (s, y) on(

N
◦
s− = 0

)
. Thus (4.83) reduces to

E [ f (τ1, η1) ; τ1 ≤ t] = E

∫

]0,τ1∧t]
ν(0) (ds)

∫

E

π (0)s (dy) f (s, y)

or
∫

]0,t]
P(0) (ds)

∫

E

π (0)s (dy) f (s, y)

= P
(0)
(t)

∫

]0,t]
ν(0) (ds)

∫

E

π (0)s (dy) f (s, y)

+
∫

]0,t]
P(0) (du)

∫

]0,u]
ν(0) (ds)

∫

E

π (0)s (dy) f (s, y) .

This is verified directly by partial integration or differentiation with respect to P(0)

(see Appendix A), or by ordinary differentiation if things are smooth and you are lazy.

(An alternative way of proving (ii) is to start with fields S of the form

S
y
s = 1H0 1]s0,∞[ (s) 1A0 (y) (4.84)

where s0 ≥ 0, H0 ∈ Hs0 , A0 ∈ E, and then extend to all S ≥ 0 by standard arguments.

For S of the form (4.84) the (local) martingale property of M◦ (S) follows from that

of M◦ (A0)).

(i). Suppose just that M is a right-continuous true Q-martingale. Because M is

adapted we can write

Mt = f
(n)
ξn
(t) on

(
N
◦
t = n

)
(4.85)
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for all n, t, cf. Proposition 4.2.1 (biii). By optional sampling

E
[
Mτn+1∧t − Mτn

∣∣Hτn
]
= E

[
Mτn+1∧t − Mτn |ξn

]
= 0 on (τn ≤ t) ,

an identity which using (4.85) we may write

P
(n)

ξn
(t)
(

f
(n)
ξn
(t)− f

(n)
ξn
(τn)

)

+
∫

]τn ,t]
P
(n)
ξn
(ds)

∫
E
π
(n)
ξn ,s
(dy)

(
f
(n+1)

join (ξn ,(s,y))
(s)− f

(n)
ξn
(τn)

)
= 0

(4.86)

on (τn ≤ t) , where join (ξn, (s, y)) = (τ1, . . . , τn, s; η1, . . . , ηn, y) .

We want to find S such that (4.81) holds. Since each Sy is predictable we may

write

S
y
s = g

(n)
ξn
(s, y) on

(
N
◦
s− = n

)

so that on (τn ≤ t) we have that

M◦
τn+1∧t (S)− M◦

τn
(S)

=
{
−
∫

]τn ,t]
ν
(n)
ξn
(ds)

∫
E
π
(n)
ξn ,s
(dy) g

(n)
ξn
(s, y)

g
(n)
ξn
(τn+1, ηn+1)−

∫
]τn ,τn+1] ν

(n)
ξn
(ds)

∫
E
π
(n)
ξn ,s
(dy) g

(n)
ξn
(s, y)

with the top expression valid if t < τn+1, that on the bottom if t ≥ τn+1. But also on

(τn ≤ t) ,

Mτn+1∧t − Mτn =
{

f
(n)
ξn
(t)− f

(n)
ξn
(τn) if t < τn+1,

f
(n+1)
ξn+1

(τn+1)− f
(n)
ξn
(τn) if t ≥ τn+1.

It is seen that M◦ (S) ≡ M if for all n, t, y on (τn ≤ t) it holds that

−
∫

]τn ,t]
ν
(n)
ξn
(ds)

∫

E

π
(n)
ξn ,s
(dy) g

(n)
ξn
(s, y) = f

(n)
ξn
(t)− f

(n)
ξn
(τn) , (4.87)

g
(n)
ξn
(t, y)−

∫

]τn ,t]
ν
(n)
ξn
(ds)

∫

E

π
(n)
ξn ,s
(dy) g

(n)
ξn
(s, y) = f

(n+1)

join (ξn ,(t,y))
(t)− f

(n)
ξn
(τn)

or that (4.87) holds and

g
(n)
ξn
(t, y) = f

(n+1)

join (ξn ,(t,y))
(t)− f

(n)
ξn
(t) , (4.88)

where equation (4.88) defines g
(n)
ξn
.

It remains to see that g
(n)
ξn

satisfies (4.87). But from (4.86) it follows that t �→
f (t) := f

(n)
ξn
(t) is differentiable with respect to P := P

(n)
ξn

and by the differentiation

rule
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DP (F1 F2) (t) = (DP F1) (t)F2(t)+ F1(t−) (DP F2) (t),

(see Appendix A, (A.4)), (4.86) implies that

− ( f (t)− f (τn))+ P (t−) DP f (t) = −
∫

E

π
(n)
ξn ,t
(dy)

(
f
(n+1)

join (ξn ,(t,y))
(t)− f (τn)

)
,

or equivalently, using (4.88)

P (t−) DP f (t) = −
∫

E

π
(n)
ξn ,t
(dy) g

(n)
ξn
(t, y) . (4.89)

Since both sides of (4.87) vanish as t ↓ τn, with the left-hand side obviously differen-

tiable with respect to P, to prove (4.87) it suffices to show that

DP f (t) = DP

(
−
∫

]τn ,t]
ν
(n)
ξn
(ds)

∫

E

π
(n)
ξn ,s
(dy) g

(n)
ξn
(s, y)

)
.

But recalling the definition (4.2) of hazard measures, it is seen that this is precisely

(4.89). �

Remark 4.6.1 It is often important to be able to show that a local martingale is a

martingale. The conditions in Theorem 4.6.1 (ii2) and (iii2) are sufficient for this but

far from necessary.

Remark 4.6.2 Suppose M is a right-continuous local Q-martingale. It is important

to note that if the total compensator �
◦

is continuous, then (4.81) immediately shows

that M is piecewise continuous, i.e., continuous on each interval
[
τn, τn+1

[
.

Example 4.6.1 A particularly simple example of the representation from Theorem

4.6.1 is obtained by considering a sequence (Xn)n∈N of independent (G,G)-valued

random variables and then viewing the sequence as an MPP ((Tn) , (Yn)) with mark

space (G,G) by taking Tn ≡ n, Yn ≡ Xn as was done in Example 3.2.2. The distribu-

tion Q of this MPP is determined by the Markov kernels (cf. (3.11))

P(n)zn
= εn+1, π

(n)
zn ,n+1 (A) = P (Xn+1 ∈ A)

where only zn of the form (1, . . . , n; y1, . . . , yn) have to be considered.

Since ν
(n)
zn
= εn+1 the compensators for Q are given by

�
◦
t ≡ [t] , �◦t (A) =

[t]∑

n=1

P (Xn ∈ A) (A ∈ G) ,

[t] denoting the integer part of t.With (Sy)y∈G a predictable field,

S
y
t = f

〈t−〉
ξ〈t−〉 (

t, y) ,
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it therefore follows that the stochastic integral M◦ (S) becomes

M◦
t (S) =

[t]∑

n=1

{
f
(n−1)
ξn−1

(n, ηn)−
∫

G

f
(n−1)
ξn−1

(n, y) P (Xn ∈ dy)

}
.

By Theorem 4.6.1 all local Q-martingales have this form and a sufficient condition for

M◦ (S) to be a martingale is that for every n ≥ 1, the function

(y1, . . . , yn) �→ f (n−1)
zn−1

(n, yn)

is bounded when zn−1 = (1, . . . , n − 1; y1, . . . , yn−1) . Of course the martingale

property can be verified directly from the independence of the Xn : it amounts to the

simple fact that if g : Gn → R is bounded and measurable, then

E
[
g (X1 . . . , Xn) |X1 . . . , Xn−1

]
=
∫

G

g (X1 . . . , Xn−1, y) P (Xn ∈ dy) .

We shall conclude this section by quoting some important identities involving the

so-called quadratic characteristics and cross characteristics for (local) martingales.

Suppose M is a Q-martingale with E M2
t <∞ for all t. Then M2 is a submartin-

gale and by the Doob–Meyer decomposition theorem,

M2 = local martingale+ A

where A is predictable, cadlag, increasing, 0 at time 0. A is in general process theory

called the quadratic characteristic for M and is denoted 〈M〉 (not to be confused with

the quadratic variation process [M] , see p.84 below).

More generally, if M,M ′ are two martingales with second moments, the cross

characteristic between M,M ′ is the process

〈
M,M ′〉 := 1

4

(〈
M + M ′〉−

〈
M − M ′〉) . (4.90)

For us, with Theorem 4.6.1 available, we need only find the quadratic character-

istics for the stochastic integrals M◦(S). So let Q be a probability on (M,H) with

�
◦

continuous and let S, S̃ be predictable fields such that the stochastic integrals

�◦t
(
S2
)
,�◦t

(
S̃2
)

are all finite, and define

〈
M◦(S)

〉
= �◦

(
S2
)
,

〈
M◦(S),M◦(S̃)

〉
= �◦

(
SS̃
)
.

(Note that these definitions conform with (4.90)).

Proposition 4.6.2 Assume that �
◦

is continuous. Assume also that for all n and t,

E N ◦τn∧t

(
S∗2
)
<∞ (4.91)
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where S∗ = S or = S̃. Then

(
M◦ (S)

)2 −
〈
M◦(S)

〉
, M◦(S)M◦ (S̃

)
−
〈
M◦ (S) ,M◦ (S̃

)〉
(4.92)

are local Q-martingales (τn) .

If instead of (4.91)

E N ◦t
(

S∗2
)
<∞ (4.93)

holds for all t, then the local martingales in (4.92) are Q-martingales.

The condition (4.91) is satisfied in particular if for all n and t,

sup
s≤t,y∈E,m∈M

∣∣S∗y
τn∧s(m)

∣∣ <∞, (4.94)

while for (4.93) it suffices that for all t,

E N
◦
t <∞, sup

s≤t,y∈E,m∈M

∣∣S∗y
s (m)

∣∣ <∞.

For the proof, a critical step is to verify by explicit calculation that for all Q,

E M◦2
τ1∧t (S) = E�◦τ1∧t

(
S2
)
, E M◦

τ1∧t (S)M
◦
τ1∧t (S̃) = E�◦τ1∧t

(
SS̃
)
. (4.95)

Note that Proposition 4.5.3 corresponds to the special case S
y
t = 1A (y) , S̃

y
t = 1A′ (y)

when A ∩ A′ = ∅.
The integrability conditions given in Proposition 4.6.2 are sufficient for the stated

martingale properties, but far from necessary.

Exercise 4.6.1 Show (4.95) by direct calculation.

Apart from quadratic characteristics, in the general theory of processes one also

operates with the quadratic variation process for local martingales M , denoted [M] .

For continuous M, [M] ≡ 〈M〉 , but for processes with jumps the two processes differ:

assume for simplicity that �
◦

is continuous so that as noted in Remark 4.6.2 above,

M is continuous on each interval
[
τn, τn+1

[
, and then define

[M]t :=
∑

0<s≤t

(�Ms)
2 =

N
◦
t∑

n=1

(
�Mτn

)2
.

If Mt = M0 + M◦
t (S) as in (4.81), it follows that

[M]t =
N
◦
t∑

n=1

(
Sηn
τn

)2 = N ◦t
(

S2
)
.

Combining this with Theorem 4.5.2 we see that under suitable boundedness conditions

on S, if �
◦

is continuous then [M]− 〈M〉 is a local Q-martingale.
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4.7 Itô’s formula for MPPs

Let Q be a probability on (M,H) (or (W,H)) and let X be an adapted, piecewise

continuous R-valued process. It holds in great generality that X can be written as the

sum of a predictable process and a stochastic integral M◦(S)with S a predictable field.

Uniqueness of this decomposition is achieved when M◦(S) is a local Q-martingale;

cf. Theorem 4.6.1. The version of Itô’s formula in Theorem 4.7.1 below gives the ex-

plicit form of the decomposition under mild smoothness conditions. Examples 4.7.3

and 4.7.4 illustrate how the decomposition may be achieved when some of these con-

ditions do not hold.

By Proposition 4.2.1,

X t = f
〈t〉
ξ〈t〉
(t). (4.96)

Recall that X is piecewise continuous if all f
(n)
zn
(t) are continuous functions of t ≥ tn,

and define X c, the continuous part of X as

X c
t := X t −

∑

0<s≤t

�Xs = X t −
N
◦
t∑

n=1

�Xτn ,

since X can only have discontinuities at the timepoints τn . For the formulation of the

next result, recall also that

join
(
ξ〈t−〉, (t, y)

)
=
(
τ1, . . . , τ〈t−〉, t; η1, . . . , η〈t−〉, y

)
.

Theorem 4.7.1 (Itô’s formula.) Suppose that �
◦

is continuous and let X be an

adapted R-valued process which is piecewise continuous. Then provided

∫

[0,t]×E

∣∣Sy
s

∣∣ L◦ (ds, dy) <∞

Q-a.s. for all t, it holds that

X t = X0 +Ut + M◦
t (S) (t ≥ 0), (4.97)

where S = (Sy) is the predictable field

S
y
t = f

〈t−〉+1

join (ξ〈t−〉,(t,y))
(t)− f

〈t−〉
ξ〈t−〉

(t), (4.98)

and where U defined by

Ut = X t − X0 − M◦
t (S)

is continuous and predictable. Furthermore, U0 ≡ 0, M◦
0 (S) ≡ 0 and provided the

process M◦(S) is a local Q-martingale, this decomposition of X into the sum of its

initial value, a predictable process 0 at time 0 and a local Q-martingale is unique up

to Q-indistinguishability.
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Note. S may also be written X̃
y
t − X t−, where X̃

y
t is the value of X t obtained by

retaining the behaviour of µ◦ on [0, t[ and pretending that a jump with mark y occurs

at time t.

Proof. By (4.96), X is cadlag and the process �X of jumps is well defined. Now

identify �X and �M◦(S): since �
◦

is continuous,

�M◦
t (S) = S

η〈t〉
t �N

◦
t (4.99)

while

�X t = �X t�N
◦
t

=
(

f
〈t〉
ξ〈t〉
(t)− f

〈t−〉
ξ〈t−〉

(t)
)
�N

◦
t

=
(

f
〈t−〉+1

join (ξ〈t−〉,(t,η〈t〉))
− f

〈t−〉
ξ〈t−〉

(t)
)
�N

◦
t .

Thus (4.97) holds with

S
y
t = f

〈t−〉+1

join (ξ〈t−〉,(t,y))
− f

〈t−〉
ξ〈t−〉

(t),

which defines a predictable field, and

Ut = X t − X0 − M◦
t (S) = X c

t − X0 +�◦t (S) (4.100)

which defines a process that is continuous and adapted, hence predictable.

The uniqueness of the representation (4.97) when M◦(S) is a local martingale is

immediate from Proposition 4.5.1. �

Remark 4.7.1 There are more general decompositions of adapted processes (see Ex-

amples 4.7.3 and 4.7.4), but in general U will not be continuous.

The proof of the theorem yields the decomposition in explicit form, but this is

typically too unwieldy to use in practice. Instead, with X cadlag and piecewise contin-

uous as required in the theorem, one finds S by directly identifying�X t = S
η〈t〉
t �N

◦
t ;

cf. (4.99), and then use (4.100) to find U .

Example 4.7.1 Let Q be the canonical Poisson process on (W,H) with parameter

λ > 0, (Example 3.1.2). Fix n0 ∈ N0 and define

X t = 1(N◦t =n0).

Since

�X t =
(

1(N◦t−=n0−1) − 1(N◦t−=n0)

)
�N ◦t

we obtain

X t = X0 +Ut + M◦
t (S)
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with

St = 1(N◦t−=n0−1) − 1(N◦t−=n0)

and, since X is a step process with X0 ≡ 0 so that X c ≡ 0, by (4.100),

Ut =
∫ t

0

(
1(N◦s−=n0−1) − 1(N◦s−=n0)

)
λ ds

=
∫ t

0

(
1(N◦s =n0−1) − 1(N◦s =n0)

)
λ ds.

Since |S| ≤ 1, we find E N ◦t (|S|) ≤ E N ◦t = E�◦t = λt < ∞ so that by Theorem

4.6.1 (iii2) M◦(S) is a Q-martingale and thus

pn0(t) := E X t = 1{0} (n0)+ EUt = 1{0} (n0)+
∫ t

0

(
pn0−1(s)− pn0(s)

)
λ ds,

(4.101)

a formula valid for n0 ≥ 0, t ≥ 0. For n0 = 0 this gives p′0(t) = −λp0(t) with

p0(0) = 1, i.e., p0(t) = e−λt (which since p0(t) = Q (τ1 > t) is obvious anyway),

and since (4.101) shows that

p′n0
(t) = λ

(
pn0−1(t)− pn0(t)

)
, pn0(0) = 0

for n0 ≥ 1, by induction or otherwise it follows that under Q, N ◦t has a Poisson

distribution with mean λt,

pn(t) =
(λt)n

n!
e−λt (t ≥ 0, n ∈ N0) .

Exercise 4.7.1 Let E be at most countably infinite and let Q|i denote the probability

on (M,H) that makes X◦ given by X◦t = η〈t〉 a homogeneous Markov chain with in-

tensity matrix
(
qi j

)
and initial state X◦0 ≡ i, see Examples 3.3.1 and 4.3.6; in particular

the qi j are such that all Q|i exist as stable canonical RCMs. Recall that λ j = −q j j is

the rate for the exponential waiting time in j, and that π jk = q jk/λ j for j �= k is the

probability that a jump from j leads to k.

Let j ∈ E, n ∈ N0. Use Itô’s formula on the step process

1(
X◦t = j,N

◦
t =n

) (t ≥ 0)

to show that

1(
X◦t = j,N

◦
t =n

) = δi jδ0n

+
∫ t

0
λX◦s

(
1(

X◦s �= j,N
◦
s=n−1

)πX◦s , j − 1(
X◦s= j,N

◦
s=n

)
)

ds + M◦
t (S),

where S is the predictable field
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S
y
t = 1y= j 1

(
N
◦
t−=n−1

) − 1(
X◦t−= j,N

◦
t−=n

).

Show next using Theorem 4.6.1(iii) that M◦(S) is a Q|i -martingale, and defining

p
(n)
i j (t) = Q|i

(
X◦t = j, N

◦
t = n

)
,

the n-step transition probability from i to j, deduce the formula

p
(n)
i j (t) = δi jδ0n +

∫ t

0

(∑

k:k �= j

p
(n−1)
ik (s)qk j + p

(n)
i j (s)q j j

)
ds. (4.102)

(Note that for n = 0 this gives

p
(0)
i j (t) = δi j + q j j

∫ t

0
p
(0)
i j (s) ds,

i.e., p
(0)
i j (t) = δi j e

q j j t in agreement with the obvious fact

p
(0)
i j (t) = Q|i

(
X◦t = j, τ1 > t

)
= δi j Q|i (τ1 > t) ).

From (4.102), deduce that the transition probabilities pi j (t) = Q|i
(
X◦t = j

)
sat-

isfy the integral equations

pi j (t) = δi j +
∫ t

0

∑

k

pik(s)qk j ds,

which by formal differentiation with respect to t yield the forward Feller–Kolmogorov

differential equations,

Dt pi j (t) =
∑

k

pik(t)qk j .

The differentiation is trivially justified if e.g., supk:k �= j qk j <∞ for all j, in particular

if E is finite, but the differential equations are in fact always valid.

The reference state i singled out above is unimportant: the n-step transition prob-

abilities are the same for all initial states, i.e., for all i ′, i, j and n and all s, t ≥ 0 it

holds that

p
(n)
i j (t) = Q|i ′

(
X◦s+t = j, N

◦
s+t − N

◦
s = n |Hs

)

on the set
(
X◦s = i

)
, cf. Example 4.3.6.

Using Lemma 4.3.3, conditioning on ξ1, show that for n ≥ 1,

p
(n)
i j (t) =

∫ t

0

∑

k:k �=i

qike−λi s p
(n−1)
k j (t − s) ds.



4.7 Itô’s formula for MPPs 89

From this, deduce that

pi j (t) = δi j e
−λi t +

∫ t

0

∑

k:k �=i

qike−λi (t−s) pk j (s) ds,

and then derive (without any conditions on the transition intensities) the backward

Feller–Kolmogorov differential equations,

Dt pi j (t) =
∑

k

qik pk j (t).

Example 4.7.2 We can use Itô’s formula to establish that if Q is a probability on

(M,H) and �
◦

is continuous, then X = M◦2(A) − �◦(A) is a local Q-martingale

(τn) (Proposition 4.5.3): first, it is easily checked that

�X t =
(
2M◦

t−(A)+ 1
)

1(η〈t〉∈A)�N
◦
t

and so (4.97) holds with

S
y
t =

(
2M◦

t−(A)+ 1
)

1A(y). (4.103)

To show that X is a local martingale we must first show that U ≡ 0,where, cf. (4.100),

Ut = X c
t +

∫ t

0

∫

E

S
y
s π

〈s−〉
ξ〈s−〉 (

dy) �
◦
(ds).

But if �
◦
(ds) = λ◦s ds, by differentiation between jumps in the defining expression

for X ,

Dt X c
t = 2M◦

t (A)
(
−λ◦t (A)

)
− λ◦t (A)

where �◦(A) (ds) = λ◦s (A) ds = λ◦sπ
〈s〉
ξ〈s〉
(A) ds. Using (4.103) it now follows that the

continuous process U satisfies DtUt = 0, hence U ≡ 0.

Using Theorem 4.6.1 (iii1) it is an easy matter to show that X is a local martingale:

N ◦τn∧t (|S|) ≤
∫

]0,τn∧t]

(
2
(

N
◦
τn∧t +�

◦
τn∧t

)
+ 1

)
N
◦
(ds)

≤
(

2
(

n +�◦τn∧t

)
+ 1

)
n

and since E�
◦
τn∧t = E N

◦
τn∧t ≤ n < ∞ it follows that E N ◦τn∧t (|S|) < ∞. But the

condition in Theorem 4.6.1 (iii2) is too weak to give that X is a Q-martingale when

E N
◦
t <∞ for all t, as was shown in Proposition 4.5.3.

By similar reasoning one may show that M◦(A)M◦(A′) is a local martingale when

A ∩ A′ = ∅ (Proposition 4.5.3).

A particularly important application of Itô’s formula yields the basic Poisson point

process structure of homogeneous Poisson random measures. Let Q be such a measure
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(Example 3.2.1) so that the compensating measure is L◦ = λℓ ⊗ κ and the Markov

kernels are given by

P
(0)
(t) = e−λt , P

(n)

zn
(t) = e−λ(t−tn) (n ≥ 1, t ≥ tn),

π
(n)
zn ,t
(A) = κ(A) (n ≥ 0, A ∈ E)

where λ > 0 and κ is a probability on (E, E) .

Proposition 4.7.2 Let Q be the homogeneous Poisson random measure described

above. Then under Q, for any r ∈ N, and any A1, . . . , Ar ∈ E mutually disjoint,

the counting processes
(
N ◦(A j )

)
1≤ j≤r

are independent, homogeneous Poisson pro-

cesses in the traditional sense with intensities λ j := λκ(A j ) for j = 1, . . . , r.

Remark 4.7.2 When saying that each N ◦(A j ) is homogeneous Poisson in the tra-

ditional sense, we mean that N ◦(A j ) has stationary and independent increments

that follow Poisson distributions: we shall show that for any s < t, the increments

(N ◦t (A j )− N ◦s (A j ))1≤ j≤r are independent of Hs and also mutually independent with

N ◦t (A j )− N ◦s (A j ) following a Poisson distribution with parameter λ j (t − s).

Proof. The key step in the proof consists in showing that for r and A1, . . . , Ar given

with the A j mutually disjoint, it holds for all (u1, . . . , ur ) ∈ Rr that

Mt := exp

(
i

r∑

j=1

u j N ◦t (A j )− t

r∑

j=1

λ j

(
eiu j − 1

))
(4.104)

is a C-valued Q-martingale. Once this is established, the martingale property

E (Mt |Hs ) = Ms gives that for s ≤ t,

E

[
exp

(
i

r∑

j=1

u j

(
N ◦t (A j )− N ◦s (A j )

)
)
|Hs

]

= exp

(
(t − s)

r∑

j=1

λ j

(
eiu j − 1

))
, (4.105)

which is precisely to say (when (u1, . . . , ur ) varies) that the joint characteristic func-

tion of
(
N ◦t (A j )− N ◦s (A j )

)
1≤ j≤r

given Hs is that of r independent Poisson random

variables with parameters
(
λ j (t − s)

)
1≤ j≤r

. (Strictly speaking, the identity (4.105)

only holds Q-a.s. for any given
(
u j

)
. But then it also holds Q-a.s. simultaneously for

all vectors
(
u j

)
with the u j ∈ Q, and since there is a regular conditional distribution

of
(
N ◦t (A j )− N ◦s (A j )

)
1≤ j≤r

given Hs and therefore also a (necessarily continuous)

conditional characteristic function, the latter has indeed been identified by (4.105), at

least Q-a.s.). That the N ◦
(

A j

)
are independent homogeneous Poisson counting pro-

cesses with intensities λ j now follows directly.
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We complete the proof by using Itô’s formula to show that M given by (4.104) is

a martingale. Because

�Mt = Mt−

(
r∑

j=1

1A j

(
η〈t〉

) (
eiu j − 1

))
�N

◦
t ,

we have the representation

Mt = 1+Ut + M◦
t (S)

with U continuous, U0 = 0 and

S
y
t = Mt−

r∑

j=1

1A j
(y)

(
eiu j − 1

)
.

We now show that U ≡ 0 by verifying that between jumps DtUt = 0. But clearly,

since N ◦(S) is constant between jumps,

DtUt = Dt Mt + Dt�
◦
t (S).

By computation, if t ∈
]
τn−1, τn

[
for some n, writing c =

∑r
j=1 λ j

(
eiu j − 1

)
,

Dt Mt = −cMt

while

Dt�
◦
t (S) = Dt

∫ t

0

∫

E

S
y
s κ (dy) λ ds

= λ
∫

E

S
y
t κ (dy)

= λMt

r∑

j=1

κ
(

A j

) (
eiu j − 1

)

= cMt

(using that between jumps, Mt− = Mt ).

Thus U ≡ 0 and Mt = 1+ M◦
t (S). It remains to verify that M is a Q-martingale,

and this follows from Theorem 4.6.1 (iii2) if we show that E N ◦t (|S|) < ∞ for all t.

But there are constants c1, c2 such that

∣∣Sy
t

∣∣ ≤ ec1t c2,

so E N ◦t (|S|) ≤ ec1t c2 E N
◦
t = ec1t c2λt <∞, see also the note after Theorem 4.6.1.

�

Exercise 4.7.2 With Q the homogeneous Poisson measure from Proposition 4.7.2, let

A1, . . . , Ar ∈ E be mutually disjoint and write
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τn

(
A j

)
= inf

{
t : N ◦t

(
A j

)
= n

}

for the time of the nth jump for N ◦
(

A j

)
. Show that the r sequences

(
τn

(
A j

))
n≥1

for j = 1, . . . , r are stochastically independent and that for each j, the waiting times

τn

(
A j

)
−τn−1

(
A j

)
are iid exponential at rate λ j . (Please remember that we now know

that a sequence of iid exponential waiting times may be identified with a counting

process that has stationary independent and Poisson distributed increments)!

In the version of Itô’s formula given above, Theorem 4.7.1, it was assumed in par-

ticular that the total compensator �
◦

should be continuous. We shall by two examples

show how a martingale decomposition may be obtained when this assumption is not

fulfilled.

Example 4.7.3 Let Q be a probability on (W,H) with compensator �◦ that need not

be continuous. If�◦ is continuous, we know from Proposition 4.5.3 that M◦2−�◦ is a

local Q-martingale, but it was also noted that if�◦ is not continuous, this is no longer

true. We are thus, for general�◦, looking for �̃ right-continuous and predictable, 0 at

time 0, such that M◦2 − �̃ is a local martingale, i.e., we also need S predictable such

that

M◦2 − �̃ = N ◦(S)−�◦(S). (4.106)

In particular X := M◦2 − N ◦(S) must be predictable, and this fact is used to identify

S. (It is no longer as in the proof of Theorem 4.7.1 and the preceding examples, a

matter of simply identifying the jumps of M◦2 occurring when N ◦ jumps, with those

of N ◦(S). Note that the two processes N ◦ and �◦ may share discontinuities, but that

it is also possible that either one of them is continuous, the other discontinuous at a

certain point).

If �N ◦t = 0 we have

X t =
(
M◦

t− −��◦t
)2 − N ◦t−(S),

while if �N ◦t = 1,

X t =
(
M◦

t− + 1−��◦t
)2 − N ◦t−(S)− St .

If X is to be predictable the two expressions must be the same, i.e., we must have

St = 1+ 2
(
M◦

t− −��◦t
)
.

With S determined, �̃ is of course found from (4.106), but a simpler expression is

available by showing that �̃ is differentiable with respect to �◦ and finding D�◦�̃ =
D�◦(X +�◦(S)) according to the methods from Appendix A.

We have D�◦�
◦(S) = S. To find D�◦X, fix t and for a given K find k ∈ N such

that tK = k−1
2K < t ≤ k

2K = t ′K . The task is to compute (for �◦-a.a. t),

lim
K→∞

X t ′K
− X tK

�◦
t ′K
−�◦tK
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and there are two cases, (i)�N ◦t = 0, (ii)�N ◦t = 1 and��◦t > 0. (Because the limit

is only wanted for �◦-a.a. t we may ignore the case �N ◦t = 1 and ��◦t = 0). In case

(i) one finds that the limit is

lim
K→∞

(
M◦

t ′K
+ M◦

tK

) (
M◦

t ′K
− M◦

tK

)

�◦
t ′k
−�◦tK

= −
(
2M◦

t− −��◦t
)

since for K sufficiently large, M◦
t ′K
= M◦

tK
−
(
�◦

(
t ′K
)
−�◦ (tK )

)
. A similar argu-

ment in case (ii) results in the same limit and verifying the other requirements for

differentiability, one ends up with

D�◦X t = −
(
2M◦

t− −��◦t
)
.

Thus

D�◦�̃t = D�◦X t + St

= 1−��◦t

and

�̃t =
∫

]0,t]
D�◦�̃ d�◦s = �◦t −

∑

0<s≤t

(
��◦s

)2
.

Example 4.7.4 Let Q be a probability on (M,H) with compensating measure L◦.
Let A, A′ ∈ E and look for a decomposition of M◦(A)M◦(A′), i.e., we want �̃ right-

continuous and predictable, 0 at time 0, and a predictable field (Sy) such that

M◦
t (A)M

◦
t (A

′) = �̃t + N ◦t (S)−�◦t (S).

From Proposition 4.5.3 we know that if �
◦

is continuous, �̃ = �◦(A) if A = A′ and

�̃ ≡ 0 if A ∩ A′ = ∅. Here we do not assume that �
◦

is continuous and A and A′ are

arbitrary.

We find S by using that X := M◦(A)M◦(A′)−N ◦(S) is predictable. If�N
◦
t = 0,

X t =
(
M◦

t−(A)−��◦t (A)
) (

M◦
t−(A

′)−��◦t (A′)
)
− N ◦t−(S),

while if �N
◦
t = 1,

X t =
(
M◦

t−(A)+ 1A

(
η〈t〉

)
−��◦t (A)

) (
M◦

t−(A
′)+ 1A′

(
η〈t〉

)
−��◦t (A′)

)

−N ◦t−(S)− S
η〈t〉
t .

Predictability of X forces the two expressions to be identical, hence

S
y
t = 1A∩A′(y)+ 1A(y)

(
M◦

t−(A
′)−��◦t (A′)

)
+ 1A′(y)

(
M◦

t−(A)−��◦t (A)
)
.

(4.107)
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As in the previous Example 4.7.3, we identify �̃ through its derivative D�◦�̃ =
D�◦X + D�◦L◦(S). Here

D�◦L◦t (S) =
∫

E

S
y
t πt (dy) , (4.108)

where πt is short for π
〈t−〉
ξ〈t−〉,t

, and by computations along the same lines as those in

Example 4.7.3, treating the cases �N
◦
t = 0 and �N

◦
t = 1, ��

◦
t > 0 separately one

finds

D�◦X t = −M◦
t−(A)πt (A

′)− M◦
t−(A

′)πt (A)+��
◦
t πt (A)πt (A

′).

Thus, recalling (4.107), (4.108)

D�◦�̃t = D�◦X t + D�◦L◦t (S) = πt

(
A ∩ A′

)
−��◦t πt (A)πt (A

′)

so finally,

�̃t =
∫

]0,t]
D�◦�̃s d�

◦
s = �◦t

(
A ∩ A′

)
−
∑

0<s≤t

��◦s (A)��
◦
s (A

′).

Exercise 4.7.3 Let Q be a probability on (M,H) with compensating measure L◦.
Let S, S′ be predictable fields such that �◦t (|S|) and �◦t (

∣∣S′
∣∣) <∞ for all t, and find

a decomposition of M◦(S)M◦(S′), i.e., show that there is a predictable field
(
S̃
)

such

that

M◦
t (S)M

◦
t (S

′) = �̃t + M◦
t (S̃),

where

�̃t = �◦t
(
SS′

)
−
∑

0<s≤t

��◦s (S)��
◦
s

(
S′
)
.

Show in particular that �̃ is increasing if S ≡ S′.
The result is the easy to guess at generalization of the decomposition in Example

4.7.4.

4.8 Compensators and filtrations

We have so far exclusively discussed compensators and compensating measures for

canonical CPs and RCMs, i.e., probabilities on (W,H) and (M,H) respectively. Both

concepts make perfect sense for CPs and RCMs defined on arbitrary filtered spaces,

but they are defined through martingale properties rather than using quantities directly

related to the distribution of the process. Working on canonical spaces it is the prob-

ability Q that decides the structure of the compensators, hence the terminology ‘Q-

compensator’ used earlier. On general spaces it is the filtration that matters, hence we

shall write ‘Ft -compensator’ below.
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Let (�,F,Ft ,P) be a filtered probability space, i.e., (�,F,P) is a probability

space and (Ft )t≥0 is an increasing family of sub σ -algebras of F . Since the discussion

below focuses on right-continuous martingales, we may and shall assume that the

filtration is right-continuous, Ft+ = Ft for all t ≥ 0, cf. Corollary B.0.9.

Let X = (X t )t≥0 be a stochastic process with state space (G,G), defined

on (�,F,Ft ,P). Recall that X is measurable, if the map (t, ω) �→ X t (ω) from

(R0 × �,B0 ⊗ F) to (G,G) is measurable and that X is adapted to the filtration

(Ft ) if it is measurable and each X t : (�,F)→ (G,G) is Ft -measurable. Also recall

(cf. p.302) that X is predictable if X0 is F0-measurable and the map (t, ω) �→ X t (ω)

from (R+ × �,B+ ⊗ F) to (G,G) is P-measurable, where P is the σ -algebra of

predictable sets, i.e., the sub σ -algebra of B+ ⊗ F generated by the subsets of the

form

]s,∞[× F (s ∈ R0, F ∈ Fs).

We denote by (F X
t )t≥0 the filtration generated by X, F X

t = σ(Xs)0≤s≤t . (For

more on concepts and results from the general theory of processes used here and below,

see Appendix B).

If N is a counting process, i.e., a (W,H)-valued random variable defined on

(�,F,Ft ,P) , it is always assumed without further comment that N is Ft -adapted.

We write T = (Tn)n≥1 = (τn ◦ N )n≥1 for the SPP determined by N , with Tn the time

of the nth jump for N , cf. Section 2.2, and
(
FN

t

)
t≥0

for the filtration generated by N ,

FN
t = σ (Ns)0≤s≤t (so that FN

t ⊂ Ft since N is adapted). Recalling the definition of

Ht , it is clear that

FN
t = N−1 (Ht ) . (4.109)

Similarly, if µ is a random counting measure, i.e., a (M,H)-valued random vari-

able on (�,F,P) , for A ∈ E we define the counting process N (A) by Nt (A) =
µ ([0, t]× A) and always assume that µ is Ft -adapted, i.e., that Nt (A) is Ft -measur-

able for all t and all A. We write (T ,Y) = ((Tn) , (Yn))n≥1 = ((τn ◦ µ) ,
(ηn ◦ µ))n≥1 for the MPP determined by µ, and

(
F
µ
t

)
t≥0

for the filtration generated

by µ, F
µ
t = σ (Ns(A))0≤s≤t,A∈E (so that F

µ
t ⊂ Ft for all t). In analogy with (4.109)

we have

F
µ
t = µ−1 (Ht ) . (4.110)

Note that if N is a CP, then each Tn is an Ft -stopping time. Similarly, if µ is an

Ft -adapted RCM, then each Tn is an Ft -stopping time and Yn is FTn -measurable.

Suppose now e.g., that µ is an RCM. Write Q = µ(P) for the distribution of µ

and L◦ for the compensating measure for Q. The initial important point to make is

that all results about Q and L◦ carry over to results about µ, the filtration
(
F
µ
t

)
and

the positive random measure Lµ := L◦ ◦ µ. Thus e.g., �µ(A) =
(
�
µ
t (A)

)
t≥0

is

F
µ
t -predictable for all A ∈ E, where �

µ
t (A) = Lµ ([0, t]× A) = �◦t (A) ◦ µ, and

also



96 4 Compensators and Martingales

(i) for all A ∈ E, M(A) := N (A)−�µ(A) is an F
µ
t -local martingale (Tn);

(ii) up to P-indistinguishability, �µ(A) is the unique right-continuous and F
µ
t -

predictable process �̃, 0 at time 0, such that N (A) − �̃ is an F
µ
t -local mar-

tingale.

Note also that any F
µ
t -predictable, right-continuous F

µ
t -local martingale is con-

stant.

The proof of (i) above involves nothing more than transformation of integrals: for

any n and any s ≤ t, F ∈ F
µ
s , it must be shown that

∫

F

MTn∧t (A) dP =
∫

F

MTn∧s(A) dP.

But MTn∧u(A) = M◦
τn∧u(A) ◦ µ for any u, and since by (4.110) F = µ−1(H) for

some H ∈ Hs this identity is equivalent to the basic local martingale property

∫

H

M◦
τn∧t (A) d Q =

∫

H

M◦
τn∧s(A) d Q.

We shall now discuss compensators and compensating measures for CPs and

RCMs defined on general filtered probability spaces.

Let N be an adapted counting process defined on (�,F,Ft ,P) . We shall call

� the Ft -compensator for N if �0 = 0 P-a.s., � is increasing, right-continuous, Ft -

predictable and satisfies that M := N−� is an Ft -local martingale. This compensator

exists and is unique by the Doob–Meyer decomposition theorem, see Theorem B.0.10.

Note that by the preceding discussion the FN
t -compensator for N , as just defined

for arbitrary filtrations, is �◦ ◦ N , where �◦ is the compensator for the distribution

Q = N (P) of N .

Similarly, if µ is an adapted random counting measure on (�,F,Ft ,P), the Ft -

compensating measure for µ is the positive random measure L with L ({0} × E) =
0 P-a.s. such that for all A ∈ E, �(A), where �t (A) = L ([0, t]× A) , defines a

right-continuous F
µ
t -predictable process, necessarily increasing, such that M(A) :=

N (A) − �(A) is an Ft -local martingale. Thus, as a special case of this definition,

the F
µ
t -compensating measure is L◦ ◦ µ with L◦ the compensating measure for Q =

µ(P). (About the existence of L: by the Doob–Meyer decomposition theorem each

compensator�(A) exists and is unique up to indistinguishability. Some care is needed

to fit the compensators together to arrive at the compensating measure, but with (E, E)

a Borel space, L always exists).

Note. If L is a positive random measure such that all�(A) are Ft -predictable we shall

say that L is Ft -predictable.

In general compensators and compensating measures depend of course on the fil-

tration. Furthermore, and this is an important point, while e.g., we know that the F
µ
t -

compensating measure for an RCM µ determines the distribution Q of µ, it is not in

general true that the Ft -compensating measure for µ determines Q (and of course,

much less will it determine P). This also applies to canonical processes: if Q is a

probability on (M,H) with compensating measure L◦, the Ht -compensator for the
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counting process N ◦(A) is �◦(A), but �◦(A) does not determine the distribution of

N ◦(A) – marginals of compensating measures do not determine the distribution of the

corresponding marginals of the RCM.

To elaborate further on this point, let Q be a probability on (M,H) with compen-

sating measure L◦. The Ht -compensator for the counting process N
◦

is �
◦
,

�
◦
t =

N
◦
t∑

n=0

ν
(n)
ξn

(]
τn, τn+1 ∧ t

])

while the HN
◦

t -compensator for N
◦

is

�N
◦

t =
N
◦
t∑

n=0

νξn

(]
τn, τn+1 ∧ t

])

where ξn = (τ1, . . . , τn) and ν
(n)

ξn
is the hazard measure for the conditional Q-

distribution of τn+1 given ξn, a conditional distribution typically different from P
(n)
ξn
.

And typically it is impossible to obtain �N
◦

(and the distribution of N
◦
) from knowl-

edge of �
◦

alone – to achieve this complete knowledge of L◦ may be required.

In one fairly obvious, but very important case, one can say that an Ft -compensating

measure determines the distribution of an RCM µ.

Theorem 4.8.1 Let µ be an RCM on (�,F,Ft ,P) with Ft -compensating measure

L . If L is F
µ
t -predictable, then L = L◦ ◦ µ up to P-indistinguishability, where L◦ is

the compensating measure for the distribution Q = µ(P) of µ.

Proof. By definition, for all A, M(A) = N (A) − �(A) is an Ft -local martingale. If

we can show that in fact M(A) is an Ft -local martingale (Tn) , since each Tn is an

F
µ
t -stopping time, we have that M(A) is an F

µ
t -local martingale and the assertion

follows from the discussion at the beginning of this section. (See Appendix B for the

general definition of local martingales, and the notation used for stopped processes).

Thus, let
(
T̃n

)
be a reducing sequence for M(A) (so each T̃n is an Ft -stopping

time) and note that since each Tk is an Ft -stopping time, for every n and k, M T̃n∧Tk is

an Ft -martingale. Since E

∣∣∣MT̃n∧Tk∧t (A)

∣∣∣ = E

∣∣∣NT̃n∧Tk∧t (A)−�T̃n∧Tk∧t (A)

∣∣∣ < ∞
for all t and 0 ≤ NT̃n∧Tk∧t (A) ≤ k, we see that E�T̃n∧Tk∧t (A) <∞ for all t and thus,

for s < t, F ∈ Fs,

∫

F

(
NT̃n∧Tk∧t (A)− NT̃n∧Tk∧s(A)

)
dP =

∫

F

(
�T̃n∧Tk∧t (A)−�T̃n∧Tk∧s(A)

)
dP,

(4.111)

as is seen writing down the martingale property for M T̃n∧Tk (A) and rearranging the

terms. Now let n ↑ ∞ and use monotone convergence to obtain
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∫

F

(
NTk∧t (A)− NTk∧s(A)

)
dP =

∫

F

(
�Tk∧t (A)−�Tk∧s(A)

)
dP. (4.112)

Since NTk∧t (A) ≤ k, this equation for s = 0, F = � shows that all �Tk∧t (A) are

integrable. It is therefore safe to rearrange the terms in (4.112) and it is then clear that

MTk (A) is an Ft -martingale for all k. �

Using Theorem 4.8.1 and Example 3.2.1 we immediately get

Corollary 4.8.2 Let µ be an RCM with a deterministic (non-random) Ft -compen-

sating measure L = λℓ ⊗ κ, where λ > 0 is a constant and κ is a probability on

(E, E) . Then µ is a homogeneous Poisson random measure with intensity measure

ρ = λκ .

Example 4.8.1 Deterministic time change. Let Q be a probability on (M,H) (or

(W,H)) and let � : R0 → R0 be a continuous and increasing (not necessarily strictly

increasing) function with �(0) = 0. Defining N =
(
N u

)
u≥0

by N u = N
◦
�(u),

it follows from the continuity of � that N is a counting process. With Tn :=
inf
{
u : N u = n

}
, by looking closely one finds that Tn = inf {u : �(u) = τn} , in

particular �(Tn) = τn whenever Tn < ∞. Letting Yn := ηn, consider the RCM

µ :=
∑

Tn<∞ ε(Tn ,Yn), the RCM obtained from µ◦ through the deterministic time

change �.

For any A ∈ E, it is clear that Nu(A) := µ ([0, u]× A) = N ◦
�(u)(A), hence it

follows that F
µ
u ⊂ H�(u) for all u.We now claim that the F

µ
u -compensator for N (A)

is the process �(A) :=
(
�◦
�(u)(A)

)
u≥0

: we have

�◦�(u)(A) =
N
◦
�(u)∑

n=0

∫

]τk ,τk+1∧�(u)]
ν
(k)
ξk
(ds) π

(k)
ξk ,s
(A)

=
N u∑

n=0

∫

]�(Tk ),�(Tk+1)∧�(u)]
ν
(k)

Z∗k
(ds) π

(k)

Z∗k ,s
(A)

where Z∗k = (� (T1) , . . . , � (Tk) ; Y1, . . . , Yk) , which is enough to show that �(A)

is F
µ
u -predictable. It remains to argue that M(A) := N (A) − �(A) is an F

µ
u -local

martingale, but for u < v and H ∈ F
µ
u ⊂ H�(u),

∫

H

Mv∧Tn (A) d Q =
∫

H

M◦
�(v)∧�(Tn)

(A) d Q

=
∫

H

M◦
�(v)∧τn (A) d Q,

and since
(
M◦

t (A)
)

t≥0
is a Q-local martingale (τn) , v can be replaced by u and the

assertion follows.

We have thus determined the F
µ
t -compensating measure for µ and hence, accord-

ing to Theorem 4.8.1, determined the distribution Q̃ of the time changed RCM µ. It
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is seen in particular that if P̃
(n)

z̃n
and π̃

(n)

z̃n ,u
denote the Markov kernels generating Q̃,

where z̃n = (u1, . . . , un; y1, . . . , yn) , then P̃
(n)
z̃n

has hazard measure

ν̃
(n)
z̃n
(]un, u]) = ν(n)z∗n

(]�(un),�(u)]) ,

writing z∗n = (�(u1), . . . , �(un); y1, . . . , yn) , while

π̃
(n)
z̃n ,u
(A) = π (n)z∗n ,�(u)

(A).

Example 4.8.2 As a special case of the preceding example, consider the probability

Q on (W,H) that makes N ◦ a homogeneous Markov chain with intensity process

λ◦s = a〈s−〉 with the an constants ≥ 0 such that
∑

a−1
n = ∞, see Example 3.1.4.

Consider the time change �(u) =
∫ u

0 α(s) ds where α ≥ 0 is measurable with all the

integrals finite and define Nu = N ◦
�(u).By the previous example, the FN

u -compensator

for N is

�◦�(u) =
∫ �(u)

0
a〈s−〉 ds

=
N◦
�(u)∑

n=0

an (τn+1 ∧�(u)− τn)

=
Nu∑

n=0

an (� (Tn+1 ∧ u)−�(Tn))

=
∫ u

0
α(v)aNv− dv.

It follows that the distribution Q̃ = N (Q) of N has intensity process λ̃◦u = α(u)a〈u−〉.

Example 4.8.3 Let N be a counting process on (�,F,P) and let U ≥ 0 be an F-

measurable random variable. N is a Cox process if conditionally on U = λ, N is

homogeneous Poisson (λ) . The distribution of N is thus a mixture of Poisson process

distributions and by explicit calculation of the Markov kernels P
(n)
zn

generating the

distribution of N , one finds that the FN
t -compensator is �N

t =
∫ t

0 λ
N
s ds with FN

t -

predictable intensity process

λN
t =

∫
R0

P (dλ) e−λtλNt−+1

∫
R0

P (dλ) e−λtλNt−
(4.113)

with P the distribution of U. This not-so-lovely expression for �N of course serves to

describe the not-so-lovely distribution of N . By contrast, defining Ft = σ
(
U,FN

t

)

(in particular U is F0-measurable) the Ft -compensator � for N is

�t = Ut
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which describes the conditional distribution of N given U only, and does not contain

any information at all about the distribution of U.

The Cox process is a simple example of a doubly stochastic Poisson process, see

Example 6.2.1.

Exercise 4.8.1 In Example 4.8.3, show that λN is given by the expression (4.113).

(Hint: somewhat informally, for all n ∈ N0 and 0 < t1 < · · · < tn ≤ t , calculate the

numerator and denominator in

P (Tn+1 > t |T1 = t1, . . . , Tn = tn ) =
P (T1 ∈ dt1, . . . , Tn ∈ dtn, Tn+1 > t)

P (T1 ∈ dt1, . . . , Tn ∈ dtn)

by conditioning on U ).

Even though there is no general mechanism for determining compensators using

Markov kernels as we did in the canonical case, it is possible to give a prescription

for certain filtrations: let µ be an RCM and let 0 = a0 < a1 < a2 < · · · be given

timepoints with ak ↑ ∞ and ak = ∞ allowed. Let Ak for k ≥ 1 be given σ -algebras,

increasing with k, and consider the filtration (Ft ) given by

Ft = σ
(
Ak,F

µ
t

) (
t ∈

[
ak, ak+1

[
, k ∈ N0

)
.

Then the restriction to any interval
[
ak, ak+1

[
of the Ft -compensating measure for µ

is found as the restriction to
[
ak, ak+1

[
of the F

µ
t -compensating measure with respect

to the conditional probability P
(
·
∣∣Fak

)
.

We shall conclude this section with a discussion of how compensators in general

change with filtrations.

Consider a filtered probability space (�,F,Ft ,P) and suppose λ = (λt )t≥0 is

an Ft -adapted and non-negative process. Define �t =
∫ t

0 λs ds and assume that

E�t < ∞ for all t. Let (Gt ) be a sub-filtration of (Ft ) , i.e., a filtration such that

Gt ⊂ Ft for all t. Now consider for each t a version λ̃t of E [λt |Gt ] and assume

that the conditional expectations combine to define a measurable, hence Gt -adapted,

process λ̃ ≥ 0. Finally, define �̃t =
∫ t

0 λ̃s ds.

Lemma 4.8.3 For all 0 ≤ s ≤ t, G ∈ Gs, it holds that
∫

G

(�t −�s) dP =
∫

G

(
�̃t − �̃s

)
dP. (4.114)

Proof. By calculation,
∫

G

(
�̃t − �̃s

)
dP =

∫

G

dP

∫ t

s

du λ̃u

=
∫ t

s

du

∫

G

dP λ̃u

=
∫ t

s

du

∫

G

dP λu

=
∫

G

(�t −�s) dP. �
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Based on this lemma it is easy to prove

Proposition 4.8.4 Let U be an Ft -adapted process with E |Ut | <∞ for all t. Suppose

that M := U −� is an Ft -adapted martingale, where �t =
∫ t

0 λs ds with λ ≥ 0 Ft -

adapted and E�t < ∞ for all t. Let (Gt ) be a sub-filtration of (Ft ) and assume that

there are Gt -adapted processes Ũ and λ̃ such that Ũt = E [Ut |Gt ] and λ̃t = E [λt |Gt ]

a.s. for every t.

Then the process M̃ := Ũ − �̃ is a Gt -martingale, where �̃t =
∫ t

0 λ̃s ds.

Proof. For 0 ≤ s ≤ t, G ∈ Gs,
∫

G

M̃t dP =
∫

G

(
Ũt − �̃t

)
dP

=
∫

G

(Ut −�t ) dP+
∫

G

(
�t − �̃t

)
dP.

Here one can replace t by s in the first term because M is an Ft -martingale, and in the

second because of (4.114). �

Now consider a Gt -adapted counting process N with ENt < ∞ for all t, and let

� be the Ft -compensator for N , assumed to be of the form �t =
∫ t

0 λs ds, as in

Proposition 4.8.4. Also define λ, λ̃, �̃ as it was done there. Since E [Nt |Gt ] = Nt we

immediately get

Corollary 4.8.5 With (Gt ) a sub-filtration of (Ft ), if N is Gt -adapted with Ft -

compensator �, and N − � is a true Ft -martingale, then the Gt -compensator for

N is �̃ and N − �̃ is a true Gt -martingale.

One of course calls λ the Ft -intensity process for N , and λ̃ is then the Gt -intensity.

The relationship

λ̃t = E [λt |Gt ]

between the two intensities is known in the literature as the innovation theorem.

We conclude with another interesting consequence of Lemma 4.8.3. Here we say

that a well behaved (e.g., cadlag) R-valued process U is of finite variation on finite

intervals if for all t,

sup
n∑

k=1

∣∣Utk −Utk−1

∣∣ <∞ a.s.,

where the sup extends over all n ∈ N and all subdivisions 0 = t0 < t1 < · · · < tn = t

of [0, t] . The condition simply stipulates that almost all sample paths of the process

U must be of finite variation on any interval [0, t] .

Corollary 4.8.6 Let �, �̃ be as in Lemma 4.8.3. Then the process defined by

E [�t |Gt ] − �̃t for all t, is a Gt -martingale. In particular, if a.s. t �→ E [�t |Gt ]

is continuous and of finite variation on finite intervals, then a.s. E [�t |Gt ] = �̃t

simultaneously for all t.



102 4 Compensators and Martingales

Proof. The first assertion follows directly from (4.114), rearranging the terms and

using e.g., that
∫

G
�t dP =

∫
G

E [�t |Gt ] dP when G ∈ Gs . For the second assertion

one uses the well-known result from process theory which states that any continuous

martingale of finite variation on finite intervals is constant. Since the martingale we

consider here has value 0 at time 0, the constant is 0. �

It should be noted that even though � is continuous, t �→ E [�t |Gt ] need not be:

take Gt = {�,∅} for t < 1, = Ft for t ≥ 1 to get easy examples. Quite possibly also,

even though � is increasing, t �→ E [�t |Gt ] may not have finite variation.



5

Likelihood Processes

In this chapter the structure of the likelihood process (process of Radon–Nikodym

derivatives) is derived when considering two probability measures on the canonical

spaces W and M, assuming that one of the probabilities is locally absolutely contin-

uous with respect to the other. Also, it is shown how to change measure using martin-

gales or just local martingales.

It is important to understand the contents of Theorem 5.1.1, but not necessary to

read the proof in detail. Also, Section 5.2 may be omitted on a first reading.

References. For likelihood processes for MPPs and RCMs, see Boel et al [12] and

Jacod [60]. For general likelihood processes, see e.g., Jacod and Shiryaev [65], Section

III.5.

5.1 The structure of the likelihood

In this section we derive the likelihood function corresponding to observing a CP or

RCM completely on a finite time interval [0, t] . In statistical terms, one would sup-

pose given a family of distributions for the point process, choose a reference measure

from the family and define the likelihood function as the Radon–Nikodym derivative

between the distribution of the process observed on [0, t] under an arbitrary measure

from the family and under the reference measure. The essence is therefore to be able

to find the relevant Radon–Nikodym derivatives between two different distributions of

the process on [0, t] .

Recall that if P̃,P are probabilities on a measurable space (�,F) , P̃ is absolutely

continuous with respect to P (written P̃ ≪ P) if P̃(F) = 0 whenever P(F) = 0, and

that in that case

P̃(F) =
∫

F

dP̃

dP
dP (F ∈ F)

with dP̃/dP the Radon–Nikodym derivative of P̃ with respect to P. Recall also that

P̃ and P are singular (written P̃ ⊥ P) if there exists F ∈ F with P(F) = 1 and

P̃ (F) = 0.
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Let Q, Q̃ be two probability measures on (W,H) or (M,H) , and let for t ≥ 0,

Qt , Q̃t denote the restrictions of Q, Q̃ to Ht .

Definition 5.1.1 Q̃ is locally absolutely continuous with respect to Q if Q̃t ≪ Qt for

all t ∈ R0.

If Q̃ is locally absolutely continuous with respect to Q, we write Q̃ ≪loc Q and

define the likelihood process L = (Lt )t≥0 by

Lt := d Q̃t

d Qt

. (5.1)

Since H0 is the trivial σ -algebra, L0 ≡ 1. Otherwise each Lt is Ht -measurable,

≥ 0 Q-a.s. and

Q̃(H) = Q̃t (H) =
∫

H

Lt d Qt =
∫

H

Lt d Q (t ∈ R0, H ∈ Ht ) . (5.2)

With EQ denoting expectation with respect to Q, it follows in particular that

EQLt = 1 (t ∈ R0) .

If s < t and H ∈ Hs ⊂ Ht , it follows from (5.2) that

∫

H

Ls d Q =
∫

H

Lt d Q;

in other words, L is a Q-martingale which, since the filtration (Ht ) is right-continuous,

has a cadlag version, (Theorem B.0.8 in Appendix B). In the sequel we shall always

assume L to be cadlag.

Since L ≥ 0, L∞ := limt→∞ Lt exists Q-a.s. and by Fatou’s lemma EQL∞ ≤ 1.

The reader is reminded that the Lebesgue decomposition of Q̃ with respect to Q (on

all of H) is

Q̃ = L∞ · Q + Q⊥

where L∞ · Q is the bounded measure (L∞ · Q) (H) =
∫

H
L∞ d Q on H, and where

Q⊥ is a bounded positive measure on H with Q⊥ ⊥ Q. In particular, Q̃ ⊥ Q iff

Q (L∞ = 0) = 1, and Q̃ ≪ Q iff EQL∞ = 1, this latter condition also being

equivalent to the condition that L be uniformly integrable with respect to Q.

Before stating the main result, we need one more concept: if P and P̃ are probabil-

ities on R+, we write P̃ ≪loc P if

(i) P̃R+ ≪ PR+ , the subscript denoting restriction to R+ (from R+);

(ii) P (]t,∞]) > 0 whenever P̃ (]t,∞]) > 0.

Note that if t†, t̃† are the termination points for P, P̃ (see p.34) the last condition is

equivalent to the condition t̃† ≤ t†. Note also that P̃ ≪loc P if P̃ ≪ P (on all of R+)

while it is possible to have P̃R+ ≪ PR+ without P̃ ≪loc P: if P̃ = ε∞, P̃R+ ≪ PR+
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for any P since P̃R+ is the null measure, but P̃ ≪loc P iff P (]t,∞]) > 0 for all t ∈ R0.

The same example also shows that it is possible to have P̃ ≪loc P without P̃ ≪ P:

ε∞ ≪ P iff P ({∞}) > 0, a condition not implied by the condition for ε∞ ≪loc P.

If P̃ ≪loc P, we write

dP̃

dP
(t) =

dP̃R+

dPR+
(t) (t ∈ R+) .

We shall as usual denote by P(n), π (n) the Markov kernels generating Q and of

course write P̃(n), π̃ (n) for those generating Q̃. P
(n)

zn
and P̃

(n)

zn
are the survivor func-

tions for P
(n)
zn

and P̃
(n)
zn
. Theorem 5.1.1 is formulated in as general a version as pos-

sible, allowing for certain exceptional sets denoted by the superscript null. A simpler

version of the theorem is obtained by ignoring these exceptional sets, i.e., assuming

that they are empty.

Theorem 5.1.1 (a) Let Q, Q̃ be probabilities on (W,H) . In order that Q̃ ≪loc Q it

is sufficient that P̃(0) ≪loc P(0) and that for every n ∈ N there exists an excep-

tional set Bnull
n ∈ Bn

+ with Q
(
ξn ∈ Bnull

n

)
= 0 such that P̃

(n)
zn
≪loc P

(n)
zn

for all

zn = (t1, . . . , tn) /∈ Bnull
n with 0 < t1 < · · · < tn <∞.

If this condition for Q̃ ≪loc Q is satisfied, the cadlag Q-martingale L is up to

Q-indistinguishability given by

Lt =

⎛
⎝

N◦t∏

n=1

d P̃
(n−1)
ξn−1

d P
(n−1)
ξn−1

(τn)

⎞
⎠ P̃

〈t〉
ξ〈t〉(t)

P
〈t〉
ξ〈t〉(t)

(t ∈ R0) .

(b) Let Q, Q̃ be probabilities on (M,H) . In order that Q̃ ≪loc Q, it is suffi-

cient that P̃(0) ≪loc P(0), and (i) for every n ∈ N, there exists an exceptional

set Cnull
n ∈ Bn

+ ⊗ En with Q
(
ξn ∈ Cnull

n

)
= 0 such that P̃

(n)
zn

≪loc P
(n)
zn

for

all zn = (t1, . . . , tn; y1, . . . , yn) /∈ Cnull
n with 0 < t1 < · · · < tn < ∞,

and (ii) for every n ∈ N0 there exists an exceptional set Dnull
n ∈ Bn+1

+ ⊗ En

with Q
(
(ξn, τn+1) ∈ Dnull

n

)
= 0 such that π̃

(n)
zn ,t

≪ π
(n)
zn ,t

for all (zn, t) =
(t1, . . . , tn, t; y1, . . . , yn) /∈ Dnull

n with 0 < t1 < · · · < tn < t.

If this condition for Q̃ ≪loc Q is satisfied, the cadlag Q-martingale L is up to

Q-indistinguishability given by

Lt =

⎛
⎝

N
◦
t∏

n=1

d P̃
(n−1)
ξn−1

d P
(n−1)
ξn−1

(τn)
dπ̃

(n−1)
ξn−1,τn

dπ
(n−1)
ξn−1,τn

(ηn)

⎞
⎠ P̃

〈t〉
ξ〈t〉(t)

P
〈t〉
ξ〈t〉(t)

(t ∈ R0) .

Proof. We just give the proof of (b). For n ∈ N, let R̃n,Rn denote the distribution of ξn
under Q̃ and Q respectively, restricted to (τn <∞) so that e.g., R̃n is a subprobability

on Rn
+ with

R̃n(Cn) = Q̃ (ξn ∈ Cn, τn <∞)
(
Cn ∈ Bn

+ ⊗ En
)
.
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Because P̃
(n)

zn ,R+
≪ P

(n)

zn ,R+
and π̃

(n)
zn ,t
≪ π

(n)
zn ,t

(for almost all zn and (zn, t)) it follows

that R̃n ≪ Rn and

dR̃n

dRn

(zn) =
n∏

k=1

(
d P̃

(k−1)
zk−1

d P
(k−1)
zk−1

(tk)
dπ̃

(k−1)
zk−1,tk

dπ
(k−1)
zk−1,tk

(yk)

)
(5.3)

for Rn-a.a. zn ∈ Rn
+× En . (A little care is needed here: (5.3) is automatic if P̃

(n)

zn ,R+
≪

P
(n)

zn ,R+
and π̃

(n)
zn ,t
≪ π

(n)
zn ,t

for all zn and t. With exceptional sets appearing, one may

proceed by induction: by assumption P̃
(0)
R+
≪ P

(0)
R+
, hence if R1 (C1) = 0, where

C1 ∈ B+ ⊗ E ,

R̃1(C1) =
∫

R+
P̃(0) (dt)

∫

E

π̃
(0)
t (dy) 1C1 (t, y)

=
∫

R+
P(0) (dt)

∫

E

π̃
(0)
t (dy) 1C1 (t, y)

d P̃(0)

d P(0)
(t)

=
∫

R+
P(0) (dt)

∫

E

π
(0)
t (dy) 1C1 (t, y)

d P̃(0)

d P(0)
(t)

dπ̃
(0)
t

dπ
(0)
t

(y)

= 0,

where for the second but last equality it is used exactly that for P(0)-a.a t we have

π̃
(0)
t ≪ π

(0)
t . Thus R̃1 ≪ R1 and similar reasoning yields that if R̃n ≪ Rn, also

R̃n+1 ≪ Rn+1).

We want to show that for t ∈ R+, H ∈ Ht ,

Q̃(H) =
∫

H

Lt d Q .

Recalling the representation of sets in Ht , Proposition 4.2.1 (bi), and writing H =⋃∞
n=0 H ∩

(
N
◦
t = n

)
, this follows if we show that

Q̃ (ξn ∈ Cn, τn+1 > t) =
∫

(ξn∈Cn ,τn+1>t)
Lt d Q,

where H ∩
(

N
◦
t = n

)
= (ξn ∈ Cn, τn+1 > t) with Cn ⊂ ]0, t]n × En . But

Q̃ (ξn ∈ Cn, τn+1 > t) =
∫

(ξn∈Cn)

P̃
(n)

ξn
(t) d Q̃

=
∫

Cn

P̃
(n)

zn
(t) R̃n(dzn)

=
∫

Cn

P̃
(n)

zn
(t)

dR̃n

dRn

(zn)Rn(dzn)

=
∫

(ξn∈Cn)

P̃
(n)

ξn
(t)

dR̃n

dRn

(ξn) d Q.
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Define Hn = (P̃
(n)

ξn
(t) > 0). Then the last integral above is the same as the in-

tegral over the set (ξn ∈ Cn) ∩ Hn ; since by the assumption P̃
(n)
ξn

≪loc P
(n)
ξn

we

have P
(n)

ξn
(t) > 0 on Hn, then the domain of integration may be replaced by(

ξn ∈ Cn, P
(n)

ξn
(t) > 0

)
∩ Hn, and the integral may be written

∫
(
ξn∈Cn ,τn+1>t,P

(n)
ξn
(t)>0

)
∩Hn

P̃
(n)

ξn
(t)

P
(n)

ξn
(t)

dR̃n

dRn

(ξn) d Q

as is seen by conditioning on ξn in this last integral. But by the definition of Hn and

the appearance of the factor P̃
(n)

ξn
(t) in the integrand, this is the same as the integral

over
(
ξn ∈ Cn, τn+1 > t, P

(n)

ξn
(t) > 0

)
. Finally, because

Q
(
τn+1 > t, P

(n)

ξn
(t) = 0

)
= EQ

[
P
(n)

ξn
(t); P

(n)

ξn
(t) = 0

]
= 0,

we may as well integrate over (ξn ∈ Cn, τn+1 > t) = H ∩
(

N
◦
t = n

)
, and we have

arrived at the identity

Q̃
(

H ∩
(

N
◦
t = n

))
=
∫

H∩
(

N
◦
t =n

)
P̃
(n)

ξn
(t)

P
(n)

ξn
(t)

dR̃n

dRn

(ξn) d Q.

Using (5.3), the assertion of the theorem follows immediately. �

Remark 5.1.1 It may be shown that the sufficient conditions for Q̃ ≪loc Q as given

in (a), (b) are in fact also necessary. The perhaps most peculiar condition, viz. that

P̃
(n)
zn
≪loc P

(n)
zn

rather than just P̃
(n)

zn ,R+
≪ P

(n)

zn ,R+
was certainly used in the proof,

and that it is necessary may be seen from the following CP example: suppose Q̃ is the

distribution of the dead process while under Q, τ1 is bounded by, say, 1. Then P̃
(0)
R+
≪

P
(0)
R+

trivially since P̃
(0)
R+

is the null measure, P̃(0) ≪loc P(0) does not hold, and for

t ≥ 1 it does not hold either that Q̃t ≪ Qt since Qt (τ1 ≤ t) = 1, Q̃t (τ1 ≤ t) = 0,

i.e., Q̃t ⊥ Qt for t ≥ 1. (See also Example 5.1.1 below).

In general it is possible to express the formula for Lt in terms of compensators or

compensating measures. We shall see how this may be done in some special cases.

Consider first the CP case and assume that the compensators �̃◦,�◦ under Q̃, and

Q have predictable intensities,

�̃◦t =
∫ t

0
λ̃◦s ds, �◦t =

∫ t

0
λ◦s ds

with
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λ̃◦s = ũ
〈s−〉
ξ〈s−〉

(s), λ◦s = u
〈s−〉
ξ〈s−〉

(s)

where ũ
(n)
zn

(u
(n)
zn

) is the hazard function for P̃
(n)
zn

(P
(n)
zn

); cf. Proposition 4.4.1 (a). If

Q̃ ≪loc Q (e.g., if all u
(n)
zn
> 0 with

∫ t

tn
u
(n)
zn
(s) ds <∞ for t > tn) we have

d P̃
(k−1)
ξk−1

d P
(k−1)
ξk−1

(τk) =
ũ
(k−1)
ξk−1

(τk) exp
(
−
∫ τk
τk−1

ũ
(k−1)
ξk−1

(s) ds
)

u
(k−1)
ξk−1

(τk) exp
(
−
∫ τk
τk−1

u
(k−1)
ξk−1

(s) ds
) , (5.4)

P̃
〈t〉
ξ〈t〉(t)

P
〈t〉
ξ〈t〉(t)

= exp

(
−
∫ t

τ〈t〉

(
ũ
〈s−〉
ξ〈s−〉

(s)− u
〈s−〉
ξ〈s−〉

(s)
)

ds

)
. (5.5)

It follows that

Lt = exp
(
−�̃◦t +�◦t

) N◦t∏

n=1

λ̃◦τn
λ◦τn
. (5.6)

Similarly, if Q̃, Q have compensating measures L̃◦, L◦ with κ-intensities (Propo-

sition 4.4.1 (bii), the same κ for Q̃ and Q),

λ̃
◦y
t = ũ

〈t−〉
ξ〈t−〉 (

t) p̃
〈t−〉
ξ〈t−〉,t (

y) , λ
◦y
t = u

〈t−〉
ξ〈t−〉 (

t) p
〈t−〉
ξ〈t−〉,t (

y)

we still have the analogues of (5.4) and (5.5), and in addition

dπ̃
(k−1)
ξk−1,τk

dπ
(k−1)
ξk−1,τk

(ηk) =
p̃
(k−1)
ξk−1,τk

(ηk)

p
(k−1)
ξk−1,τk

(ηk)
.

It follows that

Lt = exp
(
−�̃

◦
t +�

◦
t

) N
◦
t∏

n=1

λ̃
◦ηn
τn

λ
◦ηn
τn

. (5.7)

The derivation of (5.6) and (5.7) shows that it is the predictable intensities that

must enter into the expressions: it is the preceding intensity that fires the next jump.

Using the right-continuous intensities of Proposition 4.4.2 would drastically change

the expressions and yield non-sensical results!

We quote a particular case of (5.7), important for statistical applications. Here Q̃

is the important measure, while the particular Q displayed serves only as a convenient

reference. Recall Example 3.2.1.

Corollary 5.1.2 On (M,H) , let Q be the homogeneous Poisson random measure

with intensity measure ρ = λκ, where λ > 0 is a constant and κ is a probability

measure on (E, E). If Q̃ has predictable κ-intensity
(̃
λ
◦y
t

)
, then Q̃ ≪loc Q and

Lt = exp
(
−�̃

◦
t + λt

) N
◦
t∏

n=1

λ̃
◦ηn
τn

λ
.
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Proof. With Q Poisson, all P
(n)
zn

have Lebesgue densities that are > 0 on ]tn,∞[

and have termination point ∞. By assumption also all P̃
(n)
zn

have Lebesgue densities

and hence P̃
(n)
zn
≪loc P

(n)
zn
. Because Q has κ-intensity process λ

◦y
t ≡ λ for all t, y,

the assumptions about Q̃ imply also that π̃
(n)
zn ,t
≪ π

(n)
zn ,t

always. Thus Q̃ ≪loc Q by

Theorem 5.1.1 and the expression for Lt emerges as a special case of (5.7). �

Example 5.1.1 Let Q be an arbitrary probability on (W,H) and let Q̃ be the canon-

ical dead process. Then Q̃ ≪loc Q if (and only if) P
(0)
(t) > 0 for all t (P(0) has

termination point∞), and in this case

Lt =
1

P
(0)
(t)

1(N◦t =0). (5.8)

Example 5.1.2 If Q, and Q̃ are probabilities on (W,H) , and Q is homogeneous

Poisson (λ) where λ > 0, Q̃ is homogeneous Poisson
(̃
λ
)
, then Q̃ ≪loc Q and

Lt = e−
(̃
λ−λ

)
t

(
λ̃

λ

)N◦t
.

Note that on H, Q̃ ⊥ Q if λ̃ �= λ since by the strong law of large numbers

Q̃
(

limt→∞ 1
t

N ◦t = λ̃
)
= 1 and Q

(
limt→∞ 1

t
N ◦t = λ

)
= 1.

Example 5.1.3 Recall the description in Examples 3.3.1 and 4.3.6 of time-homogen-

eous Markov chains on an at most countably infinite state space E . On (M,H) the

chain X◦ is defined by

X◦t = η〈t〉
with X◦0 ≡ i0, a given state in E . Suppose that under Q, X◦ is Markov with transition

intensities
(
qi j

)
and that under Q̃, X◦ is Markov with transition intensities

(
q̃i j

)
. Then

Q̃ ≪loc Q if whenever q̃i j > 0 for i �= j also qi j > 0. In this case

Lt = exp

(
−
∫ t

0

(̃
λX◦s − λX◦s

)
ds

) ∏

(i, j):i �= j

(
q̃i j

qi j

)N
◦i j
t

where λi = −qi i , λ̃i = −q̃i i and

N
◦i j
t =

∑

0<s≤t

1(X◦s−=i,X◦s= j) =
∫

]0,t]
1(X◦s−=i) d N

◦ j
s

for i �= j is the number of jumps from i to j on [0, t] , writing N ◦ j = N ◦ ({ j}) for the

number of jumps with mark j, i.e., the number of jumps X◦ makes into the state j.

Exercise 5.1.1 Consider the statistical model for observation of a counting process N ,

specifying that N is homogeneous Poisson with unknown parameter λ. Suppose N is

observed completely on the interval [0, t] . Find the maximum-likelihood estimator

for λ.
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Exercise 5.1.2 Let G be a finite state space and consider the statistical model for ob-

serving a homogeneous Markov chain X with state space G, given the initial state

X0 ≡ i0 and unknown transition intensities qi j for i �= j ∈ G. Suppose that X is ob-

served completely on the interval [0, t] . Show that the maximum-likelihood estimator

for qi j is the occurrence-exposure rate

q̂i j =
N

i j
t∫ t

0 1(Xs=i) ds

for i �= j, where N
i j
t is the number of jumps from i to j made by X on [0, t] .

If Q̃ ≪loc Q, L is a Q-martingale, hence it has a representation

Lt = 1+ M◦
t (S);

cf. Theorem 4.6.1. If L is of the form (5.7), identifying the jumps of L one finds that

the predictable field S is given by

S
y
t = Lt−

(
λ̃

y
t

λ
y
t

− 1

)
.

Suppose Q and Q̃ are as in Example 5.1.1. If, say, P(0) has termination point 1,

with the convention 1
0 · 0 = 0, the expression (5.8) for Lt still makes sense Q-a.s. for

all t : with Q-probability one, P
(0)
(τ1−) > 0, and at the timepoint τ1 ≤ 1, L jumps

from the value 1/P
(0)
(τ1−) to 0, where it remains forever since 1(N◦t =0) = 0 for

t ≥ τ1. Thus (Lt )t<1 is a Q-martingale on the time interval [0, 1[ but for t ≥ 1 we

have Q̃t ⊥ Qt and L is certainly not a Q-martingale since for t ≥ 1, EQLt = 0 �=
EQL0 = 1. If �P(0)(1) > 0, then L is uniformly bounded (by 1/P

(0)
(1−)) and is

therefore not even a local martingale. Indeed, suppose L is a local Q-martingale with

reducing sequence (ρn) . Then EQLρn∧t = 1 for all n and t, but for t = 1,

EQLρn∧1 = EQ

[
Lρn ; ρn < 1

]
≤ 1

P
(0)
(1−)

Q (ρn < 1)

which→ 0 as n →∞ and we have a contradiction.

There are also expressions of the analytical form (5.7) that are Q-local martingales

but not Q-martingales. They typically arise if Q̃ corresponds to an exploding RCM;

see Theorem 5.2.1(ii) below.

5.2 Constructing RCMs from martingales

In the previous section we saw that if Q, and Q̃ are probabilities on (M,H) such

that Q̃ ≪loc Q, then the likelihood process L is a non-negative Q-martingale with

EQLt = 1 for all t, in particular L0 ≡ 1. In this section we start instead just with the
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probability Q and a non-negative cadlag Q-martingale M with M0 ≡ 1 — so that also

E Mt = EQ Mt = 1 for all t — and we wish to construct a probability Q̃ such that for

all t, (5.12) below holds. As Theorem 5.2.1 will show this is in fact possible, and it

is even possible to construct a possibly exploding Q̃ if M is just a Q-local martingale

with (τn) as a reducing sequence.

Suppose that M ≥ 0 is a cadlag Q-martingale with M0 ≡ 1. For each t, define a

probability Q̃t on Ht by

Q̃t (H) =
∫

H

Mt d Q (H ∈ Ht ) , (5.9)

as in Theorem 5.2.1 below, see (5.12). The martingale property of M ensures precisely

that for all s ≤ t, Q̃t = Q̃s on Hs . Hence (5.9) may be used to define a set function

Q̃ on the algebra
⋃

t≥0 Ht of subsets of M with restriction Q̃t to Ht for every t .

The problem is then to extend this set function to all of H so that it is σ -additive and

therefore a probability. For this it is enough to show that Q̃ is σ -additive on the algebra,

but doing this directly does not appear easy, so instead we use a consistency argument

by presenting the candidates for the Q̃-distribution of ξn for every n. This approach has

the advantage that it becomes possible to handle also the local martingales described

above, where the end result is a probability Q̃ on the space M of possibly exploding

RCMs that may of course but need not be concentrated on M; i.e., starting with a

probability on M it is possible to construct a probability on the larger space M in a

non-trivial manner.

Consider again a martingale M as above. With M in particular non-negative,

M∞ = limt→∞ Mt exists Q-a.s. by the martingale convergence theorem. By Fatou’s

lemma, E M∞ ≤ 1, and if E M∞ = 1, the construction of Q̃ is trivial: define

Q̃ (H) =
∫

H

M∞ d Q (H ∈ H) . (5.10)

If, by contrast E M∞ = 0, as is entirely possible, this identity is of course useless

and the Q̃ to be obtained from Theorem 5.2.1 will then in fact be singular with re-

spect to Q, Q̃ ⊥ Q. (Note that if E M∞ = 1 it follows from (5.10) that necessarily

E [M∞ |Ht ] = Mt for all t so that (5.9) holds: for any H ∈ Ht , by Fatou’s lemma

∫

H

M∞ d Q ≤ lim inf
u→∞

∫

H

Mu d Q =
∫

H

Mt d Q

so that E [M∞ |Ht ] ≤ Mt . But then Q (H0) = 0, where H0 = (E [M∞ |Ht ] < Mt ) ,

since

1 = E M∞

=
∫

H c
0

+
∫

H0

E [M∞ |Ht ] d Q

= E Mt +
∫

H0

(E [M∞ |Ht ]− Mt ) d Q
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so the integral is 0).

If M is a Q-local martingale with some reducing sequence (ρn) , non-negative

with M0 ≡ 1, then M is a Q-supermartingale: by Fatou’s lemma,

E Mt = E lim
n→∞

M
ρn
t ≤ lim inf

n→∞
E M

ρn
t = 1

so that Mt is Q-integrable, and then by the same reasoning applied to conditional

expectations (understood as integrals with respect to a regular conditional probability

of Q given Hs),

E [Mt |Hs ] ≤ lim inf
n→∞

E
[
M
ρn
t |Hs

]
= lim

n→∞
Mρn

s = Ms . (5.11)

Again, M∞ = limt→∞ Mt exists Q-a.s. (because M ≥ 0 is a supermartingale) with

now E M∞ ≤ inft≥0 E Mt = limt→∞ E Mt .

If M ≥ 0 is a cadlag Q-local martingale with M0 ≡ 1, then M is a true martingale

iff E Mt = 1 for all t : one way is trivial so suppose that all E Mt = 1 and consider for

given 0 ≤ s < t the difference

0 = E Ms − E Mt = E [Ms − E [Mt |Hs ]]

and conclude from (5.11) that Ms = E [Mt |Hs ] Q-a.s. .

We shall recapitulate the notation to be used: on the space
(
M,H

)
of RCMs al-

lowing explosions, the time of explosion is τ∞ = limn→∞ τn ≤ ∞ – we retain the

notations N
◦
, τn, ηn, ξn also when working with M instead of M (of course on M,

N
◦
t = ∞ is possible).

We shall also use the sequence spaces KE ,K
(n)
E and KE introduced in Sec-

tion 2.1 and here we will use the notation Z◦k =
(
T ◦1 , . . . , T ◦k ; Y ◦1 , . . . , Y

◦
k

)
on all

three spaces to denote the coordinate projections taking an infinite or finite sequence

(t1, t2, . . . ; y1, y2, . . . ) into zk = (t1, . . . , tk; y1, . . . , yk) . (On K
(n)
E , Z◦k is defined

only for k ≤ n). The special notation

(
∞,∇

)
n
= (∞, . . . ,∞;∇, . . . ,∇)

is used for the sequence of n ∞’s and n ∇’s.

Finally, we shall use the notation

ζ = inf {n : τn = ∞}

for the number of the last jump plus one (finite iff the RCM has only finitely many

jumps altogether) on the spaces M or M and, correspondingly,

S◦ = inf
{
k : T ◦k = ∞

}

on the spaces KE ,K
(n)
E and KE . (On K

(n)
E , S◦ will be used only on the subset⋃n

k=1

(
T ◦k = ∞

)
).
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Theorem 5.2.1 (i) Let Q be a probability on (M,H) and let M = (Mt )t≥0 be a non-

negative cadlag Q-martingale with M0 ≡ 1. Then there exists a uniquely defined

probability Q̃ on (M,H) such that for all t ≥ 0,

Q̃ (H) =
∫

H

Mt d Q (H ∈ Ht ) . (5.12)

For any n ∈ N, the Q̃-distribution of ξn is determined by

Q̃ (ξn ∈ Cn) = Q̃ (ξn ∈ Cn, ζ > n)+
n∑

k=1

Q̃ (ξn ∈ Cn, ζ = k) (5.13)

for Cn an arbitrary measurable subset of R
n

+ × E
n
, where

Q̃ (ξn ∈ Cn, ζ > n) = lim
t→∞

∫

(ξn∈Cn ,τn≤t)

Mt d Q, (5.14)

Q̃ (ξn ∈ Cn, ζ = k) = lim
t→∞

∫
(
ξk−1∈Cn,k−1,N

◦
t =k−1

) Mt d Q, (5.15)

and in (5.15), Cn,k−1 for 1 ≤ k ≤ n is the set

Cn,k−1 =
{

zk−1 ∈ Rk−1 × Ek−1 : join
(

zk−1,
(
∞,∇

)
n−k+1

)
∈ Cn

}
. (5.16)

(ii) Let Q be a probability on (M,H) and let M = (Mt )t≥0 be a non-negative cadlag

Q-local martingale with reducing sequence (τn) and M0 ≡ 1. Then there exists a

uniquely defined probability Q̃ on the space
(
M,H

)
of RCMs allowing explosions

such that for all t ≥ 0,

Q̃ (H ∩ (τ∞ > t)) =
∫

H∩M
Mt d Q

(
H ∈ Ht

)
. (5.17)

The probability Q̃ is concentrated on M, the space of stable RCMs, if and only if

M is a Q-martingale.

For any n ∈ N, the Q̃-distribution of ξn is determined by

Q̃ (ξn ∈ Cn) = Q̃ (ξn ∈ Cn, ζ > n)+
n∑

k=1

Q̃ (ξn ∈ Cn, ζ = k) (5.18)

for Cn an arbitrary measurable subset of R
n

+ × E
n
, where

Q̃ (ξn ∈ Cn, ζ > n) = lim
t→∞

∫

(ξn∈Cn ,τn≤t)

M
τn
t d Q, (5.19)

Q̃ (ξn ∈ Cn, ζ = k) = lim
t→∞

∫
(
ξk−1∈Cn,k−1,N

◦
t =k−1

) M
τn
t d Q, (5.20)

and Cn,k−1 for 1 ≤ k ≤ n is defined as in (5.16).
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Note. Note that while Cn in (5.13) and (5.18) is a subset of R
n

+ × E
n

allowing for

infinite timepoints, Cn,k−1, as given by (5.16), involves only finite timepoints. It is

clear from (5.14), (5.15), (5.19) and (5.20) that throughout Cn may be replaced by

Cn ∩ KE . (5.14) and (5.19) involve only the part of Cn comprising finite timepoints

with the part involving infinite timepoints appearing in (5.15) and (5.20). Finally note

that for k = 1, the set Cn,0 given by (5.16) should be understood as ‘everything’ if(
∞,∇

)
n
∈ Cn and as ‘nothing’ otherwise, so that e.g.,

Q̃ (ξn ∈ Cn, ζ = 1) = lim
t→∞

∫
(

N
◦
t =0

) Mt d Q

if
(
∞,∇

)
n
∈ Cn while if

(
∞,∇

)
n
/∈ Cn, the probability = 0.

Proof. (i) The basic idea is to construct Q̃ by using (5.13), (5.14) and (5.15) to define

the Q̃-distribution of ξn for any n, show that the results form a consistent family

of finite-dimensional distributions and then use Kolmogorov’s consistency theorem

to obtain a uniquely defined probability R on the product space R
N

+ × E
N

with the

correct finite-dimensional distributions. It is obvious that R is concentrated on the set

K(E) of possible sequences of jump times and marks allowing explosion; hence by

transformation from R we obtain a probability Q̃ = ϕ (R) on
(
M,H

)
with ϕ the

basic bimeasurable bijection between K(E) and M from Section 3.2. We then finally

show that Q̃ is concentrated on the space M of stable RCMs and satisfies (5.12),

an equation that as noted above in the introduction to this section determines Q̃ on

the algebra
⋃

t≥0 Ht of subsets of M, which is enough to see that Q̃ is uniquely

determined when extending to the full σ -algebra H.

Let M be a non-negative Q-martingale with M0 ≡ 1. For n given, define a set

function R(n) on B
n

+ ⊗ E
n

using the recipes (5.14) and (5.15), i.e.,

R(n)
(
Z◦n ∈ Cn

)
= R(n)

(
Z◦n ∈ Cn, T ◦n <∞

)
+

n∑

k=1

R(n)
(
Z◦n ∈ Cn, S◦ = k

)
(5.21)

with

R(n)
(
Z◦n ∈ Cn, T ◦n <∞

)
= lim

t→∞

∫

(ξn∈Cn ,τn≤t)

Mt d Q, (5.22)

R(n)
(
Z◦n ∈ Cn, S◦ = k

)
= lim

t→∞

∫
(
ξk−1∈Cn,k−1,N

◦
t =k−1

) Mt d Q. (5.23)

Here we first note that the limit in (5.22) exists because the integrals increase with t :

for t ≤ u,

∫

(ξn∈Cn ,τn≤t)

Mt d Q =
∫

(ξn∈Cn ,τn≤t)

Mu d Q

≤
∫

(ξn∈Cn ,τn≤u)

Mu d Q
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using that (ξn ∈ Cn, τn ≤ t) ∈ Ht and that M is a martingale. Since
(

N
◦
t = k − 1

)
=

(τk−1 ≤ t) \ (τk ≤ t) , the integral in (5.23) may be written as the difference between

two integrals, both of the form considered in (5.22), hence the limit in (5.23) also

exists.

Because the limit in (5.22) is increasing it follows by monotone convergence that

R(n)
(
Z◦n ∈ Cn, T ◦n <∞

)
is σ -additive as a function of Cn . Furthermore, if C j,n for

j ∈ N are mutually disjoint sets in B
n ⊗ E

n
, for each k, the sets C j,n,k−1 are mutually

disjoint sets in Bk−1 ⊗ Ek−1. Writing the integral in (5.23) as the difference between

two integrals as was done above, it follows that also R(n)
(
Z◦n ∈ Cn, S◦ = k

)
is σ -

additive in Cn for each k, 1 ≤ k ≤ n.

Thus R(n) defined by (5.21) is σ -additive on B
n ⊗ E

n
. Of course R(n) (∅) = 0,

R(n) ≥ 0, hence R(n) is a probability if the total mass is 1. But since (τn ≤ t) =(
N
◦
t ≥ n

)
, using (5.22) and (5.23) with Cn = R

n

+ × E
n

gives

R(n)
(
R

n

+ × E
n
)
= lim

t→∞

(∫
(

N
◦
t ≥n

)+
n∑

k=1

∫
(

N
◦
t =k−1

) Mt d Q

)

= lim
t→∞

E Mt

= 1.

The next step is to show consistency of the family
(
R(n)

)
n≥1

of probabilities, i.e.,

it must be shown that

R(n+1)
(
Z◦n+1 ∈ Cn+1

)
= R(n)

(
Z◦n ∈ Cn

)
(5.24)

for all n and all Cn ∈ B
n ⊗ E

n
with Cn+1 ∈ B

n+1 ⊗ E
n+1

the set of all zn+1 such

that Z◦n (zn+1) = zn ∈ Cn . But using (5.21), (5.22) and (5.23) with n replaced by

n + 1 and Cn replaced by Cn+1, since clearly Cn+1,k−1 = Cn,k−1 for 1 ≤ k ≤ n and

Cn+1,n = Cn, it follows that

R(n+1)
(
Z◦n+1 ∈ Cn+1

)
= lim

t→∞

(∫

(ξn∈Cn ,τn+1≤t)
+

n∑

k=1

∫
(
ξk−1∈Cn,k−1,N

◦
t =k−1

) Mt d Q

+
∫
(
ξn∈Cn ,N

◦
t =n

) Mt d Q

)
.

The limit of the sum over k is recognized from (5.23) as R(n)
(
Z◦n ∈ Cn, S◦ ≤ n

)
and

since

lim
t→∞

(∫

(ξn∈Cn ,τn+1≤t)
+
∫
(
ξn∈Cn ,N

◦
t =n

) Mt d Q

)

= lim
t→∞

∫

(ξn∈Cn ,τn≤t)

Mt d Q

= R(n)
(
Z◦n ∈ Cn, T ◦n <∞

)
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by (5.22), (5.24) follows.

By Kolmogorov’s consistency theorem there is therefore a unique probability R on

R
N

+× E
N

such that R
(
Z◦n ∈ Cn

)
= R(n)

(
Z◦n ∈ Cn

)
for all n and all Cn ∈ B

n⊗E
n
. By

the construction through (5.21), (5.22) and (5.23) it is clear that R(n) is concentrated

on K
(n)
E ; hence R is concentrated on KE and Q̃ = ϕ(R) with ϕ given by (3.5) (used on

all of KE ) is well defined as a probability on
(
M,H

)
, the space of RCMs allowing

explosion.

It remains to show that Q̃ is concentrated on M ⊂ M and satisfies (5.12). Let

H ⊂M be such that H ∈ Ht . For every n, by (4.31),

H ∩
(

N
◦
t = n

)
= (ξn ∈ Cn, τn+1 > t) (5.25)

= (ξn ∈ Cn) \ (ξn ∈ Cn, τn+1 ≤ t)

= (ξn ∈ Cn, ζ > n) \ (ξn ∈ Cn, τn+1 ≤ t, ζ > n + 1)

for some measurable Cn ⊂ ]0, t]n × En . But then by (5.14),

Q̃
(

H ∩
(

N
◦
t = n

))
= lim

u→∞

(∫

(ξn∈Cn ,τn≤u)

−
∫

(ξn∈Cn ,τn+1≤t,τn+1≤u)
Mu d Q

)

which, since Cn ⊂ ]0, t]n × En so that the sets of integration are in Ht , and because

M is a martingale, reduces to

lim
u→∞

(∫

(ξn∈Cn)

−
∫

(ξn∈Cn ,τn+1≤t)
Mu d Q

)
=
∫

(ξn∈Cn ,τn+1>t)
Mt d Q

=
∫
(

H∩
(

N
◦
t =n

)) Mt d Q.

Thus, summing over finite n and using that H ⊂M, we get

Q̃ (H) =
∞∑

n=0

Q̃
(

H ∩
(

N
◦
t = n

))
=
∫

H

Mt d Q,

proving (5.12). Taking H =M finally shows that Q̃ (M) = E Mt = 1.

(ii) Let M be a Q-local martingale (τn) , non-negative with M0 ≡ 1. Applying

(i) to the stopped martingale Mτn , we obtain for each n a probability Q̃τn on (M,H)

such that for t ≥ 0,

Q̃τn (H) =
∫

H

M
τn
t d Q (H ∈ Ht ) . (5.26)

Here Q̃τn = ϕ (Rτn ) where Rτn is the uniquely determined probability on R
N

+ × E
N

satisfying that

Rτn
(
Z◦k ∈ Ck

)
= lim

t→∞

(∫

(ξk∈Ck ,τk≤t)

+
k∑

j=1

∫
(
ξ j−1∈Ck, j−1,N

◦
t = j−1

) M
τn
t d Q

)
(5.27)
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for all k, all Ck ∈ B
k

+ ⊗ E
k
. But all sets of integration belong to Hτk∧t ; hence by

optional sampling applied to the bounded stopping times τk ∧ t and τn ∧ t, one may

replace the integrand M
τn
t by M

τk
t provided n ≥ k. For each k ∈ N we can therefore

define a probability R(k) on R
k

+ × E
k

by

R(k)
(
Z◦k ∈ Ck

)
= Rτn

(
Z◦k ∈ Ck

)

for an arbitrary n ≥ k. It is then clear that the R(k) are consistent: with Ck ∈ B
k

+⊗ E
k
,

define as in the proof of (i), Ck+1 = {zk+1 : zk ∈ Ck} and note that for n ≥ k + 1,

R(k+1)
(
Z◦k+1 ∈ Ck+1

)
= Rτn

(
Z◦k+1 ∈ Ck+1

)
= Rτn

(
Z◦k ∈ Ck

)
= R(k)

(
Z◦k ∈ Ck

)
.

By the consistency theorem there is a unique probability R on R
N

+ × E
N
, by its

construction concentrated on K (E) , such that for all k and all Ck ∈ B
k

+ ⊗ E
k
,

R
(
Z◦k ∈ Ck

)
= R(k)

(
Z◦k ∈ Ck

)
.We of course now define Q̃ = ϕ (R) as a probability

on
(
M,H

)
and note that e.g., for any Ck ∈ B

k

+ ⊗ E
k
, writing C ′k = Ck ∩

(
Rk
+ × Ek

)

and using (5.27) and the fact that C ′k, j−1 = ∅ for 1 ≤ j ≤ k, it follows that

Q̃ (ξk ∈ Ck, ζ > k) = R
(
Z◦k ∈ Ck, T ◦k <∞

)

= R(k)
(
Z◦k ∈ C ′k

)

= Rτn
(
Z◦k ∈ C ′k

)

= lim
t→∞

∫

(ξk∈Ck ,τk≤t)

M
τn
t d Q (5.28)

for any n ≥ k. Taking n = k yields (5.19), and (5.20) is then shown similarly, using

that for j ≤ k,

Q̃ (ξk ∈ Ck, ζ = j) = Q̃
(
ξ j−1 ∈ Ck, j−1, ζ = j

)

= Q̃
(
ξ j−1 ∈ Ck, j−1, ζ > j − 1

)
− Q̃

(
ξ j−1 ∈ Ck, j−1, ζ > j

)

and evaluating both terms using (5.28).

Finally, for H ⊂ M with H ∈ Ht , we may still represent H ∩
(

N
◦
t = n

)
as in

(5.25) with Cn ⊂ ]0, t]n × En, and then get

Q̃
(

H ∩
(

N
◦
t = n

))
= R

(
Z◦n ∈ Cn

)
− R

(
Z◦n ∈ Cn, T ◦n+1 ≤ t

)

= Rτn+1
(
Z◦n ∈ Cn

)
− Rτn+1

(
Z◦n ∈ Cn, T ◦n+1 ≤ t

)
.

Here, by (5.27) and optional sampling,

Rτn+1
(
Z◦n ∈ Cn, T ◦n+1 ≤ t

)
= lim

u→∞

∫

(ξn∈Cn ,τn+1≤t,τn+1≤u)
M
τn+1
u d Q

=
∫

(ξn∈Cn ,τn+1≤t)
M
τn+1
t d Q,
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and similarly (because τn ≤ t on (ξn ∈ Cn)),

Rτn+1
(
Z◦n ∈ Cn

)
=
∫

(ξn∈Cn)

M
τn+1
t d Q.

Thus

Q̃
(

H ∩
(

N
◦
t = n

))
=
∫

(ξn∈Cn)

−
∫

(ξn∈Cn ,τn+1≤t)
M
τn+1
t d Q

=
∫

(ξn∈Cn ,τn+1>t)
Mτn+1∧t d Q

=
∫
(

H∩
(

N
◦
t =n

)) Mt d Q .

Summing on n ∈ N we finally get, using that Q viewed as a probability on M is

concentrated on M ⊂
(

N
◦
t <∞

)
for all t,

Q̃ (H ∩ (τ∞ > t)) = Q̃
(

H ∩
(

N
◦
t <∞

))

=
∫

H∩
(

N
◦
t <∞

) Mt d Q

=
∫

H∩M
Mt d Q,

which proves (5.17). Taking H =M gives

Q̃ (τ∞ > t) = E Mt

and therefore

Q̃ (M) = Q̃ (τ∞ = ∞) = lim
t→∞

Q̃ (τ∞ > t) = lim
t→∞

E Mt

which equals 1 iff M is a true martingale: all E Mt = 1 (cf. p. 112). �

Remark 5.2.1 In (5.17) only subsets H of M such that H ∈ Ht are allowed. It is

tempting, but wrong — and certainly gives a non-sensical result — to use the formula

with H =M: as a subset of M,M does not belong to Ht !
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Independence

In the first part of this chapter it is shown how stochastic independence between finitely

many marked point processes may be characterized in terms of the structure of the

compensating measures. The last part of the chapter is devoted to the study of CPs and

RCMs with independent increments (stationary or not), which are characterized as

those having deterministic compensating measures, and of other stochastic processes

with independent increments, with, in particular, a discussion of compound Poisson

processes and more general Lévy processes.

The discussion of general Lévy processes at the end of the chapter is intended for

information only and is not required reading. One may also omit reading the technical

parts of the proof of Theorem 6.2.1(i) and the proof of Proposition 6.2.3(i).

References. Two main references on Lévy processes are the books by Bertoin [8]

and Sato [108].

6.1 Independent point processes

Let r ∈ N with r ≥ 2 and consider r given MPPs, each viewed as an RCM µi with

mark space (E i , E i ), 1 ≤ i ≤ r, all defined on the same probability space (�,F,P) .

In particular µi may correspond to an SPP, in which case E i is a one-point set and µi

may be thought of as a counting process.

Let (T i
n )n≥1 denote the sequence of jump times for µi and (Y i

n)n≥1 the sequence

of marks, so Y i
n ∈ E

i = E i ∪ {▽} , where ▽ is the irrelevant mark, common to all µi .

Now define E = {(i, yi ) : 1 ≤ i ≤ r, yi ∈ E i }, the disjoint union of the E i , and

let E be the σ -algebra of subsets of E generated by all sets of the form {i} × Ai where

1 ≤ i ≤ r, Ai ∈ E i . Thus any A ∈ E has the form

A =
r⋃

i=1

{i} × Ai

where Ai ∈ E i for each i (A is the disjoint union of the Ai ), and then
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Ai =
{

yi ∈ E i :
(

i, yi
)
∈ A

}
.

Next put

µ =
r∑

i=1

∞∑

n=1
T i

n<∞

ε(T i
n ,(i,Y

i
n))
. (6.1)

Clearly µ is a random, N0-valued measure such that

µ([0, t]× A) <∞ (t ∈ R0, A ∈ E). (6.2)

However, for µ to be an RCM (with mark space E), we need (p.12) µ({t} × E) ≤ 1

for all t, at least P-almost surely; and for this to hold, it is necessary to assume that no

two finite jump times for different µi can agree, i.e.,

P

r⋃

i, j=1
i �= j

∞⋃

k,n=1

(
T i

k = T
j

n

)
<∞ = 0. (6.3)

If (6.3) holds, µ is an RCM, and the corresponding MPP has mark space E and is the

aggregate of all the µi : µ consists of all the points determined from the µi , 1 ≤ i ≤
r .

Remark 6.1.1 If all E i = E ′ and (6.3) is satisfied one can also define the super-

position of the µi as the RCM µ′ with mark space E ′ given by

µ′ =
r∑

i=1

µi =
r∑

i=1

∞∑

n=1
T i

n<∞

ε(T i
n ,Y

i
n)
. (6.4)

The difference from the corresponding aggregate µ given by (6.1) is of course that µ

keeps track of which of the original µi a mark came from, while µ′ does not.

Remark 6.1.2 Even if (6.3) does not hold it is possible to define an aggregate of the

µi using a larger mark space than E above, viz. the new marks should be objects of

the form
(
(i1, . . . , ir ′) ;

(
yi1 , . . . , yir ′

))

for r ′ ≥ 1, 1 ≤ i1 < · · · < ir ′ ≤ r and yi j ∈ E i j for 1 ≤ j ≤ r ′, this mark designating

that precisely the µi singled out in the set D = {i1, . . . , ir ′} jump simultaneously with

marks yi for i ∈ D.

From now on assume that (6.3) holds, and even, after discarding a P-null set, that

for all ω ∈ �

T i
k (ω) �= T

j
n (ω) (6.5)
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for (i, k) �= ( j, n) whenever T i
k (ω) or T

j
n (ω) is finite.

Note that with this assumption, if

N i
t (A

i ) = µi ([0, t]× Ai ) (1 ≤ i ≤ r, Ai ∈ E i ), (6.6)

then Nt (A) = µ([0, t]× A) for A ∈ E is given by

Nt (A) =
r∑

i=1

N i
t (A

i ), (6.7)

with Ai := {yi ∈ E i : (i, yi ) ∈ A} as above.

It is immediately verified that for all t,

F
µ
t = σ

(
F
µi

t

)
1≤i≤r

. (6.8)

For 1 ≤ i ≤ r , let L i denote the F
µi

t -compensating measure for µi and let

�i
t (A

i ) = L i ([0, t]× Ai ) (t ∈ R0 , Ai ∈ E i ) (6.9)

denote the corresponding F
µi

t -compensator for the counting process N i (Ai ).

Theorem 6.1.1 Let µ1, . . . , µr be RCMs satisfying (6.5) and for each i and Ai ∈ E i ,

let �i
t (A

i ) be given by (6.9).

(i) If µ1, . . . , µr are stochastically independent, then the F
µ
t -compensating measure

L for the aggregate µ of µ1, . . . , µr is given by

�t (A) =
r∑

i=1

�i
t

(
Ai
)

(t ∈ R0, A ∈ E) , (6.10)

with Ai =
{

yi : (i, yi ) ∈ A
}
, where

�t (A) = L ([0, t]× A) . (6.11)

(ii) If conversely (6.10) holds and in addition (6.3) holds for µ̃1, . . . , µ̃r when the µ̃i

are stochastically independent with each µ̃i having the same marginal distribution

as µi , then µ1, . . . , µr are independent.

Proof. Assume first that the µi are independent. By Theorem 4.5.2 and the discussion

in Section 4.8, we must show that �(A) given by (6.10) is F
µ
t -predictable (which is

obvious since the i th term in the sum on the right is F
µi

t -predictable and F
µi

t ⊂ F
µ
t )

and that M(A) := N (A)−�(A) is a local F
µ
t -martingale.

To prove this last assertion, suppose first that EN t <∞ for all t. Then by Theorem

4.5.2, for all i, M i
(

Ai
)

:= N i
(

Ai
)
− �i

(
Ai
)

is an F
µi

t -martingale and further, the

M i
(

Ai
)

are independent since the µi are. We want to show that for s < t, F ∈ F
µ
s ,
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∫

F

Mt (A) dP =
∫

F

Ms(A) dP. (6.12)

Now M(A) =
∑r

i=1 M i
(

Ai
)
, so if F =

⋂r
i=1 F i where F i ∈ F

µi

s , using the inde-

pendence and the martingale property of each M i
(

Ai
)
, it follows that

∫

F

Mt (A) dP =
r∑

i=1

∫

F

M i
t

(
Ai
)

dP

=
r∑

i=1

P

( ⋂

j : j �=i

F j

)∫

F i

M i
t

(
Ai
)

dP

=
r∑

i=1

P

( ⋂

j : j �=i

F j

)∫

F i

M i
s

(
Ai
)

dP

=
∫

F

Ms(A) dP.

This proves (6.12) for F ∈ F
µ
s of the form F =

⋂
i F i with F i ∈ F

µi

s . But the class

of sets F ∈ F
µ
s for which (6.12) holds is closed under the formation of set differences

and increasing limits of sets. Since the collection of sets F =
⋂

i F i generates F
µ
s ,

cf. (6.8), contains � and is closed under the formation of finite intersections, (6.12)

holds for all F ∈ F
µ
s .

Suppose now that the assumption EN t <∞ for all t does not hold. For any n ∈ N,

1 ≤ i ≤ r the stopped process MT i
n (Ai ) is an F

µi

t -martingale; see Theorem 4.5.2. But

the processes MT i
n (Ai ) are independent, and repeating the argument above one finds

that

r∑

i=1

MT i
n

(
Ai
)

is an F
µ
t -martingale for each n. With Tn = inf

{
t ≥ 0 : N t = n

}
, for all i, Tn ≤ T i

n ,

so by optional sampling (see p. 308 for general remarks concerning stopped martin-

gales), MTn (A) =
(∑r

i=1 MT i
n
(

Ai
))Tn

is an F
µ
t -martingale, i.e., M(A) is an F

µ
t -

local martingale.

Now suppose conversely that the compensator �(A) is the sum of the compen-

sators �i
(

Ai
)

as in (6.10). From the first part of the proof and the assumption that

independent µ̃i with each µ̃i having the same law as µi satisfy (6.3), we know (6.10)

to be true if the µi are independent, and from Theorem 4.3.2 and the fact that the dis-

tribution of µ determines the joint distribution of the µi (simply because the µi are

functions of µ), it now follows that if (6.10) holds, the µi are indeed independent. �

Remark 6.1.3 More informally the theorem could be stated as follows: if the µi and

the independent copies µ̃i both satisfy (6.5) (or just (6.3)), the µi are independent iff
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the compensating measure of the aggregateµ is the sum of the compensating measures

for the µi . The precise meaning of this phrase is provided by (6.11) and (6.10).

Remark 6.1.4 Note that if the µi are independent, (6.3) is satisfied if the restriction

to R+ of the distribution of each T i
n is continuous, but not if e.g., there exists a t0 and

i �= i ′ such that both µi and µi ′ have probability > 0 of performing a jump at time t0.

Example 6.1.1 Suppose the µi are independent, and each µi has an F
µi

t -predictable

intensity process
(
λi
(

Ai
))

Ai∈E i , so �i
t

(
Ai
)
=
∫ t

0 λ
i
s

(
Ai
)

ds. Then (6.3) is satisfied

and the aggregate µ has an F
µ
t -predictable intensity process (λ(A))A∈E given by

λt (A) =
r∑

i=1

λi
t

(
Ai
)

with Ai =
{

yi :
(
i, yi

)
∈ A

}
.

Example 6.1.2 Suppose the µi are independent with each µi a homogeneous Poisson

random measure. Then (6.3) is satisfied and the aggregate µ is also a homogeneous

Poisson random measure: if the F
µi

t -compensating measure for µi is the deterministic

product measure ℓ ⊗ ρi (cf. Example 4.3.3), then µ has F
µ
t -compensating measure

ℓ⊗ρ,where ρ (A) =
∑

i ρ
i
(

Ai
)

with Ai determined from A as above. If all E i = E ′,

the superposition µ′ =
∑

i µ
i is also homogeneous Poisson with F

µ′
t -compensating

measure ℓ⊗ ρ′, where ρ′ =
∑

i ρ
i .

6.2 Independent increments, Lévy processes

Let µ be an RCM with mark space E, defined on some probability space (�,F,P).

We use the standard notation Tn for the time of the nth jump, Yn for the nth mark, and

write Zn = (T1, . . . , Tn; Y1 . . . Yn) and Z〈t〉 = Z N t
. Recall the definitions (4.54) and

(4.55) of the shift θs and the translated shift θ∗s , respectively.

Definition 6.2.1 (i) µ has independent increments if for every s ∈ R0, θsµ is in-

dependent of F
µ
s .

(ii) µ has stationary independent increments if it has independent increments and

the distribution of θ∗s µ is the same for all s ∈ R0.

The definition applies in particular to counting processes. Thus, a counting process

has independent increments if for every s, θs N is independent of FN
s .

Note. Note that the definition refers to the filtration
(
F
µ
t

)
only, and thus, for an RCM µ

to have independent increments is a property of the distribution ofµ; cf. Theorem 6.2.1

below. One may easily define what it means forµ to have independent increments with

respect to an arbitrary filtration to which µ is adapted, and then in particular µ has

independent increments in the sense of Definition 6.2.1. Later, when discussing e.g.,

R-valued processes with independent increments, we shall consider general filtrations.



124 6 Independence

It is easy to show (cf. Exercise 6.2.1 below) that µ has independent increments iff

for all s < t and all A1, . . . , Ar ∈ E it holds that Nst = (Nt (Ai )− Ns(Ai ))1≤i≤r is

independent of F
µ
s . µ has stationary independent increments iff this condition holds

and in addition the distribution of the vector Nst of increments depends on s and t

through t − s only.

Exercise 6.2.1 Show that µ has independent increments iff for all s < t it holds that

for all n′, r ∈ N, all s1 ≤ · · · ≤ sn′ ≤ s, all A′1, . . . , A′
n′ ∈ E and all A1, . . . , Ar ∈

E the vector Nst = (Nt (Ai )− Ns(Ai ))1≤i≤r is independent of
(

Ns j

(
A′j

))
1≤ j≤n′

.

(Hint: the problem is to show that if this condition on Nst and the Ns j

(
A′j

)
holds,

then µ has independent increments. So assuming the condition to hold, first use the

definition of F
µ
s to show that Nst is independent of F

µ
s . Then argue that for any choice

of t1 < · · · < tn′′ with t1 > s = t0 the collection
(
Ntk−1tk

)
1≤k≤n′′ is independent of

F
µ
s (with each Ntk−1tk defined similarly to Nst , but with different choices for r and

the Ai for each Ntk−1tk ) and deduce from this that θsµ is independent of F
µ
s ).

Show also that µ has stationary independent increments iff it has independent

increments and for all choices of s < t and A1, . . . , Ar ∈ E , the distribution of

Nst depends on s and t through t − s only.

The next result characterizes RCMs with independent increments as those having

deterministic compensators. We shall denote deterministic compensating measures by

Ŵ and note that Ŵ is a σ -finite positive measure on R0× E such that Ŵ ({0} × E) = 0,

Ŵ ([0, t]× E) < ∞ for all t ∈ R0 and Ŵ ({t} × E) ≤ 1 for all t. Below we use the

notation

γ (t) = ν∗ (]0, t]) = Ŵ ([0, t]× E) , γ (t; A) = Ŵ ([0, t]× A) . (6.13)

Especially important is the decomposition

γ (t; A) =
∫

]0,t]
π∗(s; A) ν∗(ds), (6.14)

with π∗ a Markov kernel from R0 to E . (The notation ν∗ (ds) is preferred to γ (ds) to

indicate that ν∗ indeed has something to do with a hazard measure, see Remark 6.2.2

below).

Theorem 6.2.1 (i) µ has independent increments if and only if the F
µ
t -compen-

sating measure Ŵ for µ is deterministic. If µ has independent increments, it

holds in particular that EN t <∞ for all t and that γ (t; A) = ENt (A) for all t

and all A ∈ E where γ (t; A) is as in (6.13).

(ii) µ has stationary independent increments if and only if µ is a homogeneous

Poisson random measure.

Note. By a deterministic compensating measure we mean a non-random measure,

i.e., the measure Ŵ (·, ω) on R0 × E does not depend on ω ∈ �. Among the ho-

mogeneous Poisson measures in (ii) we include the dead measure µ ≡ 0, which has

the 0-measure as compensating measure.
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Proof. (i) Suppose that µ has independent increments. By Proposition 6.2.3(i) below

it then follows that EN t < ∞ for all t, and so γ (t; A) = ENt (A) < ∞ for all t and

all A ∈ E . But then, for s < t,

E
[
Nt (A)− Ns(A)

∣∣Fµs
]
= E [Nt (A)− Ns(A)] = γ (t; A)− γ (s; A) (6.15)

and it follows directly that M(A) = (Mt (A))t≥0 given by

Mt (A) = Nt (A)− γ (t; A)

is an F
µ
t -martingale, and therefore, by Theorem 4.5.2, that Ŵ is given by

Ŵ ([0, t]× A) = γ (t; A),

in particular Ŵ is deterministic. (One must of course argue that A �→ γ (t; A) is a

measure, but that is obvious from the definition γ (t; A) = ENt (A) and monotone

convergence).

If conversely µ has deterministic F
µ
t -compensating measure Ŵ, since always

�t < ∞ for all t a.s., defining γ (t) := E�t we have γ (t) = �t < ∞ for all t

and consequently, for every t, EN t = γ (t) < ∞. The function t �→ γ (t) is right-

continuous and increasing with γ (0) = 0, hence may be identified with a positive

measure ν∗ on R+ through the relation ν∗ (]0, t]) = γ (t). But then there is also a

Markov kernel π∗ from R0 to E such that (6.14) holds for all t, all A ∈ E, and from

this one reads off the Markov kernels P(n) and π (n) generating the distribution of

µ, using the recipe from (4.47) and (4.48). By the basic properties of compensating

measures, �ν∗(t) ≤ 1 always and the set A∗ = {t ∈ R0 : �ν∗(t) = 1} is at most

countably infinite with, since ν∗ (]0, t]) < ∞ for all t, only finitely many elements

inside any interval ]0, t] . Thus we may label the elements of the set A∗ in increasing

order, 0 < a1 < a2 < · · · and it is then first seen that P(0) has hazard measure ν∗

with a possibly finite termination point t† (in which case necessarily t† = a1). Next

we deduce that P
(n)
zn

has a hazard measure ν
(n)
zn

which is the restriction to ]tn,∞[ of

ν∗, i.e., if tn <∞,

P(n)zn
= P∗ jn (· |]tn,∞] )

(see Proposition 4.1.3), where jn is chosen so that a jn ≤ tn < a jn+1, and P∗ j is the

probability on
]
a j ,∞

]
with a hazard measure that is the restriction of ν∗ to

]
a j ,∞

[
,

in particular P∗0 = P(0). From (4.48) and (6.14) one finds that π
(n)
zn ,t
= π∗ (t; ·) and

so, by Lemma 4.3.3, for any s, the conditional distribution of θs given N s = k, Zk =
zk is determined by the Markov kernels

P̃
(0)
|k,zk

= P∗ j (s) (· |]s,∞] ) ,

where a j (s) ≤ s < a j (s)+1, and for n ≥ 1

P̃
(n)
z̃n |k,zk

= P∗ j̃n
(
·
∣∣]̃tn,∞

] )
,
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where a
j̃n
≤ t̃n < a

j̃n+1, and finally for n ≥ 0

π̃
(n)
z̃n ,t |k,zk

= π∗ (t; ·) .

None of these kernels depend on k or zk, and we have therefore shown that µ has

independent increments. (The arguments above simplify if you assume that�ν∗ (t) <
1 for all t : then ν∗ is the hazard measure for a probability P∗ on R+ with termination

point∞, and all the fuss about jn and j (s) can be ignored).

(ii) If µ has stationary independent increments, with γ (t; A) = ENt (A) as in the

proof of (i), the stationarity implies that for s ≤ t, A ∈ E,

γ (t; A)− γ (s; A) = ρ̃ (t − s; A)

for some function ρ̃. Since γ (0; A) = 0, taking s = 0 gives ρ̃(t; A) = γ (t; A), and

the linearity property

ρ̃(u + v; A) = ρ̃(u; A)+ ρ̃(v; A) (u, v ≥ 0)

with ρ̃(0; A) = 0 follows. Hence, since t �→ ρ̃(t; A) is increasing and right-

continuous,

ρ̃(t; A) = tρ(A)

for some constant ρ(A), with A �→ ρ(A) a measure (cf. the argument in (i) above).

Thus Mt (A) = Nt (A)− tρ(A) defines an F
µ
t -martingale, therefore µ has compensat-

ing measure ℓ ⊗ ρ and consequently µ is a homogeneous Poisson random measure;

see Example 4.3.3.

If conversely µ is a homogeneous Poisson random measure, it was shown in Ex-

ample 4.3.5 that µ has stationary independent increments; see also Proposition 4.7.2.

�

Remark 6.2.1 Theorem 6.2.1 applies in particular to a counting process N : (i) N has

independent increments iff the FN
t -compensator γ for N is deterministic. If N has

independent increments, then ENt = γ (t) < ∞ for all t. N has stationary indepen-

dent increments iff N is a homogeneous Poisson process (including the dead process

corresponding to the Poisson parameter being equal to 0).

Remark 6.2.2 Suppose µ has independent increments, write ν∗ (]0, t]) = γ (t) =
EN t as in the proof of Theorem 6.2.1, and let 0 = a0 < a1 < a2 < · · · denote the

atoms for ν∗ (if any) such that �ν∗(t) = 1. As shown in the proof of Theorem 6.2.1,

the Markov kernels generating the distribution of µ are then given by

P(n)zn
= P∗ jn (· |]tn,∞] ) , π

(n)
zn ,t
= π∗ (t; ·) ,

where jn is determined so that a jn ≤ tn < a jn+1, P∗ j is the probability on
]
a j ,∞

]

with hazard measure ν∗ restricted to
]
a j ,∞

[
, and π∗ is given by the decomposition

(6.14).
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Exercise 6.2.2 Suppose µ has independent increments and let Ŵ be the deterministic

F
µ
t -compensating measure for µ. Show that

E

∫

R0×E

f (t, y) µ (dt, dy) =
∫

R0×E

f (t, y) Ŵ (dt, dy)

for all measurable functions f : R0 × E → R0.

In the proof of Theorem 6.2.1 it was used in a crucial fashion that if µ has indepen-

dent increments, then EN t < ∞ for all t. This fact is part of Propostion 6.2.3 below,

but before coming to that we give two important definitions.

Definition 6.2.2 (i) An Rd -valued process X on a filtered probability space

(�,F,Ft ,P) has independent increments with respect to (Ft ) if it is adapted,

cadlag and for every s < t, X t − Xs is independent of Fs .

(ii) An Rd -valued process X on a filtered probability space (�,F,Ft ,P) has sta-

tionary, independent increments with respect to (Ft ) if it has independent incre-

ments and for every s < t, the distribution of X t − Xs depends on s, t through

t − s only.

A process with stationary independent increments is also called a Lévy process.

Below, when just writing that a process X has independent increments, we always

mean that it has independent increments with respect to the filtration
(
F X

t

)
.

Remark 6.2.3 If X has independent increments with respect to (Ft ) , it also has inde-

pendent increments with respect to
(
F X

t

)
. Note also, as will be used frequently below,

if X has independent increments with respect to (Ft ), then for every s, the process

(Xs+u − Xs)u≥0 is independent of Fs (cf. Exercise 6.2.1). If in addition the incre-

ments are stationary, then the distribution of this future increment process does not

depend on s.

Definition 6.2.3 (i) An N0-valued process X on (�,F,P) is a Poisson process if

X0 = 0 a.s. and provided X has independent increments with respect to
(
F X

s

)

such that for every s < t, X t − Xs follows a Poisson distribution.

(ii) A counting process N on (�,F,P) is a curtailed Poisson process if N has the

same distribution as the process given by

∑

0<s≤t

1(�Xs≥1) + w∗(t) (t ∈ R0), (6.16)

where X is a Poisson process, w∗ ∈ W is a given counting process path, and X

and w∗ are compatible in the sense that for all t∗ with�w∗(t∗) = 1 it holds that

P (�X t∗ ≥ 1) = 0. (6.17)

Note. In this definition and everywhere below, the class of Poisson distributions in-

cludes the distribution degenerate at 0 (Poisson parameter 0).
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Note. Recall (Example 3.1.2) that a homogeneous Poisson process is a counting pro-

cess N such that Nt − Ns for s < t is independent of FN
s and Poisson distributed

with parameter λ (t − s) . Among all Poisson processes X , the homogeneous ones are

characterized by having increments that are also stationary: for s < t, the distribution

of X t − Xs depends on s, t through t− s only; cf. Theorem 6.2.1(ii), Proposition 6.2.2

and Proposition 6.2.3.

Remark 6.2.4 If X is non-homogeneous Poisson, we have in particular that γX (t) :=
EX t < ∞ for all t. The distribution of X is completely determined by the mean

function γX , in particular for s < t the increment X t − Xs is Poisson distributed with

parameter γX (t) − γX (s). Note also that X is necessarily increasing, by definition

cadlag and in fact a step process.

The sum in (6.16) counts the number of jumps for X on [0, t] . The contribution

from w∗ occurs at given time points 0 < a1 < a2 < · · · (possibly none at all, finitely

many or infinitely many, but only finitely many a j in any finite time interval). Thus

(6.17) is equivalent to the assertion that X and w∗ never jump at the same time,

P
⋃

t≥0,�w∗(t)=1

(�X t �= 0) = P
⋃

j

(
�Xa j

≥ 1
)
= 0.

The term w∗ in (6.16) describes the time points a j at which N is certain to jump.

These deterministic jump times cannot be accounted for by the Poisson process X : it is

a consequence of Proposition 6.2.2 below that if X is Poisson, then P (�X t = 0) > 0

for all t.

If the Poisson process X is itself a counting process (e.g., if X is homogeneous

Poisson), X is also curtailed Poisson: (6.16) holds with w∗ ≡ 0 and the sum of jumps

for X equals X itself.

It is easy to see that if X is non-homogeneous Poisson, then the mean function γX

is increasing and right-continuous with γX (0) = 0: but any such function is a mean

function.

Proposition 6.2.2 Let γ : R0 → R0 be increasing and right-continuous with γ (0) =
0.

(i) There exists a Poisson process X with mean function γ.

(ii) X is a counting process if and only if γ is continuous.

(iii) If for a given t > 0, �γ (t) > 0, then �X t follows a Poisson distribution with

parameter �γ (t).

(iv) If for a given t > 0, �γ (t) = 0, then P (�X t = 0) = 1.

Proof. Let N be a homogeneous Poisson process with rate 1 (mean function t). Defin-

ing

X t = Nγ (t) (6.18)

for t ≥ 0, it is clear that X0 ≡ 0 and that X is N0-valued and cadlag. And for s < t,

X t − Xs = Nγ (t) − Nγ (s) is independent of FN
γ (s) ⊃ F X

s and follows a Poisson

distribution with parameter γ (t)− γ (s).
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For a given t > 0,

�X t =
{

0 if γ (t − ǫ) = γ (t) for some 0 < ǫ < t,

Nγ (t) − Nγ (t−)− if γ (t − ǫ) < γ (t) for all 0 < ǫ < t.

It follows that if γ is continuous at t, then �X t ≤ �Nγ (t) ≤ 1, in particu-

lar X is a counting process if γ is everywhere continuous. Next, for any t, since

�X t = limh↓0,h>0

(
Nγ (t) − Nγ (t−h)

)
it follows that �X t is the limit of Poisson

variables with parameters γ (t) − γ (t − h), hence itself Poisson with parameter

lim (γ (t)− γ (t − h)) = �γ (t). In particular, if �γ (t) = 0, then �X t = 0 a.s.,

while if �γ (t) > 0, then �X t is non-degenerate Poisson so that P (�X t ≥ 2) > 0

and X is not a counting process. �

A further discussion of non-homogeneous and curtailed Poisson processes is con-

tained in the next result and its proof.

Proposition 6.2.3 Suppose N is a counting process with independent increments.

Then

(i) γ (t) := ENt <∞ for all t and γ is the deterministic FN
t -compensator for N .

(ii) If γ is continuous, N is Poisson with mean function γ, in particular for s < t,

Nt − Ns is Poisson distributed with parameter γ (t)− γ (s).
(iii) If γ has discontinuities, N is a curtailed Poisson process such that in the repre-

sentation (6.16), w∗ jumps precisely at the times a where �γ (a) = 1, and the

Poisson process X has mean function

γX (t) = γ c(t)−
∑

0<s≤t,�γ (s)<1

log (1−�γ (s)) , (6.19)

γ c denoting the continuous part of γ , γ c(t) = γ (t)−
∑

0<s≤t �γ (s).

Proof. (i) Let P(n) denote the Markov kernels for the distribution of N , and let t†

be the termination point for P(0). For s < t < t†, by the independent increment

assumption

P (Nt − Ns = 0) = P (Nt − Ns = 0 |Ns = 0 )

= P (T1 > t |T1 > s )

= P
(0)
(t)

P
(0)
(s)
.

But then also, conditionally on Ns = k, Zk = zk ∈ K(k) with tk ≤ s, by Lemma 4.3.3

P
(0)
(t)

P
(0)
(s)
= P (Nt − Ns = 0 |Ns = k, Zk = zk )

=
P
(k)

zk
(t)

P
(k)

zk
(s)
.
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Since P
(k)

zk
(tk) = 1 this forces

P
(k)

zk
(t) = P

(0)
(t)

P
(0)
(tk)

(6.20)

for all t < t†, all k and almost all possible values of zk of Zk with tk ≤ t.

Let ν(0) be the hazard measure for P(0).We claim that if t† <∞, then

ν(0)
(]

0, t†
[)
<∞

(implying if t† <∞ that�P(0)
(
t†
)
> 0 and�ν(0)

(
t†
)
= 1, see Theorem 4.1.1(iii)):

suppose that t† < ∞ and ν(0)
(]

0, t†
[)
= ∞, in particular �P(0)

(
t†
)
= 0. Using

(6.20) it is clear that if Tk < t†, so is Tk+1, and since P
(
T1 < t†

)
= 1 it follows that

N explodes on
[
0, t†

[
which is a contradiction.

Next, suppose first that t† = ∞ and fix t ∈ R0. We then have P
(0)
(t) = p > 0

and find from (6.20) that

P (Tk+1 ≤ t) = E

[
1− P

(k)

Zk
(t) ; Tk ≤ t

]

= E

[
1− P

(0)
(t)

P
(0)
(Tk)

; Tk ≤ t

]

≤ (1− p)P (Tk ≤ t) .

Thus P (Nt ≥ k) = P (Tk ≤ t) ≤ (1− p)k and ENt =
∑∞

k=1 P (Nt ≥ k) < ∞ fol-

lows.

If t† < ∞, since ν(0)
(]

0, t†
])
< ∞ and �P(0)

(
t†
)
> 0, �ν(0)

(
t†
)
= 1 as

argued above, by similar reasoning

P (Tk+1 < t) ≤
(

1−�P(0)
(

t†
))

P (Tk < t)

and since P
(
Tk < t†

)
= P

(
Nt†− ≥ k

)
it follows that ENt†− <∞, and hence also (a

jump at t† is bound to happen), ENt† = ENt†− + 1 <∞. Proceeding beyond t†, the

independent increments property now yields a probability P∗ on
]
t†,∞

]
(determined

from any P
(n)
zn

with tn = t†) with termination point t∗ such that (6.20) holds with

P
(0)

replaced by P
∗

whenever t† ≤ tk < t∗. Arguing as above one finds if t∗ = ∞
that ENt − ENt† < ∞ for t > t† so that ENt < ∞ for all t, or if t∗ < ∞ that

ENt∗−ENt† <∞ so that ENt∗ <∞,with a jump certain to happen at t∗. Continuing

beyond t∗ if necessary, it is clear that always ENt < ∞ for all t : the worst that can

happen is that one gets an infinite sequence of successive finite termination points, but

at each of them a jump is certain; hence since N is a counting process, in any interval

[0, t] there can be at most finitely many such points, and between any two of them that

follow each other, the expected number of jumps for N is finite.
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This completes the proof that γ (t) = ENt < ∞ for all t and therefore also the

proof of Theorem 6.2.1. From that result it follows in particular that γ is the determin-

istic FN
t -compensator for N .

(ii) Follows immediately from Proposition 6.2.2(ii).

(iii) Let X be Poisson with mean function γX given by (6.19) and define

Nt =
∑

0<s≤t

1(�Xs≥1) + w∗(t),

cf. (6.16). By Proposition 6.2.2(iv) and the definition of γX , for any t such that

�w∗(t) = 1, we have �X t = 0 so that X does not jump at any of the at most

countably infinite such t. Thus the compatibility requirement of Definition 6.2.3(ii) is

fulfilled, and N is a counting process. With w∗ deterministic, since X has independent

increments with respect to
(
F X

t

)
, it follows (see Remark 6.2.3) that so has N . Also

FN
t ⊂ F X

t , so N has independent increments with respect to
(
FN

t

)
and by Theorem

6.2.1(i) it therefore remains only to show that ENt = γ (t) for all t. But

E
∑

0<s≤t

1(�Xs≥1) = E
∑

0<s≤t

1(�Xs=1) +
∞∑

x=2

E
∑

0<s≤t

1(�Xs=x)

and here, in the last sum for x ≥ 2 only s ∈ A∗ = {a : �γ (a) > 0} contribute

(cf. Proposition 6.2.2(iii) and (iv)), hence

E
∑

0<s≤t

1(�Xs=x) =
∑

a∈A∗,a≤t

P (�Xa = x)

=
∑

a∈A∗,a≤t

(�γX (a))
x

x!
e−�γX (a)

for x ≥ 2. Finally we may use

γX (t) = EX t

= E
∑

0<s≤t

�Xs

=
∞∑

x=1

E
∑

0<s≤t

x1(�Xs=x)

= E
∑

0<s≤t

1(�Xs=1) +
∞∑

x=2

xE
∑

0<s≤t

1(�Xs=x)

= E
∑

0<s≤t

1(�Xs=1) +
∞∑

x=2

x

( ∑

a∈A∗,a≤t

(�γX (a))
x

x!
e−�γX (a)

)

to compute E
∑

0<s≤t 1(�Xs=1). The end result is

ENt = γX (t)+
∞∑

x=2

(1− x)
∑

a∈A∗,a≤t

(�γX (a))
x

x!
e−�γX (a) + w∗(t)

= γX (t)+
∑

a∈A∗,a≤t

(
1−�γX (a)− e−�γX (a)

)
+ w∗(t)
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= γ c
X (t)+

∑

0<s≤t

(
1− e−�γX (s)

)
+ w∗(t)

= γ c (t)+
∑

0<s≤t,�γ (s)<1

�γ (s)+
∑

0<s≤t,�γ (s)=1

�γ (s)

= γ (t)

as desired. �

Example 6.2.1 A counting process N = (Nt )t≥0 is a doubly stochastic Poisson pro-

cess if conditionally on (Ut )t≥0 , where (Ut ) is some non-negative measurable pro-

cess, it holds that N is Poisson with (conditional) mean function

γ|U (t) =
∫ t

0
Us ds.

Since γ|U (t) is continuous, Proposition 6.2.2 ensures that N is indeed a counting

process.

If (X t )t≥0 is a homogeneous Markov chain on a finite state space and Ut = f (X t )

for some f ≥ 0, N is called a Markov modulated Poisson process .

The Cox process from Example 4.8.3 is a doubly stochastic Poisson process with

Ut ≡ U0 for all t.

The next result gives some important properties of RCMs with independent incre-

ments, known to be true by Theorem 6.2.1(ii) and Example 4.7.2 if the increments are

also stationary.

Corollary 6.2.4 Let µ be an RCM with independent increments and let Ŵ denote the

deterministic F
µ
t -compensating measure for µ.

(i) The counting process N (A) has independent increments for any A ∈ E with

deterministic F
N (A)
t -compensator γ (t; A) = Ŵ ([0, t]× A) . In particular, if

γ (·; A) is continuous, N (A) is a Poisson process with mean function γ (·; A) ,

while if γ (·; A) has discontinuities, N (A) is curtailed Poisson as described in

Proposition 6.2.3(iii).

(ii) For any r ≥ 2 and any A1, . . . , Ar ∈ E pairwise disjoint it holds that the

counting processes N (A1), . . . , N (Ar ) are stochastically independent provided

no two of the counting processes Ñ (A1), . . . , Ñ (Ar ) jump simultaneously as

required by (6.3), where the Ñ (Ai ) are defined to be independent with each

Ñ (Ai ) having the same distribution as N (Ai ) .

Proof. Because µ has independent increments, it follows directly that so has any

N (A). Thus the F
N (A)
t -compensator for N (A) is γ (·; A) , and (i) follows from

Proposition 6.2.3(ii) and (iii). For the proof of (ii), note that since the A j are dis-

joint, no two of the counting processes N (A j ) jump simultaneously, hence the ag-

gregate of the r counting processes is well defined as an RCM µ̃ with mark space
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{1, . . . , r} . Because µ has independent increments, so has µ̃ and the determinis-

tic F
µ̃
t -compensating measure Ŵ̃ for µ̃ is determined by Ŵ in the obvious manner,

i.e., Ŵ̃ ([0, t]× { j}) = γ (t; A j ). Thus (6.10) holds and the independence of the N (A j )

follows from Theorem 6.1.1 when using the assumption about the Ñ (Ai ). �

Remark 6.2.5 The assumption about the independent counting processes Ñ (Ai )

made in Corollary 6.2.4(ii) is essential: suppose that there exists t∗ and A, A′ dis-

joint such that �γ (t∗; A) > 0 and �γ
(
t∗; A′

)
> 0. Then N (A) and N

(
A′
)

are not

independent since �Nt∗ (A)�Nt∗
(

A′
)
≡ 0 but

P (�Nt∗ (A) = 1)P
(
�Nt∗

(
A′
)
= 1

)
= �γ

(
t∗; A

)
�γ

(
t∗; A′

)
> 0.

(See Exercise 6.2.5(i) below for the formula for P (�Nt = 1) used here when N is an

arbitrary counting process with independent increments).

Exercise 6.2.3 Let X be a Poisson process with mean function γX . Define the RCM

µ with mark space N by

N x
t := µ ([0, t]× {x}) =

∑

0<s≤t

1(�Xs=x)

for t ≥ 0, x ∈ N. In particular, since X0 = 0,

X t =
∞∑

x=1

x N x
t

so that µ determines X .

(i) For any s, show that θsµ is determined by the future increments process

(X t − Xs)t≥s , and use this to show that µ has indpendent increments.

(ii) Find the deterministic F
µ
t -compensating measure for µ by showing that

EN x
t =

{
γ c

X (t)+
∑

0<s≤t �γX (s)e
−�γX (s) if x = 1,∑

0<s≤t
1
x! (�γX (s))

x e−�γX (s) if x ≥ 2.

(iii) Show that the Markov kernels generating the distribution of µ are determined

by

P
(n)

zn
(t) = exp (− (γX (t)− γX (tn))) (t ≥ tn)

whether γX is continuous or not, and

π
(n)
zn ,t
({x}) = (�γX (t))

x e−�γX (t)

x!
(
1− e−�γX (t)

) (x ≥ 1).

(The π -value is defined by continuity if �γX (t) = 0, and if this is the case it

therefore equals 1 for x = 1 and equals 0 for x ≥ 2).
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(iv) Use Corollary 6.2.4 and Remark 6.2.5 to show that the counting processes

(N x )x∈N are stochastically independent if γX is continuous, but not if γX has

discontinuities.

Exercise 6.2.4 Let µ be an RCM with independent increments and assume that the

total compensator, EN t , is continuous as a function of t. Show that for any C ∈ B0⊗E

it holds that µ(C) has a Poisson distribution Ŵ(C), where Ŵ denotes the deterministic

compensating measure for µ. Also show that if r ≥ 2 and C1, . . . ,Cr ∈ B0 ⊗ E are

pairwise disjoint, then µ(C1), . . . , µ(Cr ) are independent. (Hint: the assertions are

true by Corollary 6.2.4 if the C j (and C) are of the form
]
s j , t j

]
× A j . Now consider

e.g., the class C of C ∈ B0 ⊗ E such that µ(C) has a Poisson distribution, and show

that C is a monotone class containing the algebra of sets that are finite disjoint unions

of sets of the form
]
s j , t j

]
× A j ).

The properties listed here for µ are those used for the definition of Poisson point

processes on arbitrary spaces (in our case the space R0 × E).

We shall now use the results obtained for RCMs with independent increment to

derive some basic properties of processes with independent increments.

To begin with, let X denote an Rd -valued process step process with independent

increments with respect to the filtration (Ft ); cf. Definition 6.2.2. As a step process X

has only has finitely many jumps on finite intervals and we write Tn for the time of the

nth jump and Yn = �XTn for the size of the nth jump. Thus ((Tn) , (Yn)) is an MPP

with mark space Rd
\0 (the notation used for Rd\0, equipped with the matching Borel

σ -algebra which we denote Bd
\0), and we call the corresponding RCM µ, the RCM

associated with the jump sizes for the step process X. Because X is a step process,

X t = X0 +
∑

0<s≤t

�Xs

= X0 +
∑

n:Tn≤t

Yn

= X0 +
∫

]0,t]×Rd
\0

y µ (ds, dy) . (6.21)

Theorem 6.2.5 Let X be an Rd -valued step process and let µ be the RCM associated

with the jump sizes for X.

(i) X has independent increments with respect to
(
F X

t

)
if and only if µ is indepen-

dent of X0 and has independent increments.

(ii) X has stationary independent increments (is a Lévy process) with respect to(
F X

t

)
if and only if µ is independent of X0 and is a homogeneous Poisson ran-

dom measure.

Proof. Note first that (6.21) shows that F
µ
t = F

X−X0
t for all t. If X has independent

increments the process X − X0 is independent of X0, hence µ is independent of X0.

Further, for any s the process X̃ := (Xs+u − Xs)u≥0 is independent of F X
s ⊃ F

µ
s and

since
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X t − Xs =
∑

n:s<Tn≤t

Yn

=
∫

]s,t]×Rd
\0

y (θsµ) (du, dy) , (6.22)

it is seen that the jump times and marks for θsµ are determined by X̃ and it follows

that µ has independent increments. If in addition X has stationary increments, the

distribution of X̃ will not depend on s, implying that µ has stationary increments and

is therefore homogeneous Poisson by Theorem 6.2.1(ii).

If conversely µ is independent of X0 and has independent increments, from (6.22)

it follows that X t − Xs is independent of F
µ
s = F

X−X0
s and of X0, hence X t − Xs

is independent of σ
(
F

X−X0
s , X0

)
= F X

s and X has independent increments with

respect to
(
F X

t

)
. If in addition µ has stationary increments,

X t − Xs =
∫

]0,t−s]×Rd
\0

y
(
θ∗s µ

)
(du, dy)

so the distribution of X t − Xs depends on s, t through t − s only. �

A Lévy process X which is a step process is also called a compound Poisson pro-

cess. By Theorem 6.2.5(ii) and the definition of homogeneous Poisson random mea-

sures it follows that the jump sizes Yn are independent and identically distributed and

independent of the jump times Tn, which are jump times of a homogeneous Poisson

process. One often represents a compound Poisson process as

X t = X0 +
Nt∑

n=1

Un

where X0, N and the sequence (Un) are independent with N a homogeneous counting

Poisson process and the Un iid random variables with values in Rd
\0.

Proposition 6.2.6 Let X be an Rd -valued step process with independent increments

with respect to
(
F X

t

)
.

(i) If X is a Lévy process (compound Poisson process), then the characteristic func-

tion for X t − X0 is given by

Eei〈u,X t−X0〉 = exp

(
−t

∫

Rd
\0

(
1− ei〈u,y〉

)
ρ(dy)

)
(u ∈ Rd), (6.23)

where ρ is the intensity measure for µ, the homogeneous Poisson random mea-

sure associated with the jump sizes for X.
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(ii) In general, if the RCMµ associated with the jump sizes for X has a deterministic

compensating measure Ŵ, which is continuous, then for s < t,

Eei〈u,X t−Xs 〉 = exp

(
−
∫

]s,t]
ν∗(dv)

∫

Rd
\0

π∗ (v; dy)
(

1− ei〈u,y〉
))

(u ∈ Rd),

where ν∗ is the total continuous compensator and π∗ is the Markov kernel gen-

erating the jump sizes as in (6.14).

Note. 〈·, ·〉 is the usual inner product on Rd , 〈u, y〉 =
∑d

j=1 u j y j .

Proof. We focus on a detailed proof of (i). So let X be a compound Poisson pro-

cess, and let ρ be the intensity measure for µ. For every K ∈ N and every k =
(k1, . . . , kd) ∈ Zd , define the d-dimensional interval

Ik,K =
(

d∏

j=1

]
k j−1

2K ,
k j

2K

])
\0

(omitting 0 is relevant only if k1 = · · · = kd = 1), and verify that for any given

u ∈ Rd (see (6.21)),

〈u, X t − X0〉 =
∫

]0,t]×Rd
\0

〈u, y〉 µ (ds, dy)

= lim
K→∞

∑

k∈Zd

〈
u, k

2K

〉
Nt

(
Ik,K

)

whence, using dominated convergence and the homogeneous Poisson structure of µ,

Eei〈u,X t−X0〉 = lim
K→∞

∏

k∈Zd

exp
(
−tρ

(
Ik,K

) (
1− ei

〈
u,k2−K

〉))

= exp

(
−t

∫

Rd
\0

(
1− ei〈u,y〉

)
ρ(dy)

)
,

(recall that if U has a Poisson distribution with parameter λ, then EeiU =
exp

(
−λ

(
1− eiu

))
). The proof of (ii) is completely similar, only it should be remem-

bered that since ν∗ is continuous, by Theorem 6.2.5 and Corollary 6.2.4, Nt

(
Ik,K

)
is

Poisson with parameter
∫

]0,t] π
∗
s

(
Ik,K

)
ν∗ (ds) . �

The equation (6.23) is a special case of the famous Lévy–Khinchine formula for

the characteristic function of an infinitely divisible distribution on Rd . For d = 1 the

equation reads

Eeiu(X t−X0) = exp

(
−t

∫

R\0

(
1− eiuy

)
ρ(dy)

)
(u ∈ R), (6.24)
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and one recognizes the infinitesimal contribution

exp
(
−t
(

1− eiuy
)
ρ(dy)

)

as the characteristic function of yU, where U is Poisson with parameter tρ (dy) . For

a more thorough discussion of infinite divisibility and processes with independent

increments, see p.139 below.

Exercise 6.2.5 The formulas for characteristic functions given so far assumes that

compensators are continuous. This exercise treats examples with discontinuous com-

pensators.

(i) Let N be a counting process with independent increments, i.e., a curtailed Pois-

son process, and let γ denote the deterministic compensator for N . Show that

Nt has characteristic function

EeiuNt = e−γ
c(t)

(
1−eiu

) ∏

0<s≤t

(
�γ (s) eiu + 1−�γ (s)

)
.

(Hint: one possibility is to use that N is curtailed Poisson. Another is to argue

directly that for any t, E�Nt = �γ (t) , which since�Nt only takes the values

0 or 1, implies that P (�Nt = 1) = �γ (t)).
(ii) Let X be an Rd -valued step process with independent increments as in Proposi-

tion 6.2.6. Show that for s < t,

Eei〈u,X t−Xs〉 = exp

(
−
∫

]s,t]
ν∗c(dv)

∫

Rd
\0

π∗ (v; dy)
(

1− ei〈u,y〉
))

×
∏

s<v≤t

(
�γ (v)

∫

Rd
\0

π∗ (v; dy) ei〈u,y〉 + 1−�γ (v)
)

where ν∗, π∗ are determined from the deterministic compensating measure Ŵ

for µ as in (6.14), ν∗c is the continuous part of ν∗ and γ (v) = ν∗ (]0, v]) .

Of all independent increment processes with jumps, the step processes are the

simplest. Yet the structure of the jumps described in Theorem 6.2.5 pertains in great

generality as we shall now see.

Let X be Rd -valued with independent increments with respect to a filtration (Ft ) .

In particular X is cadlag and adapted, Ft ⊃ F X
t for all t, and for every s, the pro-

cess X̃ = (Xs+t − Xs)t≥0 is independent of Fs . Fix ǫ > 0 and consider the MPP

(Tǫ,Yǫ) =
((

Tn,ǫ

)
,
(
Yn,ǫ

))
comprising only the jump times and jump sizes for X

such that ‖�X t‖ > ǫ (with ‖·‖ any standard norm on Rd ). The assumption that X

be cadlag guarantees that there are only finitely many such jumps on any finite time

interval, so (Tǫ,Yǫ) is a bona fide MPP with mark space Eǫ = Bc
ǫ , where Bǫ is the

closed ball {x : ‖x‖ ≤ ǫ} in Rd . Letting µǫ denote the corresponding RCM and view-

ing µǫ as a random measure on all of R0 × Rd
\0, it is clear that for 0 < ǫ′ < ǫ, µǫ is

the restriction to R0 × Bc
ǫ of µǫ′ .
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Let s ∈ R0. Since all jumps for θsµǫ are determined by X̃ , it follows that θsµǫ is

independent of Fs ⊃ F X
s ⊃ F

µǫ
s and thus µǫ has independent increments and µǫ has

a deterministic F
µǫ
t -compensating measure Ŵǫ (with Ŵǫ the restriction to R0 × Bc

ǫ of

Ŵǫ′ if ǫ′ < ǫ). From Theorem 6.2.1 and Corollary 6.2.4 we now read off

Theorem 6.2.7 Let X be a cadlag process with independent increments with respect

to (Ft ) , and let for ǫ > 0, µǫ denote the RCM of jump sizes for X with ‖�X t‖ > ǫ
as described above.

(i) µǫ has independent increments.

(ii) If X is a Lévy process, then each µǫ is a homogeneous Poisson random measure

with some bounded intensity measure ρǫ concentrated on Bc
ǫ , and where for

0 < ǫ′ < ǫ, ρǫ is the restriction to Bc
ǫ of Ŵǫ′ .

The collection (µǫ)ǫ>0 of RCMs describes all jump times and jump sizes for X,

for instance through the object

µ̃ := µ1

(
· ∩

(
R0 × Bc

1

))
+

∞∑

k=2

µ1/k (· ∩ (R0 × Bk−1\Bk)) .

It may of course happen that X has only finitely many jumps on finite intervals, in

which case µ̃ is an RCM and there is no need to first consider the µǫ . But it may

certainly also happen that the jumps for X are (with probability one) dense in R0,

cf. Examples 6.2.2 and 6.2.3 below, and in that case the approximation through the

µǫ , discarding the dense set of jumps ≤ ǫ, is essential for the MPP description of the

jump structure.

Consider again a step process X with independent increments with respect to

(Ft ) , and let g : R0 → Rd be a given continuous function. Then the process

X ′ := (X t + g(t))t≥0 also has independent increments with respect to (Ft ) in the

sense of Definition 6.2.2 and X ′ and X share the same RCM µ of jump times and

jump sizes. If X is a Lévy process, it is easy to see that X ′ is also a Lévy process iff

g(t) = tv0 for some v0 ∈ Rd
\0. (Of course, for any g it holds that X ′t − X ′s is inde-

pendent of Fs whenever s < t, and if g is cadlag, X ′ is cadlag and the requirements

of Definition 6.2.2 are satisfied. But if g has discontinuities, the jump structure for X ′

includes the deterministic jumps for g and need not (because the jumps for g may e.g.,

be dense in R0) be characterized by an RCM). Note that X ′ has the property that the

process X ′− X ′0 is F
µ
t -adapted. It may be shown that if X has independent increments

with respect to (Ft ) and has only finitely many jumps on finite intervals with µ the

RCM of jump times and jump sizes for X, then if the process X − X0 is F
µ
t -adapted

(so X t−X0 has the form f
〈t〉
Z〈t〉
(t), see Proposition 4.2.1) necessarily X t = X

step
t +g(t)

for some continuous g, where

X
step
t = X0 +

∑

0<s≤t

�Xs

is the step process determined by the jumps for X.
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We conclude by recording some of the standard facts about general processes X

with independent increments. Let for 0 ≤ s ≤ t, αst denote the distribution of X t−Xs .

If 0 ≤ s ≤ t ≤ u, from

Xu − Xs = (X t − Xs)+ (Xu − X t )

and the fact that X is right-continuous, it follows that the probability measures αst

form a two-parameter, weakly right-continuous convolution semigroup,

αsu = αst ∗ αtu (0 ≤ s ≤ t ≤ u) , (6.25)

αsu
w→ αst (0 ≤ s ≤ t ≤ u, u ↓ t)

with all αss = ε0. If X is a Lévy process, αst = αt−s depends on t − s only, and the

αt form a one-parameter, weakly continuous convolution semigroup,

αs+t = αs ∗ αt (s, t ≥ 0) (6.26)

αs
w→ αt (s, t ≥ 0, s → t)

with α0 = ε0.

For Lévy processes X on R, the classical Lévy–Khinchine formula describes the

possible structure for the characteristic functions of the αt ,

∫

R

eiux αt (dx) = exp

(
−σ 2

2 tu + iβtu − t

∫

R\0

(
1− eiuy + iuy1[−1,1] (y)

)
ρ (dy)

)
,

(6.27)

for u ∈ R, where σ 2 ≥ 0, β ∈ R and ρ is the Lévy measure, i.e., a positive measure

on R\0 such that for all ǫ > 0

ρ
(
[−ǫ, ǫ]c

)
<∞,∫

[−ǫ,ǫ]\0
y2 ρ (dy) <∞.

In (6.27) the contribution −σ 2

2 tu to the exponential corresponds to a standard Brown-

ian motion multiplied by σ, the term iβtu corresponds to the deterministic linear

drift t �→ βt, and the integral describes a compensated sum of jumps. Note that if∫
[−ǫ,ǫ]\0 |y| ρ (dy) < ∞, the last term in the integral may be incorporated into the

drift term, leaving the contribution

exp

(
−t

∫

R\0

(
1− eiuy

)
ρ (dy)

)
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which is the same as the expression from (6.24), only now ρ
(
R\0

)
= ∞ is pos-

sible. This establishes the fact that for any Lévy process X on R, if the characteristic

function for the increments Xs+t − Xs is given by (6.27), then for any ǫ > 0, the

intensity measure ρǫ for the homogeneous Poisson random measure µǫ of jumps > ǫ

in absolute value of size is the restriction to [−ǫ, ǫ]c of the Lévy measure ρ.

It is important to be able to extract the Lévy measure from the distributions αt : it

can be shown that for all bounded and continuous functions f : R\0 → 0 with support

bounded away from 0 (i.e., there exists ǫ > 0 such that f ≡ 0 on Bǫ\0), then
∫

R\0
f (y) ρ (dy) = lim

t→0

1
t

∫

R

f (x) αt (dx), (6.28)

(for an incomplete argument, see Exercise 6.2.6 below).

Example 6.2.2 Let αt be the Ŵ-distribution with scale parameter β > 0 and shape

parameter λt, where λ > 0, i.e.,

αt (dx) = 1

βλtŴ (λt)
xλt−1e

− 1
β

x
dx

for x > 0. The αt form a weakly continuous convolution semigroup and determine a

Lévy process X , the Ŵ-process, which is obviously increasing. Since

1

tβλtŴ (λt)
xλt−1e

− 1
β

x = λ

βλtŴ (λt + 1)
xλt−1e

− 1
β

x → λ

x
e
− 1
β

x

as t → 0, it follows from (6.28) that X has Lévy measure

ρ (dy) = λ

y
e
− 1
β

y
dy

for x > 0. The fact that ρ (R+) = ∞ implies that (with probability one) the Ŵ-process

has jumps that are dense on R0. It may be shown that X is built entirely from its jumps,

X t = X0 +
∑

0<s≤t �Xs, e.g., by identifying the characteristic function for the Ŵ-

distribution of X t − X0 with that of
∑

0<s≤t �Xs = limǫ↓0

∫
]0,t]×]ǫ,∞[ y µǫ (ds, dy)

which is easily found from (6.24).

Example 6.2.3 Let αt be the Cauchy distribution with scale parameter βt where β >

0, i.e.,

αt (dx) = 1

πβt
(

1+ 1
β2t2 x2

) dx

for x ∈ R.

The αt form a weakly continuous convolution semigroup and determine a Lévy

process X , the Cauchy process. Since

1

tπβt
(

1+ 1
β2t2 x2

) → β

πx2
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as t → 0 we conclude that the Cauchy process has Lévy measure

ρ (dy) = β

πy2
dy.

As in the previous example, ρ is unbounded, ρ
(
R\0

)
= ∞, and the jumps are dense

on R0. Note that
∫

[−ǫ,ǫ]\0 |y| ρ (dy) = ∞ for any ǫ > 0 implying that in the Lévy–

Khinchine representation (6.27) of αt it is necessary to include the term iuy1[−1,1] (y)

in the integral. Probabilistically this means that the sum of the absolute values of the

small jumps diverges, limǫ↓0

∫
]0,t]×]ǫ,1] |y| µǫ (ds, dy) = ∞ a.s.

Exercise 6.2.6 Let X be a cadlag, R-valued process, and let f : R\0 → R be bounded

and continuous with support ⊂ [−ǫ0, ǫ0]c for some ǫ0 > 0. Let 0 < ǫ < ǫ0 and let

µǫ denote the RCM of jump times corresponding to jump sizes > ǫ in absolute value

with
((

Tn,ǫ

)
,
(
Yn,ǫ

))
the corresponding MPP. Show that

lim
K→∞

2K∑

k=1

f
(
Xk/2K − X(k−1)/2K

)
=
∫

]0,1]×[−ǫ,ǫ]c
f (y) µǫ (ds, dy) (6.29)

=
∑

n:Tn,ǫ≤1

f
(
Yn,ǫ

)
.

(Hints: argue this for the random variables evaluated at an arbitrary ω ∈ �. Show that

for K sufficiently large, each Tn,ǫ(ω) is placed in its own interval
]
(k − 1)/2K , k/2K

]
,

and that the contributions to the sum in (6.29) for these k-values converge to the

expression on the right. Next, use the cadlag property of X to show that with k′ de-

noting an arbitrary of the remaining k-values, it holds that, for K sufficiently large,

maxk′
∣∣Xk′/2K (ω)− X(k′−1)/2K (ω)

∣∣ < ǫ0).

If X is a Lévy process, taking expectations in (6.29) one finds, provided the oper-

ations of taking limit and expectation can be interchanged, that

lim
K→∞

2K E f
(
X1/2K − X0

)
= E

∫

]0,1]×[−ǫ,ǫ]c
f (y) µǫ (ds, dy) .

Show that this identity is the same as

lim
K→∞

2K

∫
f (x) α1/2K (dx) =

∫
f (y) ρǫ (dy) ,

which at least may indicate the truth of (6.28).

A final comment on cadlag processes with independent increments: we assumed

above that the processes had values in Rd . It should be fairly clear, however, that a

result like Theorem 6.2.7 remains valued if the processes take their values in, say, an

infinite-dimensional Banach space.
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Piecewise Deterministic Markov Processes

This chapter contains the basic theory for piecewise deterministic Markov processes,

whether homogeneous or not, based exclusively on the theory of marked point pro-

cesses from the previous chapters and presented through the device of viewing a

PDMP as a process adapted to the filtration generated by an RCM. The strong Markov

property is established, various versions of Itô’s formula for PDMPs are given, the

socalled full infinitesimal generator for a homogeneous PDMP is discussed, invariant

measures are treated, and the chapter concludes with a section on likelihood processes

for PDMPs.

At a first reading one may omit Sections 7.5, 7.7, 7.8 and the last part of Section

7.9 (dealing with multiplicative functionals).

References. The standard reference for homogeneous PDMPs is the book [30] by

Mark Davis, but the little known earlier dissertation by Wobst [122] should also be

mentioned.

7.1 Markov processes

In this chapter we discuss Markov processes — homogeneous or not — that can be

described completely in terms of an initial state and an MPP, i.e., processes that are

Markovian and piecewise deterministic, see p.25. First some definitions and remarks

concerning Markov processes in general.

Let (Ft )t≥0 be a filtration and let X = (X t )t≥0 be an arbitrary measurable and

adapted process defined on (�,F,Ft ,P) with values in a state space (G,G) which,

since it will serve as a mark space for an RCM, we shall assume to be a Borel space

(see p. 11).

Definition 7.1.1 The process X is a Markov process with respect to the filtration (Ft )

if for every s ≤ t there exists a Markov kernel pst (·, ·) on G such that

P (X t ∈ C |Fs ) = pst (Xs,C) (C ∈ G) . (7.1)

X is a time-homogeneous Markov process if in addition one may choose the pst to

depend on (s, t) through the difference t − s only.
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The Markov kernel pst is called the transition probability from time s to time t.

Note that (7.1) does not determine pst (x, ·) uniquely for all x ∈ G, but because G is

countably generated it does hold that if pst , p′st are both transition probabilities, then

P(Xs ∈ Cst ) = 1, where Cst = {x ∈ G|pst (x, ·) = p′st (x, ·)}. Note also that one may

always take pss(x, ·) = εx .

In the time-homogeneous case we write pt for any of the transition probabilities

ps,s+t with s, t ≥ 0.

A time-homogeneous Markov process is also called a Markov process with sta-

tionary transition probabilities.

Example 7.1.1 An Rd -valued process X with independent increments with respect to

(Ft ), is a Markov process with transition probabilities

pst (x, B) = αst (B − x) (s ≤ t , B ∈ Bd), (7.2)

where αst is the distribution of X t − Xs and B − x = {x ′ − x : x ′ ∈ B}. If in addition

X has stationary increments, X becomes a time-homogeneous Markov process with

transition probabilities

pt (x, B) = αt (B − x), (7.3)

where αt is the distribution of any increment Xs+t − Xs .

Suppose X is Markov with transition probabilities (pst ), or, in the homogeneous

case, (pt ). We say that the transition probabilities satisfy the Chapman–Kolmogorov

equations if for all s ≤ t ≤ u, x ∈ G, C ∈ G,

psu(x,C) =
∫

G

pst (x, dy) ptu(y,C). (7.4)

or, in the homogeneous case, if for all s, t ≥ 0, x ∈ G, C ∈ G,

ps+t (x,C) =
∫

G

ps(x, dy) pt (y,C). (7.5)

It is essential to note that e.g., (7.4) holds almost surely in the following sense: for

s ≤ t ≤ u, C ∈ G,

psu(Xs,C) = P(Xu ∈ C |Fs)

= E(P(Xu ∈ C |Ft )|Fs)

= E(ptu(X t ,C)|Fs)

=
∫

G

pst (Xs, dy) ptu(y,C),

P-a.s. Thus, given s ≤ t ≤ u, C ∈ G, (7.4) holds for Xs(P)-almost all x .

Example 7.1.2 If X has independent increments as in Example 7.1.1, then (7.4) or, if

X has stationary increments, (7.5) holds and is equivalent to the convolution property

(6.25), resp. (6.26).
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The transition operators for the Markov process are operators on the space of

bounded measurable functions f : G → R, defined by

Pst f (x) =
∫

G

pst (x, dy) f (y)

for 0 ≤ s ≤ t, and in the homogeneous case,

Pt f (x) =
∫

G

pt (x, dy) f (y)

for t ≥ 0. The Chapman–Kolmogorov equations translate into the semigroup property,

Psu = Pst Ptu, Pt t = id

for 0 ≤ s ≤ t ≤ u with id the identity operator, and in the homogeneous case

Ps+t = PsPt , P0 = id

for s, t ≥ 0.

We mention two important facts about general Markov processes.

Let ν0 = X0(P) denote the distribution of X0, the initial distribution for X. Then

the finite-dimensional distributions for the Markov process X are uniquely determined

by ν0 and the transition probabilities pst . This follows by an induction argument, using

that

P (X t ∈ C) = E [P (X t ∈ C |X0 )]

=
∫

G

ν0(dx) p0t (x,C)

and that for n ≥ 2, 0 ≤ t1 < · · · < tn, C1, . . . ,Cn ∈ G,

P
(
X t1 ∈ C1, . . . , X tn ∈ Cn

)

= E
[
P
(
X tn ∈ Cn

∣∣Ftn−1

)
; X t1 ∈ C1, . . . , X tn−1 ∈ Cn−1

]

= E
[

ptn−1tn (X tn−1 ,Cn); X t1 ∈ C1, . . . , X tn−1 ∈ Cn−1

]
.

The next fact we need is a generalization of the Markov property (7.1): for t ≥ 0 ,

let F t,X = σ (Xu)u≥t . Then for any bounded and F t,X -measurable R-valued random

variable U,

E [U |Ft ] = E [U |X t ] , (7.6)

a fact which informally may be phrased as follows: the future depends on the past only

through the present.

(7.6) is proved, considering random variables U of the form

U =
n∏

k=1

fk

(
X tk

)
(7.7)



146 7 PDMPs

where n ∈ N, t ≤ t1 < · · · < tn, and each fk : G → R is bounded and measurable,

and then proceeding by induction: the case n = 1 is an obvious extension of (7.1)

from conditional probabilities to conditional extensions,

E [ f (Xu) |Ft ] = Ptu f (X t )

for t ≤ u, f bounded and measurable, and the induction step from n − 1 to n is

obtained using that with U as in (7.7),

E [U |Ft ] = E
[
E
[
U |Ftn−1

]
|Ft

]

= E

[(
n−2∏

k=1

fk

(
X tk

)
)

f
(
X tn−1

)
|Ft

]

where f = fn−1 · Ptn−1tn fn . A standard extension argument finally gives (7.6) for all

U that are bounded and F t,X -measurable.

7.2 Markov chains

Let µ be an RCM with mark space E = G, and let ((Tn) , (Yn)) denote the corre-

sponding MPP. Fixing an arbitrary initial state x0, define the G-valued step process X

by

X t = Y〈t〉, (7.8)

where Y0 ≡ x0. Provided Yn �= Yn−1 whenever Tn < ∞, Tn will be the time of the

nth jump for X with Yn = XTn the state reached by that jump. This is the situation

treated below, although formally this identification of jumps for X with those of µ is

not required. Note that always F X
t ⊂ F

µ
t for all t.

If Q = Q|x0 = µ(P) is the distribution of µ, the aim is now to find sufficient

conditions on the Markov kernels P(n), π (n) determining Q which ensure that X is

Markov with respect to the filtration
(
F
µ
t

)
, and such that the transition probabilities

do not depend on x0.We then refer to X as a Markov chain with (general) state space

G.

The basic ingredient needed to achieve this is a collection of time-dependent tran-

sition intensities, i.e., quantities qt (x,C) for t ∈ R0, x ∈ G,C ∈ G of the form

qt (x,C) = qt (x)rt (x,C)

where

(i) qt (x) = qt (x,G) ≥ 0 is the total intensity for a jump from x at time t, satisfying

that (t, x) �→ qt (x) is B0 ⊗ G-measurable and locally integrable from the right,

i.e., for all t, x,
∫ t+h

t
qs(x) ds <∞ for h = h(t, x) > 0 sufficiently small;

(ii) for each t, rt is a Markov kernel on G such that (t, x) �→ rt (x,C) is B0 ⊗ G-

measurable for every C ∈ G;
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(iii) rt (x, {x}) = 0 for all t ∈ R0, x ∈ G.

Here (iii) will ensure that at each finite Tn, X performs a genuine jump, XTn �= XTn−
a.s., which means in particular that ignoring a null set the filtrations agree,

(
F X

t

)
=(

F
µ
t

)
.

The next result as a particular case contains the RCM construction of time-

homogeneous Markov chains (on a finite or countably infinite state space) from Ex-

ample 3.3.1.

Theorem 7.2.1 A sufficient condition for the step process X from (7.8) to be Markov

with respect to the filtration (F
µ
t ) with transition probabilities that do not depend on

x0, is that there exist time-dependent transition intensities qt (x,C) = qt (x)rt (x,C)

with qt and rt satisfying (i)–(iii) such that the Markov kernels P(n), π (n) determining

the distribution Q = Q|x0 of the RCM µ define a stable RCM for all x0 ∈ G and are

given by

P
(0)
|x0
(t) = exp

(
−
∫ t

0
qs(x0) ds

)
, π

(0)
t |x0
(C) = rt (x0,C); (7.9)

and for n ∈ N, t1 < · · · < tn ≤ t, y1, . . . , yn ∈ G,

P
(n)

zn |x0
(t) = exp

(
−
∫ t

tn

qs(yn) ds

)
, π

(n)
zn ,t |x0

(C) = rt (yn,C) (7.10)

with t > tn in the last identity.

Notation. For a stochastic process X, determined from a sequence of jump times and

jumps with a given arbitrary initial state x0, we shall write P
(n)
zn |x0

and π
(n)
zn ,t |x0

for the

Markov kernels generating the jump times and jumps in order to exhibit the depen-

dence on x0. Note that the special structure of (7.9) and (7.10) implies that only for

n = 0 do the kernels actually depend on x0.

Theorem 7.2.2 If qt (x) and rt (x,C) do not depend on t, then X is a time-homogeneous

Markov chain.

In the homogeneous case one obtains a generalization of Example 3.3.1 with ex-

ponential holding times

P
(n)

zn |x0
(t) = exp (− (t − tn) q(yn))

and jump probabilities

π
(n)
zn ,t |x0

(C) = r(yn,C).

Note that the right integrability of the total intensity from (i) above is required

in order that (7.9) and (7.10) define survivor functions for probabilities on ]0,∞] and

]tn,∞] respectively. It is not required, however, that
∫ t+h

t
qs(x) ds <∞ for all h > 0,

i.e., (7.9) and (7.10) may specify jump time distributions with finite termination points.
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Proof. The proof relies on Lemma 4.3.3. Let t > 0 and consider the conditional

distribution of X̃ = (Xu)u≥s given F
µ
s . We want to show that it depends on the past

F
µ
s through Xs only. Conditioning on F

µ
s amounts to conditioning on N s = k, T1 =

tt , . . . , Tk = tk, Y1 = y1, . . . , Yk = yk for some k ∈ N , 0 < t1 < · · · < tk ≤
s, y1, . . . , yk ∈ G. Since also X̃ is determined by θsµ, the restriction of µ to ]s,∞[×
E, (see p. 56 for the definition of θs), and since Xs = yk on the set of conditioning,

the desired Markov property for X follows, using the lemma, if we show that

P
(k)

zk |x0
(t)/P

(k)

zk |x0
(s)

for t ≥ s,

π
(k)
zk ,t |x0

for t > s and

P
(k+n)

join(zk ,̃zn)|x0
, π

(k+n)

join(zk ,̃zn),t |x0

for n ∈ N, z̃n =
(̃
t1, . . . , t̃n; ỹ1, . . . , ỹn

)
with t < t̃1 < · · · < t̃n < t, ỹ1, . . . , ỹn ∈

G, all of them depend on zk = (t1, . . . , tk; y1, . . . , yk) and x0 only through yk . But

this is immediate using the explicit expressions for the P(n), π (n) from the statement

of the theorem.

The time-homogeneous case follows by noting that when qt (x) and rt (x,C) do

not depend on t, the conditional distribution of θ∗s µ given F
µ
s depends on Xs only and

not on s. Here θ∗s µ is θsµ translated backwards in time to start at time 0; cf. (4.55). �

In order for Theorem 7.2.1 to apply, one must of course first verify that the RCM

µ determined by the Markov kernels (7.9) and (7.10) is stable. A useable sufficient

condition for this is contained in Exercise 4.4.2.

By defining the transition probabilities appropriately, one may obtain that the

Chapman–Kolmogorov equations (7.4) ((7.5) in the homogeneous case) are satisfied:

consider first the general (non-homogeneous) case, and for s ≥ 0, x ∈ G, let Qs,x

denote the probability on (M,H) (tacitly assuming that explosions do not occur) de-

termined by the Markov kernels

P
(0)
|s,x (t) =

{
1 (t < s)

exp
(
−
∫ t

s
qu(x) du

)
(t ≥ s)

P
(n)

zn |s,x (t) = exp

(
−
∫ t

tn

qu(x) du

)
, (n ≥ 1, t ≥ tn)

π
(n)
zn ,t |s,x = rt (yn, ·) , (n ≥ 0, t > tn) .

Then simply define

pst (x,C) = Qs,x
(
X◦t ∈ C

)
(7.11)
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where X◦t = η〈t〉 is the canonical chain on M with initial state X◦0 ≡ η0 ≡ x . (The

proof that the Chapman–Kolmogorov equations are indeed satisfied is left as an ex-

ercise). Note that in terms of the probabilities Qs,x , the generalized Markov property

(7.6) for the Markov chain X may be written

P
(
θtµ ∈ H

∣∣Fµt
)
= Qt,X t (H) (7.12)

for all t and all H ∈ H. (Since (Xu)u≥t is determined by X t and θtµ, this in particular

gives P
(
F
∣∣Fµt

)
= P (F |X t ) for all F ∈ F t,X , cf. (7.6)).

In the homogeneous case, just define Qx for every x, using the Markov kernels

from (7.9) and (7.10) when neither qt (x
′) nor rt (x

′,C) depends on t and with x0 there

replaced by x . The Markov property (7.12) now becomes

P
(
θ∗t µ ∈ H

∣∣Fµt
)
= Q X t (H). (7.13)

With the setup used in Theorem 7.2.1, the RCM µ determining the Markov chain

X has a compensating measure L , which has an F
µ
t -predictable intensity process

λ = (λ(C))C∈G (recall that L([0, t]× C) =
∫ t

0 λs(C)ds) given by

λt (C) = qt (X t−,C), (7.14)

as follows from Proposition 4.4.1. Note that

λt (C) = qt (X t−,C\X t−)

and that if t �→ λt (C) has limits from the right, it follows from Proposition 4.4.2 (b),

using (7.6) that

λt+(C) = qt+(X t ,C\X t )

= lim
h↓0

1

h
P(Tt,1 ≤ t + h, X t,1 ∈ C\X t |X t ),

where X t,1 is the state reached by X at the time of the first jump strictly after t and

Tt,1 is the time of that jump. If the conditional probability that at least two jumps occur

in ]t, t + h] is of the order o(h), then the limit equals lim 1
h

pt,t+h (X t ,C\X t ) and the

identity may be written

qt+(X t ,C) = lim
h↓0

1

h

(
pt,t+h(X t ,C)− εX t (C)

)
,

the expression usually associated with the concept of transition intensities. (The diag-

onal intensities qt (x, x) in the theory of Markov chains on finite or countably infinite

state spaces are defined as lim 1
h

(
pt,t+h (x, {x})− 1

)
= −qt (x)).

Consider again a Markov chain with transition intensities qt (x,C) as constructed

in Theorem 7.2.1. With the transition probabilities on the form (7.11), it is possible to

write down the backward and forward integral and differential equations (Feller–

Kolmogorov equations): to obtain the backward equations, let s < t, C ∈ G and use
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Lemma 4.3.3(bii) with k0 = 1 (condition on the time and value of the first jump) on

the probability Qs,x to obtain

pst (x,C) = 1C (x) exp

(
−
∫ t

s

qu(x) du

)

+
∫ t

s

du

∫

G\x
qu (x, dy) exp

(
−
∫ u

s

qv(x) dv

)
put (y,C) .

This shows pst (x,C) to be continuous in s and if u �→ qu(x) is continuous, it is then

an easy matter to see that pst (x,C) is differentiable in s with

Ds pst (x,C) = qs(x)pst (x,C)−
∫

G\x
qs (x, dy) pst (y,C) ,

reducing to (and always true)

Dt pt (x,C) =
∫

G\x
q (x, dy) pt (y,C)− q (x) pt (x,C) (7.15)

in the homogeneous case where pst = pt−s .

The forward systems are more delicate and additional assumptions are needed for

the derivation. Again, fix s, let C ∈ G and now apply Itô’s formula (Section 4.7) to the

process 1(X◦t ∈C) for t ≥ s under the probability Qs,x on (M,H) (or for t ≥ 0 since

we have that X◦t ≡ x for t ≤ s Qs,x -a.s.), i.e., we are looking for a decomposition

1(X◦t ∈C) = 1C (x)+Ut + M◦
t (S) (7.16)

for t ≥ s with U predictable and continuous, Us ≡ M◦
s (S) ≡ 0 and S a predictable

field. The indicator process on the left jumps only when µ◦ does and

�1(X◦t ∈C) = �N
◦
t

(
1(X◦t− /∈C,X◦t ∈C) − 1(X◦t−∈C,X◦t /∈C)

)
.

Identifying these jumps with those of the stochastic integral on the right of (7.16),

�M◦
t (S) = (�N

◦
t )S

X◦t
t (recall that η〈t〉 = X◦t ), yields

S
y
t = 1C (y)1(X◦t− /∈C) − 1Cc (y)1(X◦t−∈C)

= 1C (y)− 1(X◦t−∈C).

Since the indicator process is piecewise constant, it only remains to choose U so that

the process on the right of (7.16) is also a step process, i.e., Ut = L◦t (S). But

L◦ (dt, dy) = λ◦t dt π
〈t−〉
ξ〈t−〉,t (

dy) = qt

(
X◦t−

)
dt rt

(
X◦t−, dy

)

and hence

Ut =
∫ t

s

du

∫

G

qu

(
X◦u−, dy

) (
1C (y)− 1(X◦u−∈C)

)

=
∫ t

s

du
(

qu

(
X◦u,C

)
− 1(X◦u∈C)qu

(
X◦u
))
.
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Because S is uniformly bounded, it follows from Theorem 4.6.1(iii) that M◦(S) is a lo-

cal Qs,x -martingale (τn) , which is a true martingale if E s,x N
◦
t = E

[
N t |Xs = x

]
<

∞. Assuming that this condition holds, (7.16) shows that E s,x |Ut | < ∞ and taking

expectations in (7.16) then gives

pst (x,C) = 1C (x)+
∫ t

s

du

∫

G

psu (x, dy) (qu (y,C\y)− 1C (y) qu (y)) , (7.17)

provided it is allowed to interchange E s,x and
∫ t

s
, e.g. if

∫ t

s

du

∫

G

psu (x, dy) qu (y) <∞.

A formal differentiation after t in (7.17) finally yields

Dt pst (x,C) =
∫

G

pst (x, dy) (qt (y,C\y)− 1C (y) qt (y)) ,

in the homogeneous case reducing to

Dt pt (x,C) =
∫

G

pt (x, dy) (q (y,C\y)− 1C (y) q (y)) . (7.18)

When X is a homogeneous Markov chain on an at most countably infinite state

space, the backward and forward Feller–Kolmogorov equations were presented in Ex-

ercise 4.7.1. For a different derivation, see Example 7.7.2 below.

It is perfectly possible to have Markov chains (necessarily non-homogeneous) that

do not have transition intensities and we shall conclude this section with a discussion

of how they are constructed. The proof of Theorem 7.2.1 carries over to the case where

the Markov kernels P(n), π (n) have the form

P
(0)
|x0
(t) = F x0(t), π

(0)
t |x0
(C) = rt (x0,C) ,

P
(n)

zn |x0
(t) = F yn (t)

F yn (tn)
, π

(n)
zn ,t |x0

(C) = rt (yn,C) ,

where for each x ∈ G, Fx is the distribution function for a probability on R+ with

F x = 1 − Fx the corresponding survivor function, and where for each t, rt is a

transition probability on G as in Theorem 7.2.1. The construction works in particular

for distribution functions Fx with atoms.

For the expression for P(n) to make sense, it is natural to assume that F x (t) > 0 for

all x and all t ∈ R0. In the transition intensity case this would mean that
∫ t

0 qs(x) ds <

∞ for all t ∈ R0, a condition that is not needed as was noted above. In general

the condition F x (t) > 0 may be dispensed with by using families
(
F x |s

)
x∈G,s≥0

of

survivor functions, with each F x |s the survivor function for a probability on ]s,∞] ,

consistent in the sense that if s < t and F x |s (t) > 0, then

1

F x |s (t)
F x |s ≡ F x |t on ]t,∞] .
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One then defines

P
(n)

zn |x0
(t) =

{
F yn |tn (t) if t < t

†
zn
,

0 if t ≥ t
†
zn

where t
†
zn

the termination point for the distribution with distribution function Fyn |tn .

7.3 Construction and basic properties of PDMPs

We shall now discuss in detail the structure of piecewise deterministic Markov pro-

cesses (PDMPs), where the Markov chains treated in the previous section appear as a

simple special case. In turn the PDMPs are special cases of the piecewise deterministic

processes introduced on p. 25.

Just as for the Markov chains, we shall denote the state space for the PDMPs

by (G,G), but apart from assuming as before that G is countably generated with all

singletons {x} ∈ G, we shall now also assume that G is a topological space with G the

Borel σ -algebra (the σ -algebra generated by the open sets).

As was the case for Markov chains, the starting point is an RCM µ with mark

space E = G with ((Tn) , (Yn)) denoting the corresponding MPP. Also fix an arbitrary

initial state x0 ∈ G, and as in (3.12) define

X t = f
〈t〉
Z〈t〉|x0

(t) (7.19)

with as usual N t the total number of jumps for µ on [0, t],

Z〈t〉 = (T1, . . . , T〈t〉; Y1, . . . , Y〈t〉),

and with each t → f
(n)
zn |x0

(t) a continuous function on [tn,∞[ assumed to satisfy that

f
(n)
zn |x0

(t) is jointly measurable in the arguments x0, zn = (t1, . . . , tn; y1, . . . , yn) and

t. Finally, the f (n) are assumed to satisfy the boundary conditions

f
(0)
|x0
(0) = x0, f

(n)
zn |x0

(tn) = yn

so that if Tn <∞,

XTn = Yn,

i.e., Yn is the state reached by X at the time of the nth jump for µ.

Because of the continuity of the f (n), the process X is piecewise continuous with

jumps possible only at the time points Tn . Also F X
t ⊂ F

µ
t for all t.Markov chains are

obtained by taking f
(n)
zn |x0

(t) = yn (with y0 = x0).

The distribution of X is determined by that of µ, i.e., through the Markov kernels

P
(n)
zn |x0

and π
(n)
zn ,t |x0

(depending on x0). To ensure that the jump times for µ agree pre-

cisely with those of X, i.e., that XTn �= XTn− whenever Tn < ∞ we shall assume

that
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π
(n)
zn ,t |x0

({
f
(n)
zn |x0

(t)
})
= 0 (7.20)

for almost all values (zn, t) of (Zn, Tn+1) . (As was the case for Markov chains, (7.20)

is not required for the results below, nor is the continuity of the f (n). For convenience

we shall however maintain both assumptions).

The main problem to be discussed is that of finding out what structure must be

imposed on the Markov kernels P
(n)
zn |x0

, π
(n)
zn ,t |x0

and the functions f
(n)
zn |x0

, in order for

X to be a Markov process, and, in particular, a time-homogeneous Markov process. We

shall furthermore impose the constraint that the transition probabilities of the Markov

processes do not depend on the initial state x0.

For s ≥ 0, consider the conditional distribution of (Xu)u≥s given F
µ
s . By (7.6)

X is Markov with respect to
(
F
µ
t

)
iff this depends on the past F

µ
s through Xs only.

As always, conditioning on F
µ
s amounts to conditioning on N s = k, Zk = zk =

(t1, . . . , tk; y1, . . . , yk) for some k ∈ N0, 0 < t1 < · · · < tk ≤ t, y1, . . . , yk ∈ G

(cf. Corollary 4.2.2). On the set (N s = k, Zk = zk), by (7.19),

Xs = f
(k)
zk |x0

(s), (7.21)

and until the time Ts,1 of the first jump after s, X follows the deterministic function

t �→ f
(k)
zk |x0

(t) (t ≥ s).

Copying the proof of Theorem 7.2.1 and referring to Lemma 4.3.3, it now follows that

for X to be Markov with transitions that do not depend on x0, it is sufficient that the

following six quantities (for arbitrary k, x0, t1, . . . , tk, y1, . . . , yk) depend on these

2k + 2 variables through Xs as given by (7.21) only:

f
(k)
zk |x0

(t) (t ≥ s)

P
(k)

zk |x0
(t)/P

(k)

zk |x0
(s) (t ≥ s) (7.22)

π
(k)
zk ,t |x0

(t ≥ s)

and, for n ∈ N, writing z̃n = (̃t1, . . . , t̃n; ỹ1, . . . , ỹn) with s < t̃1 < · · · < t̃n,

ỹ1, . . . , ỹn ∈ G,

f
(k+n)

join(zk ,̃zn)|x0

P
(k+n)

join(zk ,̃zn)|x0
(7.23)

π
(k+n)

join(zk ,̃zn),t |x0

with t > t̃n in the last expression. We start by exploring the first of the three quantities

in (7.22). The requirement that this quantity depends on Xs only amounts to requiring

that for some function φst ,

f
(k)
zk |x0

(t) = φst ( f
(k)
zk |x0

(s)). (7.24)
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Taking s = tk and recalling the boundary condition f
(k)
zk |x0

(tk) = yk gives

f
(k)
zk |x0

(t) = φtk t (yk).

Inserting this general expression for f (k) in (7.24), and changing the notation gives

φsu(y) = φtu(φst (y)) (0 ≤ s ≤ t ≤ u, y ∈ G), (7.25)

which together with the boundary conditions

φt t (y) = y (t ∈ R0) (7.26)

are the basic functional equations describing the deterministic behavior of a piecewise

deterministic Markov process: (7.19) becomes

X t = φT〈t〉,t (Y〈t〉) (7.27)

with T〈t〉 = 0, Y〈t〉 = Y0 ≡ x0 on (N t = 0). More compactly (7.25) and (7.26) may

be written

φsu = φtu ◦ φst (0 ≤ s ≤ t ≤ u), φt t = id (t ≥ 0),

id denoting the identity on G. In particular the φst form a two-parameter semigroup

under composition. The interpretation of φst (y) is that it denotes the state of the pro-

cess at time t if at time s it was in state y, and there were no jumps on the time interval

]s, t] .

The time-homogeneous case, where φst depends on s, t through t − s only, is of

particular interest. Writing φt = φs,s+t for any s, (7.25) and (7.26) become

φs+t (y) = φs (φt (y)) (s, t ≥ 0, y ∈ G), φ0(y) = y (y ∈ G) (7.28)

or, in compact form

φs+t = φs ◦ φt , φ0 = id.

Thus the φt form a one-parameter commutative semigroup under composition. The

interpretation of φt (y) is that it denotes the state of the process at the end of a time

interval of length t, provided that at the start of the interval the process was in state y

and there were no jumps during the interval.

Having determined the structure of the piecewise deterministic part of the process,

it is now an easy matter to prove the following result, where D := {(s, t, y) ∈ R2
0×G :

s ≤ t} and

(i) qt (x) = qt (x,G) ≥ 0 is the total intensity for a jump from x at time t, satisfying

that (t, x) �→ qt (x) is B0 ⊗ G-measurable and locally integrable from the right

in the sense that for all t, x,
∫ t+h

t
qs(φst (x)) ds < ∞ for h = h(t, x) > 0

sufficiently small;



7.3 Construction and basic properties of PDMPs 155

(ii) for each t, rt is a Markov kernel on G such that (t, x) �→ rt (x,C) is B0 ⊗ G-

measurable for every C ∈ G; rt (x,C) is interpreted as the conditional probabil-

ity that a jump leads to a state in C, given that the jump occurs at time t from

state x .

(iii) rt (x, {x}) = 0 for all t ∈ R0, x ∈ G.

The condition

rt (x, {x}) = 0, (7.29)

from (iii) is essential to ensure that X has a discontinuity at each finite Tn ; cf. (7.20).

Theorem 7.3.1 (a) Suppose φ : D → G is a measurable function which satisfies

(7.25), (7.26) and is such that t �→ φst (y) is continuous on [s,∞[ for all s ∈
R0, y ∈ G and suppose that qt and rt satisfy (i)–(iii) above. Then the piecewise

deterministic process X given by X0 = Y0 ≡ x0 and

X t = φT〈t〉,t (Y〈t〉)

(with T0 ≡ 0) is a piecewise continuous Markov process with transition proba-

bilities that do not depend on x0, provided the Markov kernels P
(n)
zn |x0

, π
(n)
zn ,t |x0

determining the distribution Q = Q|x0 of the RCM µ recording the jump times for

X and the states reached by X at the time of each jump, define a stable RCM for

all x0 ∈ G and are of the form

P
(0)
|x0
(t) = exp

(
−
∫ t

0
qs(φ0s(x0)) ds

)
, (t ∈ R0)

π
(0)
t |x0
(C) = rt (φ0t (x0),C) (t ∈ R0,C ∈ G)

and for n ∈ N, t1 < · · · < tn ≤ t, y1, . . . , yn ∈ G

P
(n)

zn |x0
(t) = exp

(
−
∫ t

tn

qs(φtns(yn)) ds

)
, (7.30)

π
(n)
zn ,t |x0

(C) = rt (φtn t (yn),C)(C ∈ G), (7.31)

with t > tn in the last identity.

(b) The piecewise deterministic Markov process X determined by φst (y), qt (y),

rt (y,C) is time-homogeneous with transition probabilities that do not depend on

x0, if there exists a measurable function φ̃ : R0 × G → G with φ̃0 (·) = id and

t → φ̃t (y) continuous on R0 for all y, a measurable function q̃ : G → R0 and a

transition probability r̃ on G with r̃ (y, {y}) = 0, such that for all s ≤ t, y ∈ G

φst (y) = φ̃t−s(y), qt (y) = q̃(y), rt (y,C) = r̃(y,C).

The Markov kernels (7.30) and (7.31) then take the form
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P
(n)

zn |x0
(t) = exp

(
−
∫ t−tn

0
q(φ̃s(yn)) ds

)
,

π
(n)
zn ,t |x0

(C) = r(φ̃t−tn (yn),C) (C ∈ G),

using t0 = 0 and y0 = x0.

Notation. In the sequel we always write φ, q, r rather than φ̃, q̃, r̃ in the time-

homogeneous case, with φ then satisfying (7.28).

Remark 7.3.1 Note that for n ≥ 1, P
(n)
zn |x0

and π
(n)
zn ,t |x0

do not depend on the initial

state x0.

Proof. For part (a) we must show that the three quantities in (7.22) and (7.23) depend

on k, x0, zk through Xs = φtk s(yk) only. For the first entry in (7.22) this follows from

(7.24) and (7.25); cf. the argument on p. 154 leading to (7.25). Next

P
(k)

zk |x0
(t)

P
(k)

zk |x0
(s)
= exp

(
−
∫ t

s

qu(φtk u(yk)) du

)

= exp

(
−
∫ t

s

qu(φsu(Xs)) du

)
,

π
(k)
zk ,t |x0

= rt (φtk t (yk))

= rt (φst (Xs)),

again using (7.25). As for the three quantities from (7.23), they depend on t̃n, ỹn and

(in the case of π ) t only; in particular they do not depend on either of k, x0, zk or s.

This completes the proof of (a).

To prove (b), one must show that when φ, q, p are of the form given in part

(b), everything in (7.22) and (7.23), which we already know depend on s and Xs =
φtk ,s(yk) = φ̃s−tk (yk) only, either do not depend on s or, when evaluating a certain

quantity at a time-point t ≥ s depends on t through t − s alone. But this is immediate

since for instance

P
(k)

zk |x0
(t)

P
(k)

zk |x0
(s)
= exp

(
−
∫ t

s

q̃(φ̃u−s(Xs)) du

)

= exp

(
−
∫ t−s

0
q̃(φ̃u(Xs)) du

)
.

(See also the last part of the proof of Theorem 7.2.1 for a more detailed argument).

�

With the PDMP X constructed as in Theorem 7.3.1(a), it follows that the F
µ
t -

compensating measure L for the RCM µ determining the jump times and jumps for X

is given by
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L (dt, dy) = qt (X t−) dt rt (X t−, dy) . (7.32)

Equivalently, for any C ∈ G, the compensator �t (C) = L ([0, t]× C) has an F
µ
t -

predictable intensity process given by

λt (C) = qt (X t−)rt (X t−,C), (7.33)

and in the time-homogeneous case,

λt (C) = q(X t−)r(X t−,C). (7.34)

The Markov property of X is reflected in the fact that λt (C), which is of course also

F X
t -predictable, depends on the past (Xs)0≤s<t through X t− only. Note that the two

expressions are the same, no matter what the deterministic structure (the φst or φt ) for

X is. For X a Markov chain, (7.33) is simply the same as (7.14).

It is quite easy to generalize Theorem 7.3.1 to the case where the P(n) do not have

densities: imitating the proof one only has to verify that the quantities in (7.22) and

(7.23) depend on the past through Xs only. The result is

Theorem 7.3.2 (a) Suppose φ : D → G is a measurable function which satisfies

(7.25), (7.26) and is such that t �→ φst (y) is continuous on [s,∞[ for all s ∈
R0, y ∈ G. Then the piecewise deterministic process X given by X0 ≡ x0 and

X t = φT〈t〉,t (Y〈t〉)

is a Markov process with transitions that do not depend on x0, provided the π (n)

are as in Theorem 7.3.1 and together with the P (n) yield a stable RCM for arbitrary

x0 ∈ G with the P(n) of the form

P
(n)

zn |x0
(t) = F tn ,yn (t) (t ≥ tn),

where for each s, y, Fs,y is the distribution function for a probability on ]s,∞]

with survivor function F s,y = 1 − Fs,y, and the F s,y satisfy that for s ≤ t ≤
u, y ∈ G,

F s,y(u) = F s,y(t)F t,φst (y)(u). (7.35)

(b) The Markov process X from (a) is time-homogeneous if φst = φt−s, rt (y,C) =
r (y,C) and if in addition F s,y(t) = F y (t − s) depends on s and t through t − s

only.

Remark 7.3.2 Theorem 7.3.1 is the special case of Theorem 7.3.2 corresponding to

F s,y(t) = exp

(
−
∫ t

s

qu(φsu(y)) du

)
.
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Exercise 7.3.1 Let X be a PDMP as described in Theorem 7.3.2, and let h : (G,G)→(
G ′,G′

)
be a bimeasurable bijection (1-1, onto with h and h−1 measurable). Define

T ′n = Tn, Yn′ = h (Yn) , µ
′ =

∑
n:T ′n<∞ ε(T ′n ,Y ′n) and X ′t = h (X t ) for t ≥ 0. Show

that X ′ is a PDMP (which is piecewise continuous if G ′ is a topological space and h

is a continuous, but well defined in general) corresponding to the following choice of

piecewise deterministic behaviour φ′st , survivor functions F
′
s,y′ and transition proba-

bilities r ′t on G ′:

φ′st = h ◦ φst ◦ h−1, F
′
s,y′ = F s,h−1(y′), r ′t

(
y′,C ′

)
= rt

(
h−1

(
y′
)
, h−1

(
C ′
))
.

The Markov properties (7.12) and (7.13) established for Markov chains have com-

plete analogues for PDMPs: for s ≥ 0, x ∈ G define the probability Qs,x on (M,H)

to be generated from the Markov kernels

P
(0)
|s,x (t) =

{
1 (t < s)

F s,x (t) (t ≥ s) ,
π
(0)
t |s,x = rt (φst (x), ·)

P
(n)

zn |s,x (t) = F tn ,yn (t), (n ≥ 1, t ≥ tn) (7.36)

π
(n)
zn ,t |s,x = rt

(
φtn t (yn), ·

)
, (n ≥ 1, t > tn) ,

and in the homogeneous case, where φst = φt−s, F s,y(t) = F y (t − s) and rt = r,

define Qx as the probability obtained from this when s = 0, i.e., Qx is generated by

the Markov kernels

P
(0)
|x (t) = F x (t) , π

(0)
t |x = r (φt (x), ·)

P
(n)

zn |x (t) = F yn (t − tn), (n ≥ 1, t ≥ tn) (7.37)

π
(n)
zn ,t |x = r

(
φt−tn (yn), ·

)
, (n ≥ 0, t > tn) .

Then for all H ∈ H,

P
(
θtµ ∈ H

∣∣Fµt
)
= Qt,X t (H) (7.38)

in general, and for the homogeneous case,

P
(
θ∗t µ ∈ H

∣∣Fµt
)
= Q X t (H). (7.39)

We shall call (7.38) the general Markov property and (7.39) the homogeneous Markov

property.

The transition probabilities for the non-homogeneous (resp. homogeneous) pro-

cesses

pst (x,C) = Qs,x
(
X◦t ∈ C

)
,

(
pt (x,C) = Qx

(
X◦t ∈ C

))

where now X◦t = φτ〈t〉,t
(
η〈t〉

)
with τ0 ≡ s, η0 ≡ x when N

◦
t = 0 (resp. X◦t =

φt−τ〈t〉
(
η〈t〉

)
with τ0 ≡ 0, η0 ≡ x) is the canonical Markov process on M, satisfies
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the Chapman–Kolmogorov equations (7.4) exactly. Equivalently to this, the transition

operators

Pst f (x) =
∫

f
(
X◦t
)

d Qs,x , (Pt f (x) =
∫

f
(
X◦t
)

d Qx )

form a semigroup of operators, Psu = Pst Ptu for 0 ≤ s ≤ t ≤ u, (Ps+t = PsPt for

s, t ≥ 0) on the space of bounded and measurable functions f : G → R.

Note that both (7.38) and (7.39) hold simultaneously for all H,

P
(
θtµ ∈ ·

∣∣Fµt
)
= Qt,X t (7.40)

and in the homogeneous case,

P
(
θ∗t µ ∈ ·

∣∣Fµt
)
= Q X t ,

meaning e.g. in the case of (7.40) that for ω outside a P-null set, P
(
θtµ ∈ ·

∣∣Fµt
)
(ω)

and Qt,X t (ω) are the same probability measure on (M,H) .

We shall discuss further the structure of PDMPs and begin with a discussion of the

solutions to the homogeneous semigroup equation (7.28).

It is immediately checked that a general form of solutions are obtained by consid-

ering a continuous injective map � : G → V, where V is a topological vector space,

and defining

φt (y) = �−1 (�(y)+ tv0) (7.41)

for some v0 ∈ V . In particular, if G ⊂ Rd one may take V = Rd .

Different choices for � in (7.41) may lead to the same φt (y): replacing �(y) by

�(y) + v for an arbitrary v ∈ V does not change anything. Also changing �(y) to

K�(y) and v0 to Kv0 for an arbitrary K �= 0 does not affect the resulting φt (y).

Assuming that G = R, it is also possible to obtain partial differential equa-

tions for solutions of (7.28). By assumption t �→ φt (y) is continuous, in particular

lims↓0 φs(y) = φ0(y) = y. Suppose now that φ is differentiable at t = 0,

lim
s↓0

1

s
(φs(y)− y) = a(y)

exists as a limit in R . Then for t ∈ R0, using (7.28)

Dtφt (y) = lim
s↓0

1

s
(φs+t (y)− φt (y))

= lim
s↓0

1

s
(φs(y)− y)

φt (φs(y))− φt (y)

φs(y)− y

= a(y)Dyφt (y),

so, assuming that the partial derivatives exist, we arrive at the first order linear partial

differential equation
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Dtφt (y) = a(y)Dyφt (y) (7.42)

with the boundary condition φ0(y) = y.

Because the φt commute under composition, a differential equation different from

(7.42) is also available, viz.

Dtφt (y) = lim
s↓0

1

s
(φs (φt (y))− φt (y))

resulting in the non-linear differential equation

Dtφt (y) = a(φt (y)). (7.43)

Examples of solutions corresponding to different choices of a are essentially (apart

from the first example and for the others, apart from possible problems with domains

of definition) of the form (7.41) with � satisfying v0/�
′ = a (where now v0 ∈ R).

Some examples where K is a constant:

(i) If a ≡ 0, φt (y) = y, corresponding to the step process case.

(ii) If a(y) = K , then φt (y) = y + K t, yielding piecewise linear processes.

(iii) If a(y) = K y, then φt (y) = yeK t corresponding to piecewise exponential

processes.

(iv) If y > 0 only and a(y) = K
y
, then φt (y) =

√
y2 + 2K t, a solution that cannot

be used on all of R0 if K < 0. (However, using Theorem 7.3.2 it may still be

possible to obtain a homogeneous PDMP by forcing a jump every time φt (y)

reaches the critical value 0).

(v) More generally, if y > 0 and a(y) = K yβ , where β �= 1, then φt (y) =(
y1−β + K (1− β) t

)1/(1−β)
.

(vi) If a(y) = K e−y, then φt (y) = log(ey + K t).

If G ⊂ Rd (with d ≥ 2) analogues of (7.42) and (7.43) are readily obtained: write

φt (y) as a column vector and assume that

a(y) = lim
s↓0

1

s
(φs(y)− y) ∈ Rd×1

exists for all y and, assuming the partial derivatives do exist, deduce that

Dtφt (y) =
(
Dyφt (y)

)
a(y) = a (φt (y)) (7.44)

where Dyφt (y) is the d×d-matrix with elements
(
Dyφt (y)

)
i j
= Dy j

φi
t (y)with φi

t the

i th coordinate of φt .With V = Rd and φt (y) of the form (7.41) with� differentiable,

one finds

a(y) =
(
Dy�(y)

)−1
v0

where
(
Dy�(y)

)
i j
= Dy j

�i (y).
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Example 7.3.1 Let βi ∈ R for 1 ≤ i ≤ d be given constants and define β =
∑d

1 βi .

The functions

φi
t (y) =

⎧
⎪⎪⎨
⎪⎪⎩

yi

(
1+ β∏d

1 y j

t

)βi /β

if β �= 0,

yi exp

(
βi∏d
1 y j

t

)
if β = 0,

are well defined for all yi > 0 and all t ≥ 0 if β ≥ 0, and for all yi > 0 and

t < −β−1∏d
1 yi if β < 0. It is easily verified directly that the φt =

(
φi

t

)
1≤i≤d

have

the semigroup property (7.28) (as long as they are well defined) with

ai (y) = βi yi∏d
1 y j

.

Thus the φt may be used to define a homogeneous PDMP with state space Rd
+ as long

as in the case β < 0 the jumps occur early enough.

A particularly interesting choice of the jump intensities q (y) and the jump proba-

bilities r (y, ·) is to take

q (y) = λ
∏d

1 y j

(7.45)

for some λ > 0 and

r (y, ·) = law of (yiUi )1≤i≤d

with (Ui )1≤i≤d some d-dimensional random variable with all Ui > 0. Then one

may show that the PDMP has the following multi-self-similarity property: if X (x) =(
X i,(xi )

)
1≤i≤d

denotes the PDMP with initial state x = (xi ) ∈ Rd
+, it holds for all

constants ci > 0 that

(
ci X

i,(xi /ci )
t

)
1≤i≤d,t≥0

(d)=
(

X
(x)
ct

)
t≥0
, (7.46)

writing c =
∏d

1 ci and where
(d)= stands for equality in distribution (between two

processes). Furthermore, using X (x) to define X̂(x̂) =
∏d

1 X i,(xi ) where x̂ =
∏d

1 xi ,

and if

At :=
∫ t

0

1

X̂
(̂x)
s

ds,

satisfies limt→∞ At = ∞ a.s., then defining a new process ς (a) =
(
ς

i,(ai )
u

)
1≤i≤d,u≥0

where a = (ai ) , ai = log xi , by a time-change through A,

ς
i,(ai )
At

= log X
i,(xi )
t (1 ≤ i ≤ d, t ≥ 0) ,
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it holds that ς (a) is a d-dimensional compound Poisson with drift: ς (a) has the same

distribution as the process with i th coordinate (1 ≤ i ≤ d)

ai + βi u +
Nu∑

n=1

V i
n (u ≥ 0)

where N is a homogeneous Poisson process with intensity λ and the Vn =
(
V i

n

)
1≤i≤d

are iid and independent of N such that
(
V i

n

) (d)= (log Ui ) .

Exercise 7.3.2 Show the multi-self-similarity property (7.46). Also show that if β <

0, the jumps for X (x) come early enough, i.e., show that with the jump intensity func-

tion q given by (7.45),

P

(
T1 < −

1

β

d∏

1

xi

)
= 1

where T1 is the time of the first jump for X (x).

Show that the product process X̂ (̂x) is a (one-dimensional) piecewise linear PDMP.

More generally, show that if

{1, . . . , d} =
d ′⋃

k=1

Ik

where the Ik are non-empty and disjoint, then the d ′-dimensional process X̃ (̃x) =(
X̃ k,(̃xk )

)
1≤k≤d ′ where x̃k =

∏
Ik

xi and

X̃ k,(̃xk ) =
∏

i∈Ik

X i,(xi ),

is a multi-self-similar process in d ′ dimensions, of the same type as X (x). And of

course the transition probabilities for X̃ (̃x) do not depend on the choice of x = (xi ) .

A fairly general form of solutions to the functional equation (7.25) in the non-

homogeneous case is obtained by recalling the standard space-time device: if X is non-

homogeneous Markov, then (t, X t ) is time-homogeneous and piecewise deterministic

with, trivially, the time component increasing linearly over time with slope 1. With �̃

an injective map from the state space R0×G for (t, X t ) to R0×V,with V a topological

vector space, this makes it natural to look for �̃ of the form �̃(t, y) = (t,�t (y)) with

the deterministic part of (t, X t ) given by (7.41), using �̃ instead of�, (s, y) instead of

y, and (1, v0) instead of v0. The end result is that with (�t )t≥0 a family of injections

from G to V, the functions (φst )0≤s≤t given by

φst (y) = �−1
t (�s(y)+ (t − s) v0)

for some v0 ∈ V satisfy the non-homogeneous equation (7.25) and the boundary

condition (7.26).
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7.4 Examples of PDMPs

7.4.1 Renewal processes

An SPP T = (Tn)n≥1 is a (0-delayed) renewal process with renewal times Tn (see

Example 3.1.3) if the waiting times Vn = Tn−Tn−1 (with T0 ≡ 0) are independent and

identically distributed (with the possibility P (Vn = ∞) > 0 allowed). Write Nt =∑∞
n=1 1(Tn≤t).

Defining the backward recurrence time process X by

X t = t − T〈t〉,

(the time since the most recent renewal), we claim that X is time-homogeneous

Markov (with respect to the filtration (F X
t )). Note that X0 ≡ 0, meaning that the

process is 0-delayed.

To verify this, we use Theorem 7.3.1 and assume that the distribution of the Vn has

hazard function u,

P(Vn > v) = exp

(
−
∫ v

0
u(s)ds

)
.

(X will be time-homogeneous Markov even without this assumption, which is made

to make the example fit into the framework of Theorem 7.3.1. For the more general

result, use Theorem 7.3.2).

As state space we use G = [0, t†[,with t† the termination point for the distribution

of the Vn . X is then identified with the MPP (T ,Y) = ((Tn) , (Yn)), where the Tn are

as above, and Yn = XTn is seen to be always 0 on (Tn < ∞); in particular X can

be identified with the counting process Nt =
∑

1(Tn≤t). Hence, when determining the

distribution of (T ,Y)we need only worry about P
(n)
zn
,where y1 = y2 = · · · = yn = 0

and similarly for the π (n). By Example 3.1.3

P
(n)

t1···tn ,0···0(t) = exp

(
−
∫ t−tn

0
u(s) ds

)

and since π
(n)
t1···tn t,0···0 = ε0, and the deterministic behavior of X is described by X t =

φt−T〈t〉(Y〈t〉) where φt (y) = y + t satisfies (7.28), it follows from Theorem 7.3.1 that

X is time-homogeneous Markov with

φt (y) = y + t, q(y) = u(y), r(y, ·) = ε0.

With X as defined above, X0 ≡ 0. But as a Markov process, the backward recur-

rence time process X may be started from any x0 ∈ [0, t†[ in which case, by Theorem

7.3.1 (b), with q(y) = u(y) and φt (y) = y + t , we find

P
(0)
|x0
(t) = exp

(
−
∫ t

0
u(x0 + s) ds

)
, π

(0)
t |x0
= ε0, (7.47)
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while the P
(n)
zn |x0

and π
(n)
zn ,t |x0

for n ≥ 1 do not depend on x0, hence are exactly as

before. In the case where x0 > 0, the sequence (Tn) is an example of a delayed

renewal process, with the waiting times Vn independent for n ≥ 1 but only (Vn)n≥2

identically distributed. Note that if U has the same distribution as the Vn for n ≥ 2,

the distribution of V1 is that of U − x0 given U > x0.

Consider again the 0-delayed renewal process T = (Tn) but assume now that

P (Vn <∞) = 1. The forward recurrence time process X̃ is defined by

X̃ t = T〈t〉+1 − t,

the time until the next renewal. The state space for X̃ is
]
0, t†

[
if P

(
Vn = t†

)
= 0

and
]
0, t†

]
if P

(
Vn = t†

)
> 0. We have X̃0 = T1, and to fix the value, X̃0 ≡ x̃0, we

must condition on T1 = V1 = x̃0, i.e., all distributions must be evaluated under the

conditional probability P(·|T1 = x̃0).

The MPP describing X̃ is ((Tn) , (Yn)) with Tn as always the time of the nth re-

newal and

Yn = X̃Tn = Tn+1 − Tn = Vn+1.

The deterministic part of X̃ is given by X̃ t = φt−s(Y〈t〉), where φt (y) = y − t.

Since also

P
(0)
|̃x0
= εx̃0 , P

(n)
zn |̃x0

= εtn+yn (n ≥ 1),

π
(n)
zn ,t |̃x0

(]y,∞[) = P(V1 > y)

it follows from Theorem 7.3.2, that X̃ is time-homogeneous Markov with respect to

(F X̃
t ): the only problem is with the P

(n)
zn |̃x0

, but writing F tn ,yn (t) = P zn |̃x0 (t) we have

for s ≤ t and all y,

F s,y(t) =
{

1 if t < s + y

0 if t ≥ s + y

which depends on s, t through t− s only and satisfies the required functional equation

F s,y(u) = F s,y(t)F t,y−(t−s)(u) for s ≤ t ≤ u and all y. Note that since Tn+1 =
Tn + Yn, one need only consider P

(n)
zn

when t1 = x̃0, tk+1 = tk + yk and π
(n)
zn ,t

when

in addition t = tn + yn .

Note that the filtrations (F X
t ) and (F X̃

t ) for the backward and forward processes

are quite different: T〈t〉+1 is F X̃
t - but not F X

t -measurable (except of course in the

uninteresting case where the the Vn are degenerate, Vn ≡ v0 for some v0 > 0).

Exercise 7.4.1 Assume that P (Vn <∞) = 1 and consider the two-dimensional pro-

cess
(
X, X̃

)
. Discuss what the state space is for this process, and show that it is time-

homogeneous Markov.

The assumption P (Vn <∞) = 1 is made to ensure that X̃ is well defined as

a process with finite values. If P (Vn = ∞) > 0, adjoin ∞ as an extra state, and

define X̃ t = T〈t〉+1 − t as before with Tn = ∞ now possible. The state ∞ is then

an absorbing state, reached with certainty (why?) in finite time. Show that X̃ is still

time-homogeneous Markov.
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7.4.2 Processes derived from homogeneous Poisson measures

Let N be a time-homogeneous Poisson process with parameter λ > 0, and let (Un)n≥1

be an iid sequence of Rd -valued random variables, independent of N , such that

P(Un = 0) = 0. Let P denote the distribution of the Un . (This setup was used to

describe a compound Poisson process on p.135).

Let φ : D → G = Rd satisfy the conditions of Theorem 7.3.1 (a) and consider

the piecewise deterministic process X = (X t )t≥0 given by X0 ≡ x0,

X t = φT〈t〉,t (Y〈t〉)

where the Un are used to determine the jump sizes for X so that for n ≥ 1,

�XTn = Un, Yn = XTn = φTn−1,Tn (Yn−1)+Un

with Y0 ≡ x0. Identifying X with the MPP ((Tn) , (Yn)), we find

P
(n)

zn |x0
(t) = e−λ(t−tn)

and

π
(n)
zn ,t |x0

(C) = P(φtn t (yn)+Un+1 ∈ C)

= P(C − φtn t (yn)).

It follows from Theorem 7.3.1 that X is a Markov process, which is time-homogeneous

if φtu(y) is of the form φu−t (y). For the compound Poisson process (a step process:

φt (y) = y) and the piecewise linear process with φt (y) = y + αt we obtain processes

with stationary, independent increments; cf. Section 6.2.

7.4.3 A PDMP that solves an SDE

Let N be a homogeneous Poisson process with parameter λ > 0 and consider the

stochastic differential equation (SDE)

d X t = a(X t ) dt + σ(X t−) d Nt , X0 ≡ x0 (7.48)

for an R-valued cadlag process X, where a and σ are given functions with σ(x) �= 0

for all x . If a solution X exists it satisfies

X t = X0 +
∫ t

0
a(Xs) ds +

∫

]0,t]
σ(Xs−) d Ns

and is necessarily cadlag. To find the solution note that between jumps

Dt X t = a(X t ),

which should be compared with (7.43), while because σ(x) is never 0, X jumps pre-

cisely when N does and
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�X t = σ(X t−)�Nt .

Suppose now that for every x, the non-linear differential equation

f ′(t) = a( f (t)), f (0) = x

has a unique solution f (t) = φt (x). Fixing s ≥ 0 and looking at the functions t �→
φt+s(x), t �→ φt (φs(x)) defined for t ≥ 0, it is immediately checked that both solve

the differential equation f ′(t) = a( f (t)), f (0) = φs(x), hence, as expected, φt+s =
φt ◦ φs, φ0 = id, i.e., (7.28) holds.

It is now clear that (7.48) has a unique solution given by

X t = φt−T〈t〉
(
Y〈t〉

)
, �XTn+1 = σ

(
φTn+1−Tn (Yn)

)

where the Tn are the jump times for N (and X ) and Yn = XTn with Y0 ≡ x0. (Note that

it is used in an essential manner that it is the term σ(X t−) d Nt rather than σ(X t ) d Nt

that appears in (7.48)). It is now an easy matter to see that X is a time-homogeneous

PDMP: the Markov kernels for ((Tn) , (Yn)) are

P
(n)

zn |x0
(t) = e−λ(t−tn) (t ≥ tn) ,

π
(n)
zn ,t |x0

= εy∗n (t > tn) ,

where y∗n = φt−tn (yn)+ σ
(
φt−tn (yn)

)
, and hence X satisfies the conditions of Theo-

rem 7.3.1 (b) with φt as above, q(y) = λ for all y, and

r (y, ·) = εy+σ(y). (7.49)

The reasoning above works particularly well because N is Poisson, but this implies

that the jump times for X are those of N and hence that X is a rather special type of

homogeneous PDMP. To obtain solutions X with a more general structure for the jump

times one must (apparently) let the driving counting process N in (7.48) depend on X

which is a most unpleasant prospect, but nevertheless it is still possible in a certain

sense to solve the SDE: suppose q is a given intensity function and let N be given by

the Markov kernels P
(0)
|x0

and P
(n)
|x0

(for n ≥ 1 and yet to be determined) such that

P
(0)
|x0
(t) = exp

(
−
∫ t

0
q (φs (x0))

)
ds.

This distribution generates the first jump time T1 for N , which is enough to determine

the solution process X on the interval [0, T1] , including the state Y1 reached by the

jump at T1 if T1 is finite (and determines X completely if T1 = ∞). But then we

should obviously use

P
(1)
T1|x0

(t) = exp

(
−
∫ t−T1

0
q (φs (Y1)) ds

)
(t ≥ T1)

for generating T2 and thereafter X on ]T1, T2] if T2 < ∞ (if T2 = ∞ we are done).

The end result will be a homogeneous PDMP with q(x) the total intensity for a jump
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from x to occur, solving (7.48) with N the counting process (not Poisson in general)

determined by the sequence (Tn) of jump times. Of course X still has deterministic

jumps as in (7.49) – for more general jump structures, it is necessary to replace N

by an RCM µ with some mark space E, and the term σ (X t−) d Nt in (7.48) by a

term
∫

E
S

y
t µ (dt, dy) for an F

µ
t -predictable field S for example of the form S

y
t =

σ (X t−, y): if µ =
∑
ε(Tn ,Yn) is a homogeneous Poisson random measure, X is then

a PDMP with Poisson jump times and, since �XTn = σ
(
XTn−, Yn

)
,

r (y, ·) = law ofby + σ (y, Y )

where Y has the same distribution as the iid random variables Yn .

7.5 The strong Markov property

Let X be a PDMP with an arbitrary initial state X0 ≡ x0, constructed from an RCM µ

as in Theorem 7.3.2 using functions φst for the deterministic part, survivor functions

F s,x for the jump time distributions and transition probabilities rt for the jumps, with

the φst forming a semigroup and the F s,x satisfying the functional equation (7.35).

With Qs,x as in (7.36), we then have the Markov property (7.40)

P
(
θsµ ∈ ·

∣∣Fµs
)
= Qs,Xs , (7.50)

and in the homogeneous case, where φst = φt−s, F s,x (t) = F x (t − s) and rt = r

and Qx is defined as Q0,x ,

P
(
θ∗s µ ∈ ·

∣∣Fµs
)
= Q Xs . (7.51)

The strong Markov property, which we shall now prove, states that in (7.50) and

(7.51), the fixed time point s may be replaced by an arbitrary F
µ
t -stopping time T.

Recall (Appendix B) that T is an F
µ
t -stopping time if (T < t) ∈ F

µ
t for all t and the

pre-T σ -algebra is defined as

F
µ
T =

{
F ∈ F : F ∩ (T < t) ∈ F

µ
t for all t

}
.

With T an F
µ
t -stopping time, define the shift θTµ : (T <∞)→M by

θTµ (ω) =
∑

n:T(ω)<Tn(ω)<∞
ε(Tn(ω),Yn(ω))

and the translated shift θ∗Tµ : (T <∞)→M by

θ∗Tµ (ω) =
∑

n:T(ω)<Tn(ω)<∞
ε(Tn(ω)−T(ω),Yn(ω)).

We write TT,n and YT,n for the jump times and marks determining θTµ. Thus, if

T (ω) <∞,
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θTµ (ω) =
∑

n:TT,n(ω)<∞
ε(TT,n(ω),YT,n(ω))

with T (ω) < TT,1 (ω) ≤ TT,2 (ω) ≤ · · · . Note that for n ≥ 1,

TT,n = τn (θTµ) , YT,n = ηn (θTµ) (7.52)

on the set (T <∞) .
It is straightforward to show that each TT,n is an F

µ
t -stopping time and that YT,n

is F
µ
TT,n

-measurable, as will be used below.

Theorem 7.5.1 (The strong Markov property.) Let T be an F
µ
t -stopping time.

(i) It holds P-a.s. on (T <∞) that

P
(
θTµ ∈ ·

∣∣FµT
)
= QT,XT . (7.53)

(ii) If X is time-homogeneous, it holds P-a.s. on (T <∞) that

P
(
θ∗Tµ ∈ ·

∣∣FµT
)
= Q XT . (7.54)

Note. Both (7.53) and (7.54) should be understood as identities between probabilities

on (M,H) .

Proof. We shall prove (i), (ii) is then an immediate consequence. In order to show

(7.53), it suffices to show that for all H ∈ H,

P
(
θTµ ∈ H

∣∣FµT
)
= QT,XT (H)

P-a.s. on (T <∞) . This in turn follows if we show that for n ≥ 1 and all measurable

and bounded functions fi : R+ × G → R, 1 ≤ i ≤ n, it holds that

E

[
n∏

i=1

fi (τi , ηi ) ◦ θµT
∣∣FµT

]
= ET,XT

[
n∏

i=1

fi (τi , ηi )

]
. (7.55)

This we shall prove by induction on n, and here the initial step for n = 1 is critical –

once that has been done the induction step is easy: suppose (7.55) has been established

for n − 1 with n ≥ 2 and all F
µ
t -stopping times T. Recalling (7.52) and the fact that

TT,n−1 is a stopping time, applying (7.55) for n = 1 gives

E

[(
U ◦ θµT

)
fn

(
TT,n, YT,n

) ∣∣∣FµTT,n−1

]
=
(
U ◦ θµT

)
ETT,n−1,YT,n−1 ( fn (τ1, η1))

where U =
∏n−1

i=1 fi (τi , ηi ) . Therefore

E
[(

U ◦ θµT
)

fn

(
TT,n, YT,n

) ∣∣FµT
]
= E

[(
U ◦ θµT

)
ETT,n−1,YT,n−1 ( fn (τ1, η1))

∣∣FµT
]

= ET,XT
[
U Eτn−1,ηn−1 ( fn (τ1, η1))

]
,
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with the last equality following from the induction hypothesis. But by Lemma 4.3.3(bii)

and the definition of the Qs,x ,

Eτn−1,ηn−1 [ fn (τ1, η1)] = ET,XT
[

fn (τn, ηn) |ξn−1

]

since for n ≥ 2 both quantities equal

∫

]τn−1,∞]
Fτn−1,ηn−1 (dt)

∫

G

rt

(
φτn−1t (ηn−1) , dy

)
fn (t, y) ,

and we see that (7.55) holds for n.

It remains to establish (7.55) for n = 1. First approximate T by a sequence of

discrete valued stopping times TK , where for K ≥ 1,

TK =
∞∑

k=1

k
2K 1((k−1)2−K≤T<k2−K ) +∞1(T=∞).

That (7.53) holds with T replaced by TK is a direct consequence of the Markov prop-

erty (7.50): let H ∈ H, F ∈ F
µ
TK

and write FK ,k = F ∩
(
TK = k2−K

)
∈ F

µ

k2−K .

Then, with tK k = k2−K ,

∫

FK ,k

QTK ,XTK (H) dP =
∫

FK ,k

QtK k ,X tK k (H) dP

=
∫

FK ,k

1(θtK k
µ∈H

) dP

= P
(
Fk,K ∩

(
θTK

∈ H
))

and

P

(
θTK

∈ H

∣∣∣FµTK

)
= QTK ,XTK (H)

follows (on the set (TK <∞) = (T <∞)).
We now prove (7.55) for n = 1 by first noting that on (T <∞) ,

ET,XT ( f1 (τ1, η1)) =
∫

]T,∞]
FT,XT (dt)

∫

G

rt (φTt (XT) , dy) f1 (t, y)

with a similar expression for ETK ,XTK ( f1 (τ1, η1)) . But if N TK
= N T we have for

t ≥ TK > T,

φTt (XT) = φTK t

(
φTTK (XT)

)
= φTK t

(
XTK

)

and

FT,XT (t) = FT,XT (TK ) FTK ,XTK
(t)

whence, on the set
(
N TK

= N T,T <∞
)
,



170 7 PDMPs

ETK ,XTK ( f1 (τ1, η1)) =
∫

]TK ,∞]
FTK ,XTK

(dt)

∫

G

rt

(
φTK t

(
XTK

)
, dy

)
f1 (t, y)

= 1

FT,XT (TK )

∫

]TK ,∞]
FT,XT (dt)

∫

G

rt (φTt (XT) , dy) f1 (t, y)

→ ET,XT ( f1 (τ1, η1))

as K ↑ ∞ since TK ↓ T. Since also 1(N TK
=N T,T<∞

) → 1(T<∞), we finally de-

duce using dominated convergence that for F ∈ F
µ
T ∩ (T <∞) , writing FK =

F ∩
(
N TK

= N T

)
,

∫

F

ET,XT ( f1 (τ1, η1)) dP = lim
K→∞

∫

FK

ETK ,XTK ( f1 (τ1, η1)) dP

= lim
K→∞

∫

FK

( f1 (τ1, η1)) ◦
(
θTK
µ
)

dP

= lim
K→∞

∫

FK

f1

(
TTK ,1, YTK ,1

)
dP

=
∫

F

f1

(
TT,1, YT,1

)
dP

using that
(
TTK ,1, YTK ,1

)
(ω) =

(
TT,1, YT,1

)
(ω) for K = K (ω) sufficiently large for

the last equality. �

Example 7.5.1 If we apply the strong Markov property to the F
µ
t -stopping time Tk0 ,

the result is a special case of Lemma 4.3.3(b) (special because now we have the addi-

tional structure arising from the PDMP X ).

7.6 Itô’s formula for homogeneous PDMPs

In this section we shall discuss in more detail the structure of Rd -valued piecewise

deterministic Markov processes, which are time-homogeneous.

The processes will be of the type described in Theorem 7.3.1 (b). Thus, if X =
(X)t≥0 denotes the process with a subset G ⊂ Rd as state space, X is completely

specified by its initial value X0 ≡ x0 and the MPP ((Tn) , (Yn)), where Tn is the time

of the nth discontinuity (nth jump) for X, and Yn = XTn ∈ Rd is the state reached by

the nth jump, cf. (7.27), and

X t = φt−T〈t〉(Y〈t〉),

with φ describing the deterministic behavior of X between jumps so that t �→ φt (y)

is continuous and satisfies the semigroup equation φs+t = φs ◦ φt (s, t ≥ 0) with the

initial condition φ0 = id, cf. (7.28). Recall also that the distribution of ((Tn) , (Yn)) is

determined by
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P
(n)

zn |x0
(t) = exp

(
−
∫ t−tn

0
q(φs(yn)) ds

)
,

π
(n)
zn ,t |x0

(C) = r(φt−tn (yn),C)

with q ≥ 0 and such that t �→ q(φt (y)) is a hazard function for every y, and with r a

Markov kernel on G such that, cf. (7.29),

r(y, {y}) = 0 (y ∈ G). (7.56)

If µ is the RCM determined by ((Tn) , (Yn)), we recall that µ has F
µ
t - and F X

t -

compensating measure L given by

L([0, t]× C) = �t (C) =
∫ t

0
λs(C) ds

with the predictable intensity λ(C) determined as in (7.34),

L (ds, dy) = q (Xs−) ds r (Xs−, dy) . (7.57)

Finally, we shall assume that t �→ φt (y) is continuously differentiable, and writing

a(y) = Dtφt (y)|t=0

as a column vector with coordinates ai (y), we then have the differential equation

(7.44),

Dtφt (y) = a (φt (y)) .

Suppose now that f : R0 × G → R is a continuous function, and consider the

process ( f (t, X t ))t≥0.We may then use Itô’s formula for MPPs, Section 4.7, to obtain

a decomposition of f (·, X) into a local martingale and a predictable process. To for-

mulate the result, introduce the space-time generator A acting on the space D (A) of

functions f that are bounded on finite time intervals and continuously differentiable

in t and y and with A f given by

A f (t, y)= Dt f (t, y)+
d∑

i=1

Dyi
f (t, y)ai (y)+ q(y)

∫

G

r(y, dy′) ( f (t, y′)− f (t, y)).

(7.58)

That f is bounded on finite time intervals means that f is bounded on all sets

[0, t]× G for t ∈ R0.

Theorem 7.6.1 (a) For f ∈ D (A) the process f (·, X) may be written

f (t, X t ) = f (0, x0)+Ut +
∫

]0,t]×G

S
y
s M(ds, dy), (7.59)
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where M is the martingale measure µ − L , (S
y
s )s≥0,y∈G is the F X

t -predictable

field given by

S
y
t = f (t, y)− f (t, X t−) (7.60)

and U is continuous and F X
t -predictable with

Ut =
∫ t

0
A f (s, Xs) ds. (7.61)

The term

Mt (S) =
∫

]0,t]×G

S
y
s M(ds, dy)

in (7.59) defines a local F
µ
t -martingale with reducing sequence (Tn) , and the

decomposition of f (t, X t ) into a local martingale and an F
µ
t -predictable process

is unique up to indistinguishability.

(b) If f ∈ D (A) is such that A f is bounded on finite time intervals, then the process

M(S) is an F
µ
t -martingale and for all t,

E|x0 f (t, X t ) = f (0, x0)+ E|x0

∫ t

0
A f (s, Xs) ds (7.62)

= f (0, x0)+
∫ t

0
E|x0 A f (s, Xs) ds.

If in particular

A f ≡ 0, (7.63)

then the process ( f (t, X t ))t≥0 is an F
µ
t -martingale and

E|x0 f (t, X t ) = f (0, x0) (t ≥ 0) .

Note. We write E|x0 rather than E for expectation in order to emphasize the fixed, but

arbitrary value of the arbitrary initial state x0.

Proof. (a). As in Section 4.7 we identify S by identifying the jumps in (7.59). Since

f ∈ D (A) and X is continuous between jumps, f (·, X) jumps only when µ does and

with the requirement that U in (7.59) be continuous it follows that

� f (t, X t )�N t = S
X t
t �N t

which certainly holds if S is given by (7.60).

Note that because f and therefore also S is bounded on finite time intervals, with
|S| ≤ K we have

∫

]0,t]×G

∣∣Sy
s

∣∣ L (ds, dy) ≤ K�t <∞
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P-a.s. The convergence of this stochastic integral is used without comment below.

Having found S, we define U by solving (7.59) for Ut . It then follows that between

jumps U is differentiable in t (at least in the sense that increments between jumps,

Ut −Us, have the form
∫ t

s
DuUu du) and that DtUt is given by

DtUt = Dt f (t, X t )+ Dt

∫

]0,t]×G

S
y
s L (ds, dy) .

But

Dt f (t, X t ) = Dt f (t, X t )+
d∑

i=1

Dyi
f (t, X t ) Dt X i

t

with X i
t the i th coordinate of X i , and by (7.44), between jumps

Dt X t = Dtφt−T〈t〉
(
Y〈t〉

)
= a

(
φt−T〈t〉

(
Y〈t〉

))
= a (X t ) .

Since also, by (7.57)

Dt

∫

]0,t]×G

S
y
s L (ds, dy) = Dt

∫ t

0
ds q (Xs−)

∫

G

r (Xs−, dy) S
y
s

= q (X t )

∫

G

r (X t , dy) S
y
t ,

using (7.60) it follows that between jumps

DtUt = A f (t, X t )

and we have shown that (7.59) holds with S,U given by (7.60), (7.61).

Because S is bounded on all sets [0, t]×G, by Theorem 4.6.1 (iii1) M(S) is an F
µ
t -

local martingale with reducing sequence (Tn). The uniqueness of the decomposition

follows from Proposition 4.5.1.

(b) (7.59) together with the boundedness of f and A f on finite time intervals

shows the local martingale M(S) to be uniformly bounded on [0, t] for any t, hence

M(S) is a true martingale with, necessarily, expectation 0. The remaining assertions

are now obvious. �

A generalization of the theorem appears as Proposition 7.7.1 below.

Remark 7.6.1 For (a) the assumption that f be bounded on finite time intervals may

be relaxed: it suffices that for all t

sup
s≤t,y

∫

G

r
(
y, dy′

) ∣∣ f (s, y′)− f (s, y)
∣∣ <∞.

The conclusion in (b) may of course hold even without assuming that f and A f

are bounded on finite time intervals, but then great care should be used when verifying

first that M(S) is a local martingale and second that it is a true martingale.
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Suppose that h : G → R is continuously differentiable and bounded. Then f ∈
D (A) where f (t, y) = h(y) and A f (t, y) = Ah(y) where

Ah(y) =
d∑

i=1

Dyi
h(y)ai (y)+ q(y)

∫

G

r (y, d ỹ) (h (ỹ)− h(y)) , (7.64)

while (7.59) takes the form

h (X t ) = h (x0)+
∫ t

0
Ah (Xs) ds +

∫

]0,t]×G

S
y
s M(ds, dy)

with

S
y
s = h (y)− h (Xs−) .

The operator A, acting e.g., on a suitable subspace of the space of bounded h, such

that Dyh exists and is continuous with Ah continuous, is a version of the infinitesimal

generator for the time-homogeneous Markov process X . If also Ah is bounded (as is

usually assumed when defining the domain of the generator), by (7.62)

E|x0 h (X t ) = h(x0)+
∫ t

0
E|x0 Ah(Xs) ds,

from which one obtains, when using the continuity of Ah, the familiar formula for the

generator,

Ah(x0) = lim
t→0

1

t

(
E|x0 h(X t )− h(x0)

)

= lim
t→0

1

t
(Pt h (x0)− h (x0)) , (7.65)

which is valid for arbitrary initial states x0.

In the next section we shall discuss in detail a specific version of the generator,

what we refer to as the full generator, where one essential aspect is to extend the

domain to allow for certain functions that need not be continuously differentiable.

Remark 7.6.2 It is not difficult to generalize the version (7.59) of Itô’s formula to

non-homogeneous PDMPs: suppose that

X t = φT〈t〉,t
(
Y〈t〉

)

where the φst satisfy the semigroup property (7.25) together with (7.26) and that fur-

thermore the Markov kernels generating the jump times and jumps for X are of the

form

P
(n)

zn |x0
(t) = exp

(
−
∫ t

tn

qs(φtns(yn)) ds

)
,

π
(n)
zn ,t |x0

(C) = rt (φtn t (yn),C).
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Then provided t �→ φst (x) is continuously differentiable on [s,∞[ for all x, one may

obtain, for functions f that are bounded on finite time intervals and otherwise smooth

enough, decompositions of the form

f (t, X t ) = f (0, x0)+
∫ t

0
As f (s, Xs) ds +

∫

]0,t]×G

S
y
s M(ds, dy)

with S as in (7.60). Here

At f (t, y) = Dt f (t, y)+
d∑

i=1

Dyi
f (t, y)ai (t, y)

+ qt (y)

∫

G

rt (y, dy′) ( f (t, y′)− f (t, y))

where ai (t, y) is the i th element of the column vector

Duφtu (y) |u=t .

We shall conclude with a brief discussion of Itô’s formula and the structure of the

generator for general homogeneous PDMPs constructed as in Theorem 7.3.2, i.e., the

conditional distributions P
(n)
zn |x0

of the jump times may have atoms and need certainly

not have densities, as has been otherwise assumed so far in this section.

For such a general PDMP X it is still possible to establish an Itô formula, e.g., for

h : G → R one attempts to write

h (X t ) = h (X0)+Ut + local martingalet (7.66)

with U F X
t -predictable, U0 ≡ 0. Since the compensating measure L for ((Tn) , (Yn))

may now have jumps, typically also U will have jumps, and to find the decomposition

(7.66) one must argue as in Examples 4.7.3 and 4.7.4. The decomposition is partic-

ularly nice if U is continuous, even absolutely continuous, so that for some function

Ah,

h (X t ) = h (X0)+
∫ t

0
Ah (Xs) ds + local martingalet . (7.67)

This requires that h have a special structure and one would then call the space of such

h with h, Ah both bounded and the local martingale a true martingale, for the domain

of the extended generator with of course Ah the value of the generator applied to h.

We shall not pursue this general discussion here but illustrate what happens by an

example.

Example 7.6.1 Let X be the forward recurrence time process from Subsection 7.4.1,

i.e., X t = T〈t〉+1− t where Tn = V1+· · ·+Vn is the sum of independent waiting times

with the Vk identically distributed for k ≥ 2 according to an arbitrary given distribution

F on R+ and where Nt =
∑∞

1 1(Tn≤t). Starting X at a given state x0 ∈ G with

x0 > 0 (where G =
]
0, t†

[
if P

(
Vn = t†

)
= 0 and G =

]
0, t†

]
if P

(
Vn = t†

)
> 0,
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t† denoting the termination point for the distribution of the Vn) corresponds to the

PDMP-description φt (y) = y − t, P
(0)
|x0
= εx0 , P

(n)
zn |x0

= εtn+yn for n ≥ 1 and

π
(n)
zn ,t |x0

(]y,∞[) = F (y), as shown in Subsection 7.4.1.

Suppose now that h : G → R is continuous and such that the limit h(0) =
limx↓0 h(x) exists. We wish to determine for which h we can write h (X t ) in the form

(7.67) and to identify Ah. Note first that with X0 ≡ x0, the compensating measure for

the MPP ((Tn) , (Yn)) (with Yn = Tn+1 − Tn = Vn+1 a.s.) is given by

L (dt, dy) =
∞∑

n=0

εTn+Yn (dt) F (dy)

=
∞∑

n=0

εTn+1 (dt) F (dy)

a.s., and consequently, any F X
t -martingale has the form

Mt (S) =
∫

]0,t]×G

S
y
s (µ (ds, dy)− L (ds, dy))

=
N t∑

n=1

(
S

Yn

Tn
−
∫

G

S
y
Tn

F (dy)

)

for some predictable field
(
S

y
s

)
. In particular M (S) is constant between jumps and

�Mt (S) = �N t

(
S

Y〈t〉
t −

∫

G

S
y
t F (dy)

)
. (7.68)

Now, because h is continuous h (X) jumps only when N does and

�h (X t ) = �N t

(
h
(

YN t

)
− h (0)

)
(7.69)

since for all n, XTn− = 0. Matching the jumps from (7.68) and (7.69) show that they

are equal if S
y
t := h (y) and h (0) =

∫
G

h (y) F (dy) . Since for t ∈
[
Tn, Tn+1

[
,

h (X t ) = h (Yn − t) it is now clear that the following decomposition holds: suppose h

belongs to D (A) defined as the space of bounded continuously differentiable functions

h with bounded derivative h′ and such that h (0) =
∫

G
h (y) F (dy) . Then, under any

P|x0 ,

h (X t ) = h (x0)−
∫ t

0
h′ (Xs) ds + Mt (S)

with M (S) a martingale. D (A) is the domain of the extended generator and Ah = −h′

for h ∈ D (A) . In particular for h ∈ D (A) and all x ∈ G,

Pt h (x) = h (x)−
∫ t

0
Psh′ (x) ds. (7.70)
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If instead of the forward recurrence time process we consider the joint process

X =
(
X, X̃

)
with X the backward and X̃ the forward recurrence time process (see

Exercise 7.4.1) a similar reasoning applies: the state space is G(2) =
[
0, t†

[
×
]
0, t†

[
(if

P
(
Vn = t†

)
= 0) or G(2) =

[
0, t†

]
×
]
0, t†

]
(if P

(
Vn = t†

)
> 0), we have φt (x, x̃) =

(x + t, x̃ − t) and, corresponding to an initial state x0 = (x0, x̃0) ∈ G(2) with x̃0 > 0,

we find writing

zn = (t1, . . . , tn; y1, . . . , yn)

that

P
(0)
|x0
= εx̃0 , P

(n)
zn |x0

= εtn+ỹn , π
(n)
zn ,t |x0

({0} × ]y,∞[) = F (y)

with the only relevant marks yn = (yn, ỹn) having the form (0, ỹn) .

The local martingales are essentially as those above,

Mt (S) =
N t∑

n=1

(
S

(
0,Ỹn

)

Tn
−
∫

G

S
(0,̃y)
Tn

F (d ỹ)

)

with

�Mt (S) = �N t

(
S

(
0,Ỹn

)

t −
∫

G

S
(0,̃y)
t F (d ỹ)

)

and for h : G(2)→ R continuous,

�h
(
X t , X̃ t

)
= �N t

(
h
(

0, ỸN t

)
− h (X t−, 0)

)
.

Consequently, taking S
(0,̃y)
t = h (0, ỹ) the jumps for M (S) and h

(
X, X̃

)
will match

if h (x, 0) = h (0, 0) for all x and h (0, 0) =
∫

G
h (0, ỹ) F (d ỹ) . It follows that

h
(
X t , X̃ t

)
= h (x0, x̃0)+

∫ t

0
Ah
(
Xs, X̃s

)
ds + Mt (S)

with M (S) a martingale provided h belongs to the domain D
(

A(2)
)

consisting of all

bounded and continuously differentiable h such that

A(2)h = (Dx − Dx̃ ) h

is bounded and h (x, 0) = h (0, 0) =
∫

G
h (0, ỹ) F (d ỹ) for all x ∈

[
0, t†

[
.

7.7 The full infinitesimal generator

We continue the study of a time-homogeneous PDMP X with state space G ⊂ Rd of

the form considered in the previous section: X t = φt−T〈t〉
(
Y〈t〉

)
with the φt forming
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a semigroup under composition, q (y) the intensity for a jump from y and r (y, ·) the

distribution of the state reached by that jump. In particular all the Tn have a distribution

with a density with respect to Lebesgue measure on R+ (plus possibly an atom at∞).

We shall assume that the function t �→ φt (y) is continuous for all y, but it need

not be differentiable, as assumed in the discussion of the generator in the previous

section. To ease the notation we shall often write φt y instead of φt (y) .

We shall call a measurable function h : G → R path-continuous if the function

t �→ h (φt y) (7.71)

is continuous for all y, and path-differentiable if the function given by (7.71) is con-

tinuously differentiable.

If h is continuous, it is of course also path-continuous since by assumption φt (y)

is continuous in t. In the one-dimensional case, d = 1, path-continuity may well (but

not always, see below) be equivalent to continuity, but if d ≥ 2 there will typically be

functions that are path-continuous but not continuous: path-continuity of h amounts

only to requiring h (yn)→ h (y) when yn → y in a specified manner, e.g., in the form

yn = h
(
φtn y

)
with tn ↓ 0.

The concept of path-continuity depends on the semigroup (φt ) . The special case

of Markov chains, i.e., φt (y) = y for all t, y, is exceptional: by (7.71) any measurable

function h is path-continuous!

If h is continuously differentiable and t �→ φt (y) is continuously differentiable so

that, see (7.44), Dtφt (y) = a (φt y) , it follows that h is path-differentiable with

Dt h (φt y) =
d∑

i=1

Dyi
h (φt y) ai (φt y) . (7.72)

Again, for d = 1 path-differentiability of h often implies differentiability, but for

d ≥ 2 it does not. And the Markov chain case φt (y) = y is still exceptional: any

measurable h is path-differentiable.

Suppose now that h is path-differentiable. Then for all t ≥ 0,

Dt h (φt y) = lim
s↓0

1

s
(h (φs+t y)− h (φt y))

= lim
s↓0

1

s
(h (φs (φt y))− h (φt y)) .

For t = 0 we obtain the limit

δφ (h) (y) := lim
s↓0

1

s
(h (φs y)− h (y)) (7.73)

and then see that

Dt h (φt y) = δφh (φt y) (t ≥ 0) . (7.74)

For the remainder of this section, assume that the PDMP X has the following path-

continuity property: for any bounded and path-continuous h it holds that
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t �→ q (φt y)

∫

G

r (φt y, d ỹ) h (ỹ) (7.75)

is continuous. Taking h ≡ 1 it follows in particular that then q is path-continuous.

Definition 7.7.1 The full infinitesimal generator for the homogeneous PDMP X, is

the linear operator A given by (7.76) below acting on the domain D (A) of bounded

measurable functions h : G → R such that

(i) h is path-differentiable with δφh path-continuous;

(ii) the function Ah : G → R given by

Ah (y) = δφh (y)+ q (y)

∫

G

r (y, d ỹ) (h (ỹ)− h (y)) (7.76)

is bounded.

Note that if h ∈ D (A) , then by (i) and (7.75), Ah is path-continuous.

Suppose that h is bounded, continuously differentiable and that t �→ φt (y) is

continuously differentiable. Then h ∈ D (A) provided Ah is bounded and Ah = Ah

with Ah given by (7.64), cf. (7.74) and (7.72).

Note that always h ≡ 1 belongs to D (A) with Ah ≡ 0.

Example 7.7.1 Suppose X is a Markov chain so that φt (y) = y. Then both (7.75)

and (i) from Definition 7.7.1 are automatic for any bounded and measurable h, and it

follows that h ∈ D (A) iff h is bounded and measurable with Ah bounded, where

Ah (y) = q (y)

∫

G

r (y, d ỹ) (h (ỹ)− h (y)) . (7.77)

The general theory of (time-homogeneous) Markov processes contains various

definitions of the generator and in particular of its domain. For most standard def-

initions the domain would consist entirely of continuous functions, and one would

presuppose that the transition operators

Pt h (x) = E|x h (X t ) =
∫

h
(
X◦t
)

d Qx

(see (7.37) for the Markov kernels defining Qx ) for t ≥ 0 should map any bounded

and continuous function h into a continuous function Pt h. Here (see Theorem 7.7.4

below) we shall only use that path-continuity is preserved. The difference between the

two approaches is of course particularly startling in the Markov chain case: as we saw

in Example 7.7.1, for our definition of D (A) it is certainly not required that h ∈ D (A)

be continuous.

It is of course advantageous to have the domain of the generator as large as pos-

sible. At the same time though, it is important that the domain should have the property

that if h belongs to the domain, so should Pt h for any t. This fact we establish for the

domain D (A) in Theorem 7.7.4 below. First, however, we give a generalization of

Itô’s formula (7.59). Recall that f : R0 × G → R is said to be bounded on finite time

intervals if it is bounded on all sets [0, t]× G for t ∈ R0.
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Proposition 7.7.1 Suppose that f : R0 × G → R is bounded on finite time intervals

and measurable with t �→ f (t, x) continuously differentiable for all x and x �→
f (t, x) path-differentiable for all t . Then

f (t, X t ) = f (0, X0)+
∫ t

0
A f (s, Xs) ds +

∫

]0,t]×G

S
y
s M (ds, dy) (7.78)

where

A f (t, x) = Dt f (t, x)+ δφ,x f (t, x)+ q (x)

∫

G

r (x, dy) ( f (t, y)− f (t, x))

and where
(
S

y
t

)
is the predictable field

S
y
t = f (t, y)− f (t, X t−)

and M is the martingale measure determined from the MPP ((Tn) , (Yn)) . In the de-

composition (7.78), the stochastic integral M(S) is a local F
µ
t -martingale.

Furthermore, if h ∈ D (A) , then

Pt h (x) = h (x)+
∫ t

0
Ps (Ah) (x) ds. (7.79)

Note. δφ,x f (t, ·) is the function obtained by path-differentiating f (t, x) as a function

of x .

Proof. For the first assertion, just repeat the proof of Theorem 7.6.1(a), using that

by the assumptions on f, the process ( f (t, X t ))t≥0 jumps only when the RCM µ

does and that between jumps t �→ f (t, X t ) = f
(
t, φt−T〈t〉

(
Y〈t〉

))
is continuously

differentiable with derivative

Dt f (t, X t )+ δφ,x f (t, X t ) .

Next, arguing exactly as in the proof of Theorem 7.6.1(b) one sees that when

f (t, x) = h (x) with h ∈ D (A) , the last term on the right of (7.78) is a martin-

gale under P|x for any x and (7.79) then follows taking expectations and using that

E|x

∫ t

0
Ah (Xs) ds =

∫ t

0
E|x Ah (Xs) ds. �

Before proceeding we need two simple auxiliary results.

Lemma 7.7.2 Suppose h is bounded and path-continuous. Then for all x ∈ G the

function t �→ Pt h (x) is continuous, and if h ∈ D (A) the function is continuously

differentiable with

Dt (Pt h) (x) = Pt (Ah) (x) . (7.80)
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Proof. Fix t and consider s �→ h (Xs) = h
(
φs−T〈s〉

(
Y〈s〉

))
. Because of the structure

assumed for X the distribution of any of the jump times Tn has a density under any

P|x and hence it holds P|x -a.s. that Tn �= t for all n and therefore also, since h is

path-continuous, that s �→ h (Xs) is continuous at t P|x -a.s. Now use dominated con-

vergence to see that s �→ Psh(x) is continuous at t. Applying the first assertion of the

lemma to Ah shows that s �→ Ps (Ah) (x) is continuous so (7.80) follows immediately

from (7.79). �

Note. Since there are PDMPs such that for some x0, n0 and t0 it holds that

P|x0

(
Tn0 = t0

)
> 0, it is not true in general that Pt h(x) is continuous in t if h is

bounded and path-continuous. But the continuity does hold if for all x and n, Tn has

a continuous distribution under P|x , i.e., there need not be densities as is otherwise

assumed for the PDMPs considered in this section.

The next useful result is easily shown by conditioning on (T1, Y1) and using the

strong Markov property, Theorem 7.5.1.

Lemma 7.7.3 For any bounded and measurable h : G → R it holds for any x ∈ G,

t ≥ 0 that

Pt h (x) = h (φt x) exp

(
−
∫ t

0
q (φu x) du

)

+
∫ t

0
du q (φu x) exp

(
−
∫ u

0
q (φvx) dv

)∫

G

r (φu x, dy) Pt−uh (y) . (7.81)

Note. (7.81) is the backward integral equation for the functions Pt h.

We can now prove the main result of this section.

Theorem 7.7.4 Suppose that h ∈ D (A) . Then Pt h ∈ D (A) for all t ≥ 0 and

A (Pt h) = Pt (Ah) . (7.82)

Proof. Fix h ∈ D (A) , t > 0 and consider Pt h. We must show that Pt h satisfies (i)

and (ii) of Definition 7.7.1 and start by showing that s �→ Pt h (φs x) is continuously

differentiable. Using (7.81) with x replaced by φs (x) together with the semigroup

property of the φs gives

Pt h (φs x) = h (φt+s x) exp

(
−
∫ t

0
q (φu+s x) du

)

+
∫ t

0
du q (φu+s x) exp

(
−
∫ u

0
q (φv+s x) dv

)∫

G

r (φu+s x, dy) Pt−uh (y)

= h (φt+s x) exp

(
−
∫ t+s

s

q (φu x) du

)



182 7 PDMPs

+ exp

(∫ s

0
q (φvx) dv

)∫ t+s

s

du q (φu x) exp

(
−
∫ u

0
q (φvx) dv

)

×
∫

G

r (φu x, dy) Pt+s−uh (y) . (7.83)

From this one verifies first that Pt h is path-continuous, using in particular that s �→
Pt+s−uh (y) is continuous by Lemma 7.7.2. Consider next the two terms after the last

equality in (7.83). The first term and the first factor from the second term are continu-

ously differentiable as functions of s because q is path-continuous by assumption and

because h ∈ D (A) . By Lemma 7.7.2 also s �→ Pt+s−uh (y) is continuously differ-

entiable with derivative Pt+s−u (Ah) (x) . Therefore the integral from s to t + s in the

final term of (7.83) is differentiable with respect to s with derivative

q (φt+s x) exp

(
−
∫ t+s

0
q (φvx) dv

)∫

G

r (φt+s x, dy) h (y)

−q (φs x) exp

(
−
∫ s

0
q (φvx) dv

)∫

G

r (φs x, dy) Pt h (y)

+
∫ t+s

s

du q (φu x) exp

(
−
∫ u

0
q (φvx) dv

)∫

G

r (φu x, dy) Pt+s−u (Ah) (y) .

That this is continuous in s follows from the path-continuity of Pt h established above,

(7.75) and the simple observation that for all s, t, u and y, |Pt+s−u (Ah) (y)| ≤
supy′

∣∣Ah
(
y′
)∣∣ <∞.

Having shown that Pt h is path-differentiable, we finally compute δφPt h directly

(the expression for the path-derivative resulting from the calculations above is useless

for proving (7.82)): consider

1

s
(Pt h (φs x)− Pt h (x))

= 1

s
((Ps+t h (x)− Pt h (x))+ (Pt h (φs x)− Ps+t h (x))) . (7.84)

By Lemma 7.7.2,

lim
s↓0

1

s
(Ps+t h (x)− Pt h (x)) = Pt (Ah) (x) . (7.85)

Next, write

Ps+t h (x) = E|x h (Xs+t ) 1(T1>s) + E|x h (Xs+t ) 1(T1≤s)

and use the Markov property to see that E|x
[
h (Xs+t )

∣∣F X
s

]
= Pt h (Xs) = Pt h (φs x)

on the set (T1 > s) . Thus

1

s
(Pt h (φs x)− Ps+t h (x))

= 1

s
Pt h (φs x)

(
1− exp

(
−
∫ s

0
q (φu x) du

))
− 1

s
E|x h (Xs+t ) 1(T1≤s).
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As s ↓ 0, the first term converges to q (x)Pt h (x) . Then rewrite the second term as

1

s

∫ s

0
du q (φu x) exp

(
−
∫ u

0
q (φvx) dv

)∫

G

r (φu x, dy) Ps+t−uh (y) . (7.86)

Because by (7.79)

|Ps+t−uh (y)− Pt h (y)| ≤
∫ s+t−u

t

|Pv (Ah) (y)| dv

≤ (s − u) sup
y′

∣∣Ah
(
y′
)∣∣ ,

the expression (7.86) has the same limit as s ↓ 0 as

1

s

∫ s

0
du q (φu x) exp

(
−
∫ u

0
q (φvx) dv

)∫

G

r (φu x, dy) Pt h (y)

→ q(x)

∫

G

r (x, dy) Pt h (y) ,

the convergence following from (7.75). We now have

lim
s↓0

1

s
(Pt h (φs x)− Ps+t h (x)) = q (x)

∫

G

r (x, dy) (Pt h (x)− Pt h (y))

and combining this with (7.85) and inserting into (7.84) we finally get

δφ (Pt h) (x) = Pt (Ah) (x)+ q (x)

∫

G

r (x, dy) (Pt h (x)− Pt h (y)) ,

i.e.,

A (Pt h) (x) = δφ (Pt h) (x)+ q (x)

∫

G

r (x, dy) (Pt h (y)− Pt h (x))

equals Pt (Ah) (x) and is bounded. �

Combining Theorem 7.7.4 with Lemma 7.7.2 we obtain

Corollary 7.7.5 For h ∈ D (A) and any x ∈ G, the function t �→ Pt h (x) is continu-

ously differentiable and satisfies the backward differential equation

Dt Pt h (x) = A (Pt h) (x) (7.87)

and the forward differential equation

Dt Pt h (x) = Pt (Ah) (x) . (7.88)
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Example 7.7.2 If X is a Markov chain we saw in Example 7.7.1 that any bounded

and measurable h belongs to D (A) . By (7.77), (7.87) takes the form

Dt Pt h (x) = q (x)

∫

G

r (x, dy) (Pt h (y)− Pt h (x))

which in fact also follows directly from (7.81) when φu (x) = x .

If G is at most countable, X is a standard Markov chain on a finite or countably

infinite state space. Labelling the states by i, j rather than x, y and writing pi j (t) =
P|i (X t = j) for the transition probabilities and qi = q (i) and qir (i, { j}) = qi j for

i �= j for the transition intensities, taking h(i) = 1{ j} (i) = δi j for some given j we

see that (7.87) becomes

Dt pi j (t) = −qi pi j (t)+
∑

k:k �=i

qik pk j (t) , (7.89)

while because for any h ∈ D (A) ,

Pt (Ah) (i) = E|i Ah (X t )

= E|i

( ∑

ℓ:ℓ�=X t

qX tℓh (ℓ)− qX t h (X t )

)
,

(7.88) reduces to

Dt pi j (t) = −q j pi j (t)+
∑

k:k �= j

qk j pik(t). (7.90)

Here (7.89) and (7.90) are respectively the classical backward and forward Feller–

Kolmogorov equations for the transition probabilities (cf. (7.15) and (7.18)). When

solving them one uses the obvious boundary conditions pi j (0) = δi j .

7.8 Stationarity

Suppose X is a time-homogeneous Markov process with state space G ⊂ Rd (or G

e.g., a subset of a Polish space) such that X is right-continuous. As usual pt denotes

the transition probabilities and Pt the transition operators for X ; cf. Section 7.1.

Definition 7.8.1 A probability measure ρ on (G,G) is invariant for X if for all t ≥ 0

and all A ∈ G,

∫

G

ρ (dx) pt (x, A) = ρ (A) . (7.91)

An invariant probability is also called a stationary distribution for X.

If h : G → R is bounded and measurable and ρ is a probability on (G,G) , write

ρ (h) =
∫

G
ρ (dx) h(x). The condition (7.91) for ρ to be invariant is then equivalent

to
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ρ (Pt h) = ρ (h) (t ≥ 0) (7.92)

for all bounded or measurable h, or just for all h in a determining class, i.e., a class C

of bounded and measurable functions h such that the condition ρ1 (h) = ρ2 (h) for all

h ∈ C, where ρ1 and ρ2 are probabilities on G, implies that ρ1 = ρ2.

Apart from the transition probabilities pt we shall below also use the Markov

kernels ψt on G defined by

ψt (x, A) = 1

t

∫ t

0
ps (x, A) ds (7.93)

for t > 0, A ∈ G. Clearly, if ρ is invariant also

∫

G

ρ (dx) ψt (x, A) = ρ (A) (t > 0, A ∈ G) . (7.94)

The converse follows because X is right-continuous:

Lemma 7.8.1 If ρ is a probability on (G,G) such that (7.94) holds, then ρ is invari-

ant.

Proof. (7.94) implies that, writing ψt (x, h) =
∫

G
ψt (x, dy) h (y) ,

∫

G

ρ (dx) ψt (x, h) = ρ(h)

for, in particular, all bounded and continuous h : G → R. Equivalently

∫ t

0
ds

∫

G

ρ (dx) Psh (x) = tρ (h) .

But t �→ Pt h (X t ) = E|x h (X t ) is right-continuous since h is continuous and X

is right-continuous, so differentiating from the right with respect to t we obtain

ρ (Pt h) = ρ (h) for all t ≥ 0. Since the bounded and continuous h form a determining

class it follows that ρ is invariant. �

That ρ is invariant for X is equivalent to saying that if X has initial distribution ρ,

then X t for all t also has distribution ρ. But because X is Markov it then also follows

that the joint distribution of
(
X t1+t , . . . , X tn+t

)
for any n and any 0 ≤ t1 < · · · < tn is

the same for all t and, a fortiori since X is right-continuous, that the Pρ-distribution of

the process (Xs+t )s≥0 does not depend on t : X with initial distribution ρ is a strictly

stationary process. (To verify that the distribution of the vector
(
X t1+t , . . . , X tn+t

)

does not depend on t, proceed by induction on n and use the Markov property, e.g.,

for hk bounded and measurable one writes

Eρ

n∏

k=1

hk

(
X tk+t

)
= Eρ

(
n−1∏

k=1

hk

(
X tk+t

)
)

Ptn−tn−1 hn

(
X tn−1+t

)
).
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In general the problems concerning the existence and uniqueness of invariant prob-

abilities are very difficult. And even should a unique invariant probability exist, it may

be quite impossible to find it! We shall here consider the class of homogeneous PDMPs

also treated in Section 7.7 and for these processes establish what is the standard equa-

tion for finding the invariant probabilities. Then we continue with a discussion of some

of the recurrence properties shared by the PDMPs that do have an invariant probability.

At the end of the section we give some examples related to renewal processes where

there is a unique invariant probability, and where it can be determined explicitly.

So suppose now that t �→ φt (x) is continuous for all x and that X is otherwise de-

termined by the path-continuous jump intensity x �→ q(x) and the jump probabilities

r (x, ·) satisfying (7.75). Consider the full infinitesimal generator A for X, defined on

the domain D (A) (Definition 7.7.1).

Theorem 7.8.2 Suppose that D (A) is a determining class. Then a probability ρ on

(G,G) is invariant if and only if

ρ (Ah) = 0 (h ∈ D (A)) . (7.95)

In particular, if there is only one probability ρ that satisfies (7.95), then the invari-

ant probability ρ is uniquely determined.

Proof. Suppose ρ is invariant. Then for h ∈ D (A) , since ρ (Pt h) = ρ (h) and

ρ (Ps (Ah)) = ρ (Ah) it follows directly from (7.79) that ρ (Ah) = 0.

If conversely ρ (Ah) = 0 for all h ∈ D (A) , by Theorem 7.7.4 also Psh ∈ D (A)

for every s and ρ (Ps (Ah)) = ρ (A (Psh)) = 0. Inserting this in (7.79) gives ρ (Pt h) =
ρ (h) for all t ; since D (A) is a determining class this implies that ρ is invariant. �

By repeating the second part of the proof one immediately obtains

Corollary 7.8.3 Suppose D0 ⊂ D (A) is a determining class such that Pt : D0 → D0

for all t. If ρ is a probability on (G,G) such that

ρ (Ah) = 0 (h ∈ D0) ,

then ρ is invariant.

Example 7.8.1 Suppose X is a Markov chain. From Example 7.7.1 we know that

D (A) consists of all bounded and measurable h so D (A) is trivially a determining

class. Retaining the notation from Example 7.7.1 it follows that a probability ρ is

invariant iff
∫

G

ρ (dx) q(x)

∫

G

r (x, dy) (h (y)− h (x)) = 0

for all bounded and measurable h. By Corollary 7.8.3 it e.g., suffices that this iden-

tity holds for all bounded and continuous h, provided for any t, Pt h is continuous

whenever h is bounded and continuous.
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It is well known that the existence of an invariant probability implies some sort of

positive recurrence property on at least part of the state space for the process. Also,

uniqueness of the invariant probability forces a certain structure on the communication

between different parts of the state space. We shall comment briefly on this and shall

to begin with consider an arbitrary right-continuous homogeneous Markov process.

With ψt defined as in (7.93), for x ∈ G, A ∈ G write x � A if ψt (x, A) > 0 for

some t > 0 (equivalently, for all sufficiently large t > 0). Introducing the occupation

measures

It (A) =
∫ t

0
1(Xs∈A) ds, I (A) =

∫ ∞

0
1(Xs∈A) ds (7.96)

(so t �→ It (A) is increasing with limit I (A) as t ↑ ∞, and It (A) ≤ t while I (A) = ∞
is possible and relevant), since by Fubini’s theorem

E|x It (A) =
∫ t

0
ps (x, A) ds = tψt (x, A) ,

E|x I (A) =
∫ ∞

0
ps (x, A) ds,

it is clear that

x � A iff E|x I (A) > 0. (7.97)

Call a set A ∈ G transition-closed if ψt (x, A) = 1 for all x ∈ A, t > 0. In

particular A is transition-closed if pt (x, A) = 1 for all x ∈ A, t ≥ 0.

Proposition 7.8.4 Suppose that A0 ∈ G is transition-closed and that ρ is an invariant

probability. Then

(i) ρ
(

A′
)
= 0 where A′ = {x ∈ G\A0 : x � A0};

(ii) if ρ (A0) > 0 the conditional probability ρ̃ := ρ (· |A0 ) is invariant. In particu-

lar, if ρ (A0) > 0 and ρ (G\A0) > 0 the invariant probability is not unique;

(iii) if the set G\
(

A0 ∪ A′
)

is non-empty it is transition-closed.

Proof. (i). By invariance and because A0 is transition-closed,

ρ(A0) =
∫

G

ρ (dx) ψt (x, A0) = ρ (A0)+
∫

G\A0

ρ (dx) ψt (x, A0) ,

so the last term vanishes and in particular

ρ {x ∈ G\A0 : ψt (x, A0) > 0} = 0,

which implies for t ↑ ∞ that

ρ
(

A′
)
= ρ

{
x ∈ G\A0 :

∫ ∞

0
ps (x, A0) ds > 0

}
= 0;
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cf. (7.97).

(ii). We have for A ∈ G,

ρ̃(A) = 1

ρ (A0)

∫

G

ρ (dx) ψt (x, A ∩ A0)

= 1

ρ (A0)

∫

G\A′
ρ (dx) ψt (x, A ∩ A0)

by (i). But if x ∈ G\
(

A0 ∪ A′
)

we have by the definition of A′ that ψt (x, A ∩ A0) ≤
ψt (x, A0) = 0 for all t > 0 and therefore

ρ̃(A) = 1

ρ (A0)

∫

A0

ρ (dx) ψt (x, A ∩ A0)

=
∫

G

ρ̃ (dx) ψt (x, A)

for all t > 0 since ρ̃ is concentrated on A0 and ψt (x,G\A0) = 0 for x ∈ A0.

Thus ρ̃ is invariant and clearly, if ρ (G\A0) > 0, ρ̃ �= ρ and the invariant proba-

bility is not unique.

Finally, suppose that x ∈ G\
(

A0 ∪ A′
)
. By the definition of A′, ψt (x, A0) = 0

for all t > 0 so in order to show that G\
(

A0 ∪ A′
)

is transition-closed, it suffices to

show that pt

(
x, A′

)
= 0 for all t > 0.

But for any t > 0,

0 =
∫ ∞

0
ps (x, A0) ds

≥
∫ ∞

t

ps (x, A0) ds

≥
∫ ∞

t

ds

∫

A′
pt (x, dy) ps−t (y, A0)

=
∫

A′
pt (x, dy)

∫ ∞

0
ds ps (y, A0) ,

and since for all y ∈ A′,
∫∞

0 ds ps (y, A0) > 0 by definition, pt

(
x, A′

)
= 0 follows.

�
Proposition 7.8.5 Suppose that ρ is invariant. If A ∈ G is such that ρ (A) = 0, then

also ρ
(

A′
)
= 0 where A′ = {x ∈ G : x � A} .

If A ∈ G is such that x � A for all x ∈ G, then ρ (A) > 0.

Proof. Since necessarily ρ (G) = 1 > 0 the second assertion follows from the first.

To prove the first, note that by invariance,

ρ (A) ≥
∫

A′t
ρ (dx) ψt (x, A)

where A′t = A′ ∩ {x : ψt (x, A) > 0} . So if ρ (A) = 0 also ρ
(

A′t
)
= 0, and since

A′t ↑ A′ as t ↑ ∞, ρ
(

A′
)
= 0 follows. �
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Now let X be a homogeneous PDMP such that all t �→ φt (x) are continuous so that

in particular X is right-continuous. For certain sets A there is then a useful alternative

description of the relationship x � A. Call A ∈ G path-open if for all x ∈ A it holds

that φt (x) ∈ A for all sufficiently small t > 0.

Example 7.8.2 If X is a Markov chain, φt (x) = x, then all A ∈ G are path-open.

If G is an interval ⊂ R and φt (x) = x + t, then all half-open intevals [a, b[ ⊂ G

are path-open. If G = R2 (or G is a two-dimensional interval) and φt (x1, x2) =
(x1 + t, x2 + t) , then any set of the form {(x1, x1 + c) : a ≤ x1 < b} for some c and

a < b is path-open, illustrating that path-open sets in higher dimensions can be one-

dimensional and need therefore not be (ordinarily) open.

In general any open set is path-open provided all φt (x) are continuous in t.

Let A be a path-open set and define the hitting time

TA := inf {t ≥ 0 : X t ∈ A}

with inf∅ = ∞. Then for all t > 0,

(TA < t) =
⋃

q∈Q0:q<t

(
Xq ∈ A

)
(7.98)

since the inclusion ⊃ is trivial, while if TA (ω) = t0 < t we have X t1 (ω) ∈ A for

some t1 ∈ [t0, t[ and therefore also that Xs (ω) = φs−t1

(
X t1 (ω)

)
∈ A if only s > t1 is

sufficiently close to t1, in particular Xq (ω) ∈ A for q ∈ ]t1, t[ rational and sufficiently

close to t1.

Note that because A is path-open,

TA := inf {t > 0 : X t ∈ A} .

From (7.98) it follows in particular that TA is an F X
t -stopping time. We have also

seen that if TA (ω) < ∞, then the set {t : X t (ω) ∈ A} contains a non-degenerate

interval, in particular I (A, ω) > 0, cf. (7.96). With this in mind it is easy to show

Proposition 7.8.6 For A path-open, x � A if and only if P|x (TA <∞) > 0.

Proof. We have

(TA <∞) = (I (A) > 0) ,

the inclusion⊂ having been argued above and the opposite inclusion being trivial from

the definition of I (A) and TA. Hence P|x (TA <∞) > 0 iff

0 < E|x I (A)1(I (A)>0) = E|x I (A)

which by (7.97) is precisely to say that x � A. �
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We shall now in some detail investigate the behaviour of an invariant probability

on the path-open sets. For A path-open, define

Tt,A = inf {s ≥ t : Xs ∈ A} ,

the first time X enters A on the time interval [t,∞[ , and note that

Tt,A = t + θ̃t (TA)

where

θ̃t (TA) := inf {s ≥ 0 : X t+s ∈ A}

is the time it takes the post-t process (X t+s)s≥0 to enter A. Clearly Tt,A ≤ Tt ′,A if

t ≤ t ′ and

Tt,A = TA on (TA ≥ t) . (7.99)

Also, by the Markov property,

P

(
θ̃t (TA) > s

∣∣∣F X
t

)
= P|X t (TA > s) . (7.100)

All of these facts will be used repeatedly below without any further comment.

Theorem 7.8.7 Suppose that there exists an invariant probability ρ for X. Then for

any A ∈ G path-open, and any t ≥ 0,

Eρ
[
Tt,A;TA ≤ t

]
<∞. (7.101)

In particular, if ρ (A) > 0 it holds for ρ-almost all x ∈ A simultaneously for all t ≥ 0

that

E|x Tt,A <∞. (7.102)

Proof. We show (7.101) by showing that

Eρ
[
θ̃t (TA) ;TA ≤ t

]
<∞

for all t. Define

g(t) = Pρ (TA > t) (t ≥ 0).

Because ρ is invariant, for any s > 0, t ≥ 0,

g(t) = Pρ
(
θ̃s (TA) > t

)

= Pρ
(
θ̃s (TA) > t,TA > s

)
+ Pρ

(
θ̃s (TA) > t,TA ≤ s

)
.

Here the first term equals Pρ (TA > t + s) by (7.99) and so
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g(t) = g(t + s)+ Pρ
(
θ̃s (TA) > t,TA ≤ s

)
.

Taking t = ks and summing on k from 0 to n − 1 gives

g(0)− g(ns) =
n−1∑

k=0

Pρ
(
θ̃s (TA) > ks,TA ≤ s

)
.

It follows that

∞∑

k=0

Pρ
(
θ̃s (TA) > ks,TA ≤ s

)
≤ g(0) = Pρ (TA > 0) (7.103)

(with equality if Pρ (TA = ∞) = 0 since then g(ns) → 0 as n → ∞). In particular

the infinite series converges and since the kth term is

≥ Pρ
(
θ̃s (TA) = ∞,TA ≤ s

)

we deduce that

Pρ
(
θ̃s (TA) = ∞,TA ≤ s

)
= 0.

Thus the infinite series becomes

∞∑

k=0

Pρ
(
ks < θ̃s (TA) <∞,TA ≤ s

)

=
∞∑

k=0

∞∑

n=k

Pρ
(
ns < θ̃s (TA) ≤ (n + 1) s,TA ≤ s

)

=
∞∑

n=0

(n + 1)Pρ
(
ns < θ̃s (TA) ≤ (n + 1) s,TA ≤ s

)

≥ 1

s

∞∑

n=0

Eρ
[
θ̃s (TA) ; ns < θ̃s (TA) ≤ (n + 1) s,TA ≤ s

]

= 1

s
Eρ
[
θ̃s (TA) ;TA ≤ s

]
;

using (7.103) therefore

Eρ
[
θ̃s (TA) ;TA ≤ s

]
≤ sPρ (TA > 0)

and (7.101) follows.

To prove the second assertion of the theorem, note that by the definition of TA,

TA = 0 on (X0 ∈ A) and consequently, for t ≥ 0
∫

A

ρ (dx) E|x
[
Tt,A;TA ≤ t

]
=
∫

A

ρ (dx) E|x Tt,A

with the integral finite since it is ≤ Eρ
[
Tt,A;TA ≤ t

]
. So for any given t, E|x Tt,A <

∞ for ρ-a.a. x ∈ A. But since t �→ E|x Tt,A is increasing, this implies that for ρ-

a.a. x ∈ A, E|x Tt,A < ∞ simultaneously for all t — a statement that although true

for all path-open A is of course of interest only if ρ (A) > 0. �
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That (7.102) holds expresses in particular that if the process starts from a ρ-typical

x ∈ A, even after arbitraily large t, the expected extra time beyond t required to

reenter A is finite: in this sense the set A is positive recurrent.

Suppose now that A0 ∈ G is a given path-open set. For any x ∈ G, P|x
(
TA0 = 0

)
=

P|x
(
TA0 = 0, T1 > 0

)
and the only possible values for this probability are 0 and 1: the

probability = 1 iff either (i) x ∈ A0 or (ii) x ∈ G\A0 is such that φtk (x) ∈ A0 for

some sequence (tk) of time points tk > 0 with tk ↓ 0 as k ↑ ∞. Define

A0 =
{

x ∈ G : P|x
(
TA0 = 0

)
= 1

}
(7.104)

and

B0 =
{

x ∈ G\A0 : x � A0

}
.

In particular, P|x
(
TA0 > 0

)
= 1 for x ∈ B0.

Theorem 7.8.8 Suppose that ρ is invariant for X.

(a) The set B0 is path-open.

(b) For ρ-almost all x ∈ B0 it holds that

P|x
(
TA0 <∞

)
= 1.

(c) The set G\
(

A0 ∪ B0

)
is transition-closed and if ρ

(
A0 ∪ B0

)
> 0, the set

A0 ∪ B0 is weakly transition-closed in the sense that for ρ-a.a. x ∈ A0 ∪
B0, ψt

(
x, A0 ∪ B0

)
= 1 simultaneously for all t > 0. In particular, if

ρ
(

A0 ∪ B0

)
> 0 and ρ

(
G\

(
A0 ∪ B0

))
> 0 the invariant probability ρ is not

unique.

Proof. (a) Let x ∈ B0. Since
(
t < TA0 <∞, T1 > t

)
↓
(
0 < TA0 <∞

)
as t ↓ 0 and

since P|x
(
TA0 > 0

)
= 1 it follows that

P|x
(
t < TA0 <∞, T1 > t

)
> 0

for t > 0 sufficiently small. But by the Markov property and (7.100) this probability

equals

E|x
[
P|X t

(
0 < TA0 <∞

)
;TA0 > t, T1 > t

]

= P|φt x

(
0 < TA0 <∞

)
P|x

(
TA0 > t, T1 > t

)
(7.105)

and thus P|φt x

(
0 < TA0 <∞

)
> 0 for t > 0 small, i.e., P|φt x

(
TA0 > 0

)
= 1 and

P|φt x

(
TA0 <∞

)
> 0 which is precisely to say that φt (x) ∈ B0 for t > 0 small.

(b) By Proposition 7.8.6, B0 =
{

x ∈ G\A0 : P|x
(
TA0 <∞

)
> 0

}
. Defining

Bn =
{

x ∈ B0 : P|x
(
TA0 <∞

)
> 1

n

}

for n ∈ N, clearly Bn ↑ B0 as n ↑ ∞.
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We first show that each Bn is path-open, which because B0 =
⋃

Bn implies that

B0 is path-open. If x ∈ Bn, arguing as in the proof of (a) above it is clear that

P|x
(
t < TA0 <∞, T1 > t

)
> 1

n

for t > 0 small enough. But then (7.105) directly implies that

P|φt x

(
0 < TA0 <∞

)
>

1

n

for t > 0 small, i.e., φt (x) ∈ Bn for t > 0 small.

We now complete the proof of (b) by verifying that for each n we have that

P|x
(
TA0 <∞

)
= 1 for ρ-a.a. x ∈ Bn — since Bn ↑ B0 this will suffice.

Since Bn is path-open, by Theorem 7.8.7 for ρ-a.a. x ∈ Bn,

P|x
(
Tt,Bn <∞

)
= P|x

(
θ̃t

(
TBn

)
<∞

)
= 1

simultaneously for all t. For such x therefore, defining g (y) = P|y
(
TA0 = ∞

)
for

any y ∈ G, we find that for every t,

g(x) = P|x
(
θ̃t

(
TA0

)
= ∞,TA0 > t

)

= P|x
(
θ̃t

(
TBn

)
< θ̃t

(
TA0

)
, T̃n,A0 = ∞,TA0 > t

)

≤ P|x
(
θ̃t

(
TBn

)
<∞, T̃n,A0 = ∞,TA0 > t

)

where

T̃n,A0 = inf
{
s ≥ 0 : XTt,Bn+s ∈ A0

}

is the extra time beyond Tt,Bn required for X to reenter A0. Thus by the strong Markov

property,

g(x) ≤ E|x
[
g
(
XTt,Bn

)
; θ̃t

(
TBn

)
<∞,TA0 > t

]

≤ E|x
[
g
(
XTt,Bn

)
;TA0 > t

]
. (7.106)

We now claim that

g
(
XTt,Bn

)
≤ 1− 1

n
P|x -a.s. (7.107)

This is obvious if XTt,Bn
∈ Bn or ∈ A0.And if y = XTt,Bn

/∈ Bn∪A0, by the definition

of Tt,Bn , φsk (y) = Xsk
∈ Bn for some sequence (sk) with sk > 0, sk ↓ 0 as k ↑ ∞.

(The sequence (sk) is random but completely determined by y = XTt,Bn
). Thus

g (y) = P|y
(
θ̃sk

(
TA0

)
= ∞,TA0 > sk

)

≤ P|y
(
θ̃sk

(
TA0

)
= ∞,TA0 > sk, T1 > sk

)
+ P|y (T1 ≤ sk) .

Here the second term ↓ 0 as k ↑ ∞ while the first equals
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g
(
φsk

y
)
P|y

(
TA0 > sk, T1 > sk

)
≤ 1− 1

n

since φsk (y) ∈ Bn . Because y /∈ A0, P|y
(
TA0 > 0

)
= 1 so

lim
k→∞

P|y
(
TA0 > sk, T1 > sk

)
= 1

and the proof of (7.107) is complete. (7.106) then yields

g(x) ≤
(

1− 1
n

)
P|x

(
TA0 > t

)

which for t ↑ ∞ forces g(x) ≤
(

1− 1
n

)
g(x) so g(x) = 0, as desired.

(c) We show that G\
(

A0 ∪ B0

)
is transition-closed by showing that

pt

(
x, A0 ∪ B0

)
= 0

for all t > 0, x ∈ G\
(

A0 ∪ B0

)
. But if t > 0, x ∈ G (cf. the last part of the proof of

Proposition 7.8.4), by the definition of B0, for any t > 0

0 =
∫ ∞

0
ds ps (x, A0)

≥
∫ ∞

t

ds ps (x, A0)

=
∫ ∞

t

ds

∫

G

pt (x, dy) ps−t (y, A0)

≥
∫

A0∪B0

pt (x, dy)

∫ ∞

0
ds ps (y, A0) .

But the inner integral is > 0 for y ∈ B0 by the definition of B0 and > 0 for y ∈ A0

because A0 is path-open. Thus

pt

(
x, A0 ∪ B0

)
= 0

(
x ∈ G\

(
A0 ∪ B0

))
, (7.108)

as desired.

Next, by stationarity for any t > 0,

ρ
(

A0 ∪ B0

)
= Pρ

(
X t ∈ A0 ∪ B0

)

=
∫

G

ρ (dx) pt

(
x, A0 ∪ B0

)

=
∫

A0∪B0

ρ (dx) pt

(
x, A0 ∪ B0

)

using (7.108) for the last equality. But then also

ρ
(

A0 ∪ B0

)
=
∫

A0∪B0

ρ (dx) ψt

(
x, A0 ∪ B0

)
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so for any given t > 0, ψt

(
x, A0 ∪ B0

)
= 1 for ρ -a.a. x ∈ A0 ∪ B0. Since

ψt

(
x, A0 ∪ B0

)
is continuous in t, we conclude that for for ρ-a.a. x ∈ A0 ∪ B0,

ψt

(
x, A0 ∪ B0

)
= 1 simultaneously for all t.

The last assertion in (c) is immediate from Proposition 7.8.4 (ii). �

Remark 7.8.1 The theorem is mainly of interest when ρ (B0) > 0, in which case

automatically also ρ (A0) > 0 by Proposition 7.8.5.

The next result shows how one may construct an invariant probability from having

a suitable form of local stationarity within a given path-open set.

For A0 ∈ G path-open, recall the definition (7.104) of A0 and note that with respect

to any x, XTt0,A0
∈ A0 P|x -a.s. on the set

(
Tt0,A0 <∞

)
: by the definition of Tt0,A0 ,

θ̃Tt0,A0

(
TA0

)
= 0 on

(
Tt0,A0 <∞

)
, so by the strong Markov property

P|x
(
Tt0,A0 <∞

)
= P|x

(
Tt0,A0 <∞, θ̃Tt0,A0

(
TA0

)
= 0

)

= E|x
[
P|XTt0,A0

(
TA0 = 0

)
;Tt0,A0 <∞

]

so that P|XTt0,A0

(
TA0 = 0

)
= 1 P|x -a.s. on

(
Tt0,A0 <∞

)
, which is precisely to say

that XTt0,A0
∈ A0 P|x -a.s. This observation is relevant for (7.110) below, ensuring that

this identity is automatic for B = A0.

Theorem 7.8.9 Suppose that A0 ∈ G is path-open and that for some t0 > 0 it holds

that there is a positive bounded measure ζt0 on
(

A0,G ∩ A0

)
with ζt0

(
A0

)
> 0 such

that

C :=
∫

A0

ζt0 (dx) E|x Tt0,A0 <∞ (7.109)

and

∫

A0

ζt0 (dx) P|x
(

XTt0,A0
∈ B

)
= ζt0 (B)

(
B ∈ G ∩ A0

)
. (7.110)

Then the probability ρ on (G,G) given by

ρ (B) = 1

C

∫

A0

ζt0 (dx) E|x

∫ Tt0,A0

0
1(Xs∈B) ds (B ∈ G) (7.111)

satisfies that

ρ (Ah) = 0

for all h in the domain D (A) for the full infinitesimal generator. In particular, if D (A)

is a determining class, then ρ is an invariant probability for X.
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Proof. First note that by (7.111), for any f : G → R bounded and measurable,

ρ ( f ) = 1

C

∫

A0

ζt0 (dx) E|x

∫ Tt0,A0

0
f (Xs) ds. (7.112)

Next take h ∈ D (A) . By Itô’s formula (7.78),

h (X t ) = h (X0)+
∫ t

0
Ah (Xs) ds + Mt (S) (t ≥ 0)

with M(S) a mean-zero martingale with respect to P|x for all x . By optional sampling

therefore, for all t,

E|x h
(

XTt0,A0
∧t

)
= h(x)+ E|x

∫ Tt0,A0
∧t

0
Ah (Xs) ds

and letting t →∞ and using dominated convergence, since

∣∣∣∣
∫ Tt0,A0

∧t

0
Ah (Xs) ds

∣∣∣∣ ≤
(

sup
G

|Ah|
)

Tt0,A0 ,

we deduce that for all x such that E|x Tt0,A0 <∞,

E|x h
(

XTt0,A0

)
= h(x)+ E|x

∫ Tt0,A0

0
Ah (Xs) ds. (7.113)

By the assumption (7.109) this is valid in particular for ζt0 -a.a. x ∈ A0, so applying

(7.112) with f = Ah gives

ρ (Ah) = 1

C

∫

A0

ζt0 (dx)
(
E|x h

(
XTt0,A0

)
− h(x)

)
= 0

by (7.110). The proof is completed by referring to Theorem 7.8.2. �

The condition (7.110) is the condition for what could be called local stationarity

on A0. If satisfied, one then obtains from (7.111) a true global invariant probability

provided only that D (A) is a determining class. A useful result is obtained from The-

orem 7.8.9 by considering what is only formally a special case corresponding to taking

A0 a one-point set (which is path-open only for Markov chains and which forces ζt0

to be a point mass at x0) and t0 = 0: for x ∈ G define

Tx = inf {t > 0 : X t = x} .

This description of the hitting time Tx will be used below on the set (X0 = x) , hence

the qualification ‘t > 0’ in the definition which allows the possibility that Tx > 0 on

(X0 = x): this possibility occurs iff φt (x) �= x for t ∈ ]0, δ[ for some δ > 0 and in

that case P|x0

(
Tx0 > 0

)
= 1.
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Corollary 7.8.10 Suppose there exists x0 ∈ G such that P|x0

(
Tx0 > 0

)
= 1 and

C := E|x0 Tx0 <∞. Then the probability measure ρ on (G,G) given by

ρ (B) = 1

C
E|x0

∫ Tx0

0
1(Xs∈B) ds (B ∈ G) (7.114)

satisfies that

ρ (Ah) = 0

for all h in the domain D (A) for the full infinitesimal generator. In particular, if D (A)

is a determining class, then ρ is an invariant probability for X.

Proof. For f bounded and measurable,

ρ ( f ) = 1

C
E|x0

∫ Tx0

0
f (Xs) ds. (7.115)

Now just follow the steps in the proof of Theorem 7.8.9, using x = x0 only and

replacing Tt0,A0 by Tx0 . The analogue of (7.113) is then, for h ∈ D (A) ,

E|x0 h
(

XTx0

)
= h(x0)+ E|x0

∫ Tx0

0
Ah (Xs) ds,

and since h
(

XTx0

)
= h (x0) P|x0 -a.s., ρ (Ah) = 0 follows from (7.115). �

We conclude this section with a discussion of the invariant probabilities for the

backward and forward recurrence time processes associated with renewal processes.

Example 7.8.3 Consider the backward recurrence time process from Subsection 7.4.1

so that X t = t − T〈t〉 with Tn = V1 + · · · + Vn the sum of independent waiting times

such that the Vk for k ≥ 2 are identically distributed with a distribution with hazard

function u.We have G =
[
0, t†

[
and

φt (x) = x + t, q(x) = u(x), r (x, ·) = ε0.

It follows that a function h is path-continuous iff it is continuous and path-differentiable

iff it is continuously differentiable.

In order for the process X to satisfy the assumption involving the continuity of

(7.75) we assume that u is continuous and then see that

t �→ q (φt x)

∫
r (φt x, dy) h(y)

= u(x + t)h(0)

is also continuous. It is now clear that the domain D (A) for the full infinitesimal

generator consists of all continuously differentiable h such that
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Ah(x) = h′(x)+ u(x) (h(0)− h(x)) (7.116)

is bounded. Note that D (A) is a determining class since e.g., all continuously differ-

entiable h with compact support in G are included.

Suppose that an invariant probability ρ exists. Then for some 0 < x0 < t† we

have ρ (A0) > 0, where A0 is the path-open set [0, x0[ , so by Theorem 7.8.7, for

ρ-a.a. x ∈ A0 we have for all t that E|x Tt,A0 < ∞, a fact we shall use for some

t ∈
]
x0 − x, t† − x

[
: when starting from x < x0, if T1 > t > x0− x the first return to

A0 occurs at time Tt,A0 = T1 and thus

E|x Tt,A0 ≥ E|x [T1; T1 > t] .

Using (7.47) it is easily seen that the expression on the right is < ∞ iff ξ := EV2 =
E|0 T1 <∞ and we have shown that in order for X to have an invariant probability it

is necessary that ξ =
∫ t†

0 v fV (v) dv <∞, fV denoting the density for the Vn . Hence

from now on we assume that ξ <∞.
We now use Theorem 7.8.2 to find what turns out to be the unique invariant prob-

ability ρ. Considering h ∈ D (A) with compact support ⊂
[
0, t†

[
and using (7.116)

this gives the condition

∫

[0,t†[
ρ (dx) h′(x) = −

∫

[0,t†[
ρ (dx) u(x) (h(0)− h(x))

=
∫

[0,t†[
ρ (dx) u(x)

∫ x

0
dy h′(y)

=
∫ t†

0
dy h′(y)

∫

[y,t†[
ρ (dx) u(x)

forcing

ρ (dx) =
(∫

[x,t†[
ρ (dy) u(y)

)
dx .

In particular, ρ is absolutely continuous with a density fρ satisfying

fρ(x) =
∫ t†

x

dy fρ (y) u (y)

with respect to Lebesgue measure. We deduce that fρ is continuously differentiable

with

f ′ρ(x) = − fρ(x)u(x),

so

fρ(x) = K exp

(
−
∫ x

0
u(y) dy

)
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with the normalizing constant K determined so that
∫

fρ = 1, i.e.,

fρ(x) =
1

ξ
exp

(
−
∫ x

0
u(y) dy

)
= 1

ξ
F V (x) (7.117)

with F V the survivor function for the distribution of the Vn .

We are now ready to show that ρ (dx) = fρ(x) dx with fρ given by (7.117) is the

unique invariant probability for X : as just argued, this ρ is the only possible candidate

and to see that it succeeds we verify that ρ (Ah) = 0 for all h in the determining class

D (A) . Taking limits to avoid problems with integrability we find

ξρ (Ah) = lim
a↑t†

[∫ a

0
dx F V (x)h

′(x)−
∫ a

0
dx F V (x)u(x)

∫ x

0
dy h′(y)

]

= lim
a↑t†

[∫ a

0
dx F V (x)h

′(x)−
∫ a

0
dy h′(y)

∫ a

y

dx F V (x)u(x)

]
,

which since fV (x) = F V (x)u(x)

= lim
a↑t†

[∫ a

0
dx F V (x)h

′(x)+
∫ a

0
dy h′(y)

(
F V (a)− F V (y)

)]

= lim
a↑t†

F V (a) (h(a)− h(0)) = 0,

since h is bounded and F V (a)→ 0.

Corollary 7.8.10 provides an alternative and quick way of finding the density fρ :

taking x0 = 0 in the corollary it is clear that P|0 -a.s, T0 = T1 > 0, in particular

E|0 T0 = ξ <∞. Thus ρ given by (7.114) is invariant, i.e., for x ∈ G,

ρ ([0, x]) = 1

ξ
E|0

∫ T1

0
1(Xs≤x) ds = 1

ξ
E|0 (T1 ∧ x)

= 1

ξ

(∫ x

0
v fV (v) dv + x F V (x)

)
,

which by differentiation gives

fρ(x) =
1

ξ
F V (x).

It should be emphasized that the results shown in this example hold in greater gen-

erality: any backward recurrence time process such that ξ <∞ has a unique invariant

probability ρ with density 1
ξ

F V (x) — the distribution of the Vn can be anything and

need certainly not have a continuous density.

Example 7.8.4 In this example we look first at the forward recurrence time process

X t = T〈t〉+1 − t with Tn = V1 + · · · + Vn the sum of independent waiting times, the

Vk for k ≥ 2 being identically distributed according to an arbitrary distribution FV on

R+.
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No matter what FV is, the main result Theorem 7.8.2 cannot be used: for that result

and for the definition of the full infinitesimal generator it was assumed throughout that

the conditional jump time distributions P
(n)
zn

should have a density (in order for the

jump intensities q (y) to exist) and now we have that P
(n)
zn
= εtn+yn is degenerate.

However, the discussion of the extended generator in Example 7.6.1 makes it possible

to find the invariant probability ρ when it exists, as we shall now see.

It may be shown that if ρ exists it is unique and that it exists iff ξ = EVn < ∞,
just as in the case for the backward process treated in the preceding example.

Suppose now that h ∈ D (A) , the domain defined in Example 7.6.1: h is bounded,

continuously differentiable with h′ bounded and

h(0) =
∫

h(y) FV (dy) . (7.118)

Let 0 < x < t† and consider h ∈ D (A) such that h(y) (and therefore also h′(y))
vanishes for x ≤ y < t†. By partial integration from (7.118) we find

h(0) = −
[
h(y)F V (y)

]x

0
+
∫ x

0
h′(y)F V (y) dy

or, equivalently, that

∫ x

0
h′(y)F V (y) dy = 0.

If ρ is invariant, by (7.70) ρ
(
h′
)
= 0,

∫

[0,x[
ρ (dy) h′ (y) = 0,

and letting h and also x and h to vary, it emerges that

ρ (dx) = 1

ξ
F V (x) dx (7.119)

is an invariant probability and, in fact, the only one. Thus, in particular the backward

and forward recurrence time processes have the same invariant probability.

As a special case, suppose that FV = εx0 is degenerate. Subject to any P|x , where

0 < x ≤ x0, the forward process X is purely deterministic (non-random), yet it has

a non-degenerate invariant probability ρdet given by (7.119): we have ξ = x0 and

F V (x) = 1 for all x < x0 so

ρdet is the uniform distribution on ]0, x0] . (7.120)

Consider next the joint backward and forward process X =
(
X, X̃

)
; cf. Example

7.6.1. From the discussion there it follows that if ρ is invariant for X, then ρ
(

A(2)h
)
=

0 where
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A(2)h = (Dx − Dx̃ ) h

and h apart from being bounded and continuously differentiable must also satisfy the

boundary conditions

h (x, 0) = h(0, 0) =
∫

h (0, ỹ) FV (d ỹ) (7.121)

for all x .

We shall now indicate how ρ may be found, assuming of course that ξ < ∞ but

also that FV has a continuous density fV . Then in fact ρ is unique with a smooth

density g (x, x̃) which we proceed to determine.

Let 0 < x, x̃ < t† and assume that h ∈ D
(

A(2)
)

has compact support ⊂ ]0, x[×
]0, x̃[ . Using ρ

(
A(2)h

)
= 0 and partial integration yields

∫∫ (
Dy g − D ỹ g

)
h dy d ỹ = 0,

so necessarily
(
Dy − Dỹ

)
g ≡ 0, i.e., g must have the form

g (y, ỹ) = g∗ (y + ỹ)

for some continuously differentiable g∗. In order to exploit the boundary conditions

(7.121) suppose next that h has compact support ⊂ [0, x[× [0, x̃[ , i.e., h (y, ỹ) need

no longer vanish when y or ỹ = 0. The condition ρ
(

A(2)h
)
= 0 reads

∫ x

0
dy

∫ x̃

0
d ỹ g∗ (y + ỹ)

(
Dy − D ỹ

)
h = 0

or, by partial integration

∫ x̃

0
d ỹ

{[
g∗ (y + ỹ) h (y, ỹ)

]x

y=0
−
∫ x

0
dy g∗′ (y + ỹ) h (y, ỹ)

}

=
∫ x

0
dy

{[
g∗ (y + ỹ) h (y, ỹ)

]x̃

ỹ=0
−
∫ x̃

0
d ỹ g∗′ (y + ỹ) h (y, ỹ)

}
.

Equivalently, since h (x, ỹ) = h (y, x̃) = 0 by the assumptions on h,

∫ x̃

0
d ỹ g∗ (ỹ) h (0, ỹ) =

∫ x

0
dy g∗ (y) h (y, 0) .

Now we invoke the boundary conditions: by (7.121) h (y, 0) = h(0, 0) must not de-

pend on y and since h(x, 0) = 0 by assumption, necessarily h (y, 0) = 0 for all y.We

are left with

∫ x̃

0
d ỹ g∗ (ỹ) h (0, ỹ) = 0 (7.122)
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and the requirement from (7.121) that

0 = h(0, 0) =
∫

FV (d ỹ) h (0, ỹ) =
∫ x̃

0
d ỹ fV (d ỹ) h (0, ỹ) . (7.123)

Letting x̃ and h vary and comparing (7.122) and (7.123) finally gives g∗ = C fV for

some normalising constant C, i.e., the invariant probability ρ is given by

ρ (dx, dx̃) = 1

ξ
fV (x + x̃) dx dx̃ . (7.124)

Note that if
(
U, Ũ

)
has distribution ρ, U and Ũ have the same marginal distribu-

tion with density 1
ξ

F V in agreement with the results found for respectively the back-

ward and forward recurrence time process.

Suppose that X is started according to the invariant distribution ρ with density g

determined as in (7.124). Defining T0 = −X0 and V1 = T1−T0 we have for any t ≥ 0

that X t = t − T〈t〉, X̃ t = T〈t〉+1− t , and because of the stationarity, we obtain that the

joint Pρ-distribution of
(
t − T〈t〉, T〈t〉+1 − t

)
and therefore also the Pρ-distribution of(

t − T〈t〉
)
+
(
T〈t〉+1 − t

)
= V〈t〉+1 is the same for all t. A priori one might expect this

distribution of the Vt = V〈t〉+1 to be the same as that of the Vk for k ≥ 2, but this is

not the case. The density for Vt is that of X t + X̃ t , i.e., the density is

fVt (z) =
∫ z

0
g (x, z − x) dx = z

ξ
fV (z) (z > 0)

which is certainly not fV . It even holds (see the last paragraph of this example for a

proof) that for all z,

FVt (z) ≤ FV (z) (7.125)

with FVt , FV the distribution functions determined from fVt and fV , i.e., Vt is

stochastically larger than the Vk . This is the so-called waiting time paradox which is

particularly striking if the renewal counting process N is a Poisson process. If λ > 0

is the Poisson parameter we have fV (x) = λe−λx with ξ = 1/λ and find from (7.124)

that g (x, x̃) = λ2e−λ(x+x̃), i.e., the two components are iid exponential with rate λ

and thus the distribution of Vt is that of the sum V2 + V3 say, which certainly shows

Vt to be larger (in the stochastic sense) than the Vk .

In one special case the Vt have the same distribution of the Vk . Suppose FV is

degenerate at x0 > 0.Although there is no density fV as was assumed above, one may

still show that X has an invariant probability ρ which is the distribution of (x0 −U,U )

with U uniformly distributed on ]0, x0]; cf. (7.120). But now of course all Vk ≡ x0

so also Vt ≡ x0.

Finally we give the proof of (7.125). If V is an R-valued random variable with (an

arbitrary) distribution function FV , (7.125) may be written

E [V ; V ≤ z] ≤ (EV )P (V ≤ z) ,



7.9 Likelihood processes for PDMPs 203

i.e., it is claimed that V and 1(V≤z) are negatively correlated for all z ∈ R. But for

z ≤ ξ = EV,

E [V ; V ≤ z] ≤ zP (V ≤ z) ≤ ξP (V ≤ z)

and for z ≥ ξ,

E [V ; V ≤ z] = ξ − E [V ; V > z]

≤ ξ − zP (V > z)

≤ ξ (1− P (V > z)) .

The argument also shows that in (7.125) the inequality is sharp if either z < ξ is such

that P (V ≤ z) > 0 or z ≥ ξ is such that P (V > z) > 0. In particular equality holds

for all z iff V is degenerate.

7.9 Likelihood processes for PDMPs

Using the results of Section 5.1 together with the construction from Section 7.3, it is

an easy matter to derive likelihood processes for observation of PDMPs.

Suppose given an RCM µ =
∑

n:Tn<∞ ε(Tn ,Yn) on some measurable space (�,F) ,

and let P, P̃ be two probability measures on (�,F) . Write Pt , P̃t for the restrictions

of P, P̃ to F
µ
t and write P̃≪loc P if P̃t ≪ Pt for all t ∈ R0. The likelihood process

Lµ =
(
L
µ
t

)
t≥0
=
(

dP̃t

dPt

)

t≥0

for observing µ is then given by the results from Section 5.1. More specifically, if

Q, Q̃ are the distributions of µ under P, P̃ respectively, then P̃ ≪loc P iff Q̃ ≪loc Q

and

L
µ
t = Lt ◦ µ,

where Lt = d Q̃t

d Qt
is the likelihood process from Section 5.1.

Now, suppose further that X = (X t )t≥0 is a (G,G)-valued PDMP under both P

and P̃, defined by X0 ≡ x0 and

X t = φT〈t〉,t
(
Y〈t〉

)
,

where each t �→ φst (y) is continuous and the φst satisfy the semigroup property (7.25)

and the boundary condition (7.26); cf. Theorem 7.3.1. To emphasize the value of the

initial state we shall write P|x0 , P̃|x0 instead of P, P̃. Finally we shall assume that the

Markov kernels generating P|x0 are as in Theorem 7.3.1, see (7.30) and (7.31), while

those generating P̃|x0 have a similar structure,
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P̃
(n)

zn |x0
(t) = exp

(
−
∫ t

tn

q̃s

(
φtn ,s (yn)

)
ds

)

π̃
(n)
zn ,t |x0

(C) = r̃t

(
φtn ,t (yn) ,C

)
,

with y0 = x0, where q̃s ≥ 0 and each r̃t is a Markov kernel on G such that

r̃t (y, {y}) = 0 for all t, y, cf. (7.29). It is also assumed that the RCMs generated

by the kernels P(n), π (n) and P̃(n), π̃ (n) respectively, are stable for any choice of x0.

Thus X is a PDMP under both P|x0 and P̃|x0 and from Theorem 5.1.1 we immedi-

ately obtain the following result:

Theorem 7.9.1 A sufficient condition for P̃|x0 ≪loc P|x0 is that qt (y) > 0 for all

t, y, that
∫ t

s
qu (φsu (y)) du <∞ for all s < t, all y, and that r̃t (y, ·)≪ rt (y, ·) for

all t, y.

In that case an
(
F X

t

)
-adapted version of the likelihood process L

µ
|x0

is LX
|x0
=(

LX
t |x0

)
t≥0

given by

LX
t |x0
= exp

(
−
∫ t

0
(̃qs − qs) (Xs) ds

) N
X
t∏

n=1

q̃T X
n

(
Y X

n−
)

qT X
n

(
Y X

n−
)

dr̃T X
n

(
Y X

n−, ·
)

drT X
n

(
Y X

n−, ·
)
(

Y X
n

)
.

(7.126)

Notation. Of course N
X

t is the total number of jumps for X on [0, t] , T X
n is the time

of the nth jump for X and Y X
n = XT X

n
is the state reached by that jump; finally Y X

n−

is short for XT X
n −. Note that N

X
is P|x0 -indistinguishable from N and that for all n,

T X
n = Tn, Y X

n− = Yn and Y X
n− = XT X

n − P|x0 -a.s.

We have not given Theorem 7.9.1 in its most general form, which would amount to

a direct translation of Theorem 5.1.1. The result gives (in special cases) the likelihood

function for observing a PDMP completely on an interval [0, t] . Formally, that likeli-

hood is the Radon-Nikodym derivative between the distributions on finite intervals of

two different PDMPs, and here it is important to emphasize that for the likelihood to

make sense at all (i.e., local absolute continuity to hold), the piecewise deterministic

behaviour of the two processes must be the same because (some of) the φst can be read

off from the sample path. Thus, as in the case above, while the qt , rt can change into

q̃t , r̃t , the φst must remain unchanged when switching from one process to the other.

Note that the expression (7.126) for the likelihood, depends on x0 only through the

fact that X0 = x0 P|x0 - and P̃|x0 -a.s.

If X is time-homogeneous under both P|x0 and P̃|x0 , i.e., when φst = φt−s and

neither of qt , q̃t , rt , r̃t depends on t, we have P̃|x0 ≪loc P|x0 if q (y) > 0 for all y,∫ t

0 q (φs (y)) ds <∞ for all t, y and r̃ (y, ·)≪ r (y, ·) for all y with

LX
t |x0
= exp

(
−
∫ t

0
(̃q − q) (Xs) ds

) N
X
t∏

n=1

q̃
(
Y X

n−
)

q
(
Y X

n−
) dr̃

(
Y X

n−, ·
)

dr
(
Y X

n−, ·
)
(

Y X
n

)
. (7.127)
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The likelihood processes (7.126) and (7.127) have an important multiplicative

structure which we shall now discuss.

Suppose that the conditions of Theorem 7.9.1 hold and consider for s > 0 and

x ∈ G given, the P|x0 - and P̃|x0 -conditional distribution of θsµ given Xs = x .

These conditional distributions are Qs,x and Q̃s,x where e.g., Qs,x is generated by

the Markov kernels (see (7.36) and (7.38)),

P
(n)

zn |s,x (t) = exp

(
−
∫ t

tn

qu

(
φtnu (yn)

)
du

)
(t ≥ tn) ,

π
(n)
zn ,t |s,x = rt

(
φtn t (yn) , ·

)
(t > tn)

using t0 = s (!) and y0 = x, and similarly for Q̃s,x . But it is then clear from Theorem

5.1.1 (or in fact also from Theorem 7.9.1) that Q̃s,x ≪loc Qs,x with

L
◦s,x
t := d Q̃

s,x
t

d Q
s,x
t

given by

L
◦s,x
t = 1(τ1>s) exp

(
−
∫ t

s

(̃qu − qu)
(
X◦u
)

du

) N
◦
t∏

n=1

q̃τn
(
X◦τn−

)

qτn
(
X◦τn−

) dr̃τn
(
X◦τn−, ·

)

drτn
(
X◦τn−, ·

) (X◦τn
)

for t ≥ s and with X◦ =
(
X◦u
)

u≥s
the canonical PDMP after time s defined on (M,H)

by

X◦u = φτ〈u〉,u
(
η〈u〉

)
◦ θs (u ≥ s) (7.128)

using τ0 ≡ s and η0 ≡ x . (Because Qs,x (τ1 > s) = 1 all jumps before time s are

irrelevant, which explains the appearance of the shift θs in the definition of X◦u and the

free of charge inclusion of the indicator 1(τ1>s) in the expression for L◦s,xt . Note that

X◦ here depends on both s and x . This dependence is used systematically below, see

(7.130)).

Comparing (7.128) with (7.126) it follows using that θs ◦ θs = θs, N
◦
t ◦ (θsµ) =

N t−N s, τn◦(θsµ) = Tn+〈s〉, ηn◦(θsµ) = Yn+〈s〉 (both for n ≥ 1 only!), X◦u ◦(θsµ) =
Xu when x = Xs and 1(τ1>s) ◦ (θsµ) ≡ 1, that for s ≤ t,

LX
t |x0
= LX

s|x0
L
◦s,Xs
t ◦ (θsµ) .

In other words, the likelihood process at time t factors into the value of the process at

time s, which depends on the ‘past’ (Xu)u≤s , and a factor depending on the ‘future’

θsµ, with the two factors connected only through the ‘present’ Xs . Furthermore, the

second factor is the conditional likelihood for observing (Xu)s≤u≤t given Xs — or

what by the Markov property is the same thing — given F X
s .

In the homogeneous case, with X time-homogeneous under both P|x0 and P̃|x0 ,

one may instead consider the conditional distributions Qx and Q̃x of θ∗s µ given Xs =
x, (see (7.37) and (7.39)), i.e., Qx is generated by the Markov kernels
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P
(n)

zn |x (t) = exp

(
−
∫ t−tn

0
q (φu (yn)) du

)
(t ≥ tn) ,

π
(n)
zn ,t |x = r

(
φt−tn (yn) , ·

)
(t > tn) ,

using t0 = 0, y0 = x, and similarly for P̃|x0 . Thus Q̃x ≪loc Qx with (now X◦u =
φu−τ〈u〉

(
η〈u〉

)
for all u ≥ 0 and τ0 ≡ 0, η0 ≡ x),

L◦x
t := d Q̃x

t

d Qx
t

= exp

(
−
∫ t

0
(̃q − q)

(
X◦u
)

du

) N
◦
t∏

n=1

q̃
(
X◦τn−

)

q
(
X◦τn−

) dr̃
(
X◦τn−, ·

)

dr
(
X◦τn−, ·

)
(
X◦τn

)
;

it follows that we have the factorization

LX
s+t |x0

= LX
s|x0

L
◦Xs
t ◦

(
θ∗s µ

)
(s, t ≥ 0)

of the likelihood (7.127).

Having described the multiplicative structure of the likelihood process when both

P|x0 and P̃|x0 make X Markov, we shall now only suppose that P|x0 is given and

assume that X is Markov under P|x0 .

Suppose that under P|x0 , M = (Mt )t≥0 is a non-negative F
µ
t -martingale with

M0 ≡ 1. By Theorem 5.2.1 there is a unique probability P̃|x0 on
(
�,F

µ
t ,F

µ
)

such

that for all t ≥ 0 and all F ∈ F
µ
t ,

P̃|x0 (F) =
∫

F

Mt dP|x0 . (7.129)

We shall now discuss conditions on M that ensure that X is Markov also under P̃|x0 ,

and, when X is time-homogeneous under P|x0 , conditions on M that make X homo-

geneous Markov under P̃|x0 .

For this, consider first the canonical space (M,H) . The canonical version of X is

X◦ defined by

X◦u = φτ〈u〉,u
(
η〈u〉

)
(u ≥ 0, τ0 ≡ 0, η0 ≡ x0) .

For s ≥ 0, x ∈ G define the canonical version X◦s,x of X beyond s starting from x as

in (7.128),

X◦s,xu = φτ〈u〉 ,u
(
η〈u〉

)
◦ θs (u ≥ s, τ0 ≡ s, η0 ≡ x) (7.130)

with X◦ = X◦0,x0 a special case. The semigroup property (7.25) entails, as is quite

essential, that for s ≤ t ≤ u,

X◦s,xu = X◦t,x
′

u ◦ θt for x ′ = X
◦s,x
t ,

in particular (take s = 0, x = x0 and replace t by s),

X◦s,xu ◦ (θsµ) = Xu for x = Xs . (7.131)



7.9 Likelihood processes for PDMPs 207

In the homogeneous case, φst = φt−s , introducing X◦x ≡ X◦0,x (so X◦ ≡ X◦x0 ) we

similarly have for s, t ≥ 0 that

X◦x
t ◦

(
θ∗s µ

)
= Xs+t for x = Xs . (7.132)

Next, consider a family
(
�

s,x
t

)
0≤s≤t,x∈G

of R-valued random variables defined

on (M,H) such that each �s,x
t is Hs

t -measurable, where Hs
t is the σ -algebra gen-

erated by the restriction of the shifted RCM θsµ
◦ to [s, t]; equivalently Hs

t is the

σ -algebra generated by
(
N ◦u (A)− N ◦s (A)

)
s≤u≤t,A∈E . In particular �x

t := �
0,x
t is

Ht -measurable. Call
(
�

s,x
t

)
a multiplicative X -functional if (s, t, x,m) �→ �

s,x
t (m)

is measurable, and if �s,x
s ≡ 1 for all s, x and for all s ≤ t, x ∈ G

�x
t = �x

s ·
(
�

s,x ′
t ◦ θs

) ∣∣∣
x ′=X

◦0,x
s

. (7.133)

Similarly, let
(
 x

t

)
t≥0,x∈G

be a family of R-valued, Ht -measurable random vari-

ables defined on (M,H) . Call
(
 x

t

)
a homogeneous multiplicative X-functional if

(t, x,m) �→  x
t (m) is measurable,  x

0 ≡ 1 for all x and for all s, t ≥ 0, x ∈ G,

 x
s+t =  x

s ·
(
 x ′

t ◦ θ∗s
) ∣∣∣

x ′=X
◦0,x
s

.

Now return to the setup with X a PDMP under P|x0 as above and M with M0 ≡ 1

a non-negative F
µ
t -martingale under P|x0 . Let P̃|x0 be the probability on

(
�,F

µ
t ,F

µ
)

defined by (7.129).

Proposition 7.9.2 (a) A sufficient condition for X to be a PDMP under P̃|x0 is that

there exists a non-negative multiplicative X-functional
(
�

s,x
t

)
such that

Mt = �x0
t (µ) (t ≥ 0) .

(b) Suppose that X is a time-homogeneous PDMP under P|x0 with, in particular,

φst = φt−s . Then a sufficient condition for X to be a time-homogenous PDMP

under P̃|x0 is that there exists a non-negative homogeneous multiplicative X-

functional
(
 x

t

)
such that

Mt =  x0
t (µ) (t ≥ 0) .

Proof. (a) Let s < t, F ∈ F
µ
s , C ∈ G and consider

P̃|x0 (F ∩ (X t ∈ C)) =
∫

F∩(X t∈C)

Mt dP|x0

=
∫

F∩(X t∈C)

�x0
s (µ)

(
�

s,x
t (θsµ)

) ∣∣
x=Xs dP|x0

=
∫

F

�x0
s (µ)E|x0

[
�

s,x
t (θsµ) ; X t ∈ C

∣∣Fµs
] ∣∣

x=Xs dP|x0 .
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But since by (7.131) X t = X
◦s,x
t ◦ (θsµ) for x = Xs , because of the Markov property

(7.38) for X under P|x0 , the conditional expectation reduces to

∫
�

s,x
t (m) 1(X

◦s,x
t (m)∈C) Qs,x (dm) = p̃st (x,C) ,

say, with x = Xs , and we obtain since Ms = �x0
s (µ) that

P̃|x0 (F ∩ (X t ∈ C)) =
∫

F

p̃st (Xs,C) dP̃|x0 .

This shows that X is Markov under P̃|x0 with transition probabilities p̃st ,

P̃|x0

(
X t ∈ C

∣∣Fµs
)
= p̃st (Xs,C) .

(b) Let s, t ≥ 0, F ∈ F
µ
s , C ∈ G and consider

P̃|x0 (F ∩ (Xs+t ∈ C)) =
∫

F∩(Xs+t∈C)

Ms+t dP|x0

=
∫

F∩(Xs+t∈C)

 x0
s (µ)

(
 x

t

(
θ∗s µ

)) ∣∣
x=Xs dP|x0 .

Now, by (7.132) and proceeding as in the proof of (a) it follows using the homogeneous

Markov property (7.39) that X is time-homogenous Markov under P̃|x0 with transition

probabilities p̃t ,

P̃|x0

(
Xs+t ∈ C

∣∣Fµs
)
= p̃t (Xs,C) ,

where, cf. (7.39),

p̃t (x,C) =
∫
 x

t (m) 1(X◦x
t (m)∈C) Qx (dm)

with x = Xs . �

The likelihood process (7.126) corresponds to the multiplicative X -functional

�
s,x
t = exp

(
−
∫ t

s

(̃qu − qu)
(
X◦s,xu

)
du

) N
◦
t∏

n=N
◦
s+1

q̃τn
(
X
◦s,x
τn−

)

qτn
(
X
◦s,x
τn−

) dr̃τn
(
X
◦s,x
τn− , ·

)

drτn
(
X
◦s,x
τn− , ·

)
(
X◦s,xτn

)
.

The likelihood (7.127) corresponds to the homogeneous multiplicative X -functional

 x
t = exp

(
−
∫ t

0
(̃q − q)

(
X◦0,xs

)
ds

) N
◦
t∏

n=1

q̃
(

X
◦0,x
τn−

)

q
(

X
◦0,x
τn−

)
dr̃
(

X
◦0,x
τn− , ·

)

dr
(

X
◦0,x
τn− , ·

)
(

X◦0,xτn

)
.
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Usually multiplicative functionals are assumed to be non-negative. A fairly general

class of multiplicative X -functionals is obtained by considering

�
s,x
t =

h
(
X
◦t,x
u

)

h (x)
exp

(∫ t

s

a
(
u, X◦s,xu

)
du +

∫

]s,t]×G

b
(
u, X

◦s,x
u− , y

)
µ◦ (du, dy)

)

for given functions h, a and b, or, in order to allow the value 0,

�
s,x
t =

h
(
X
◦t,x
u

)

h (x)
exp

(∫ t

s

a
(
u, X◦s,xu

)
du

) N
◦
t∏

n=N
◦
s+1

c
(
τn, X

◦s,x
τn− , ηn

)
.

In the homogeneous case, φst = φt−s, the corresponding forms of the homogeneous

X -functionals are

 x
t =

h
(
X◦x

u

)

h (x)
exp

(∫ t

0
a
(
X◦x

u

)
du +

∫

]0,t]×G

b
(
X◦x

u−, y
)
µ◦ (du, dy)

)

and

 x
t =

h
(
X◦x

u

)

h (x)
exp

(∫ t

0
a
(
X◦x

u

)
du

) N
◦
t∏

n=1

c
(
X◦x
τn−, ηn

)
.

The multiplicative property (7.133) is quite strong: for any s > 0 it forces

�x
s+ds = �x

s�
s,x ′
s+ds

∣∣∣
x ′=X

◦0,x
s

suitably understood, where the last factor must depend only on X
◦0,x
s and the be-

haviour of µ on ]s, s + ds] , i.e., it must depend on X
◦0,x
s alone. It is this important

instantaneous X◦-dependence, together with the fact that the X◦s,x -processes are de-

termined from a semigroup (φst ) and µ◦ as in (7.130), that makes the factorizations

we have considered at all possible.

Example 7.9.1 Suppose that X with X0 ≡ x0 is a time-homogeneous PDMP under

P|x0 (so that X t = φt−〈t〉
(
Y〈t〉

)
with τ0 ≡ 0, Y0 ≡ x0) with jump intensity function

q (x) and jump probabilities r (x, ·) . Suppose also that X satisfies (7.75). Let h be a

function in D (A) , the domain of the full infinitesimal generator A for X, see Def-

inition 7.7.1, and assume that h is strictly positive and bounded away from 0. Then

consider the process

Mh
t =

h (X t )

h (x0)
U h

t

where

U h
t = exp

(
−
∫ t

0

Ah

h
(Xs) ds

)
.
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In particular Mh
0 ≡ 1 P|x0 -a.s. and Mh

t =  
x0
t ◦ µ where  is the homogeneous

multiplicative functional

 x
t =

h
(
X◦x

t

)

h (x)
exp

(
−
∫ t

0

Ah

h

(
X◦x

s

)
ds

)
.

The jumps for Mh satisfy

�Mh
t = �N t S

X t
t

with S the F
µ
t -predictable field

S
y
t = Mh

t−

(
h (y)

h (X t−)
− 1

)
, (7.134)

while between jumps, t �→ Mh
t is differentiable with (cf. (7.74) and Definition 7.7.1)

Dt Mh
t =

U h
t

h (x0)

(
δφh (X t )− Ah (X t )

)

= − U h
t

h (x0)
q (X t )

∫

G

r (X t , dy) (h (y)− h (X t )) . (7.135)

But then, with

M (dt, dy) = µ (dt, dy)− q (X t−) dt r (X t−, dy)

the fundamental martingale measure for µ, it follows that

Mh
t = 1+

∫ t

0
Ds Mh

s ds +
∫

]0,t]×G

S
y
s µ (ds, dy)

= 1+
∫

]0,t]×G

S
y
s M (ds, dy) ,

simply because using (7.135) and (7.134) we see that

−
∫ t

0
ds q (Xs−)

∫

G

r (Xs−, dy) S
y
s =

∫ t

0
Ds Mh

s ds.

The assumptions on h ensure that the predictable field S is uniformly bounded on

finite time intervals, hence by Theorem 4.6.1(iii), Mh is a local martingale. But Mh is

bounded on finite time intervals, hence it is a true martingale under P|x0 and we can

define the probability P̃|x0 on Fµ by (7.129). By Proposition 7.9.2(b) it follows that

X under P̃|x0 is a homogeneous PDMP, determined by some jump intensity function

q̃ (x) and some jump probabilities r̃ (x, ·) (and of course with deterministic behaviour

given by the original φt ). In order to identify q̃ and r̃ ,we use the homogeneous version

(7.127) of the likelihood P|x0 -martingale from Theorem 7.9.1.

Introduce the bounded function
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H (x) =
∫

G

r (x, dy) h (y) .

By differentiation between jumps

Dt logLX
t |x0
= − (̃q (X t )− q (X t ))

which must match

Dt log Mh
t = −

q (X t )

h (X t )
(H (X t )− h (X t ))

as found from (7.135) when dividing by Mh
t . Consequently the choice

q̃ (x) = q (x) H (x)

h (x)
(7.136)

ensures that

DtL
X
t |x0
= Dt Mh

t , (7.137)

and it then remains to match the jumps of LX
|x0

and Mh . But

�LX
t |x0
= �N tL

X
t−|x0

(
q̃ (X t−)

q (X t−)

dr̃ (X t−, ·)
dr (X t−, ·)

(X t )− 1

)

= �N tL
X
t−|x0

(
H (X t−)

h (X t−)

dr̃ (X t−, ·)
dr (X t−, ·)

(X t )− 1

)

which we want to equal

�Mh
t = �N t S

X t
t

with S given by (7.134). Since LX
0|x0

= Mh
0 ≡ 1, (7.137) gives that LX

|x0
and Mh agree

on [0, T1[ , hence the first jump for LX
|x0

is the same as that for Mh provided

H (X t−)

h (X t−)

dr̃ (X t−, ·)
dr (X t−, ·)

(y) = h (y)

h (X t−)
,

i.e., if

dr̃ (x, ·)
dr (x, ·) (y) =

h (y)

H (x)
. (7.138)

With this condition satisfied we have that LX
|x0
≡ Mh P|x0 -a.s. on [0, T1] and then

deduce from (7.137) that LX
|x0
≡ Mh on [T1, T2[ , and then, with (7.138) satisfied,

that the identity extends to the closed interval [T1, T2] . Continuing, it is clear that

under P̃|x0 , X is a homogeneous PDMP with q̃ and r̃ given by (7.136) and (7.138)

respectively.

The P|x0 -martingale Mh has a particularly simple form if h is harmonic for X

under P|x0 , i.e., if in addition to the previous assumptions on h, it also holds that

Ah ≡ 0. In that case

Mh
t =

h (X t )

h (x0)
.
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The Basic Models from Survival Analysis

This chapter deals with the problem of estimating an unknown survival distribution

based on observation of an iid sample subjected to right-censoring. Also treated is the

estimation problem for the Cox regression model.

References. The book [2] by Andersen, Borgan, Gill and Keiding is indispensable.

Hougaard [50] is an important reference for the analysis of multivariate survival data.

8.1 Independent survival times, right-censoring

Let X1, . . . , Xr be R+-valued random variables, to be thought of as the failure times

of r different items.

We shall assume that the X i are independent and that the distribution of X i has a

Lebesgue density corresponding to the hazard function ui , i.e., the survivor function

for the distribution of X i is

P(X i > t) = exp

(
−
∫ t

0
ui (s)ds

)
.

Define the counting process N i by

N i
t = 1(X i≤t).

Then N i has at most one jump and has FN i

t -compensator �i
t =

∫ t

0 λ
i
sds, where

λi
s = ui (s)1(X i≥s)

= ui (s)1(N i
s−=0

).

The aggregate (see Section 6.1) µ of (N 1, . . . , N r ) is the RCM with mark space

E = {1, . . . , r} such that

µ([0, t]× A) = Nt (A) =
∑

i∈A

N i
t (A ⊂ E).
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(Since the X i have continuous distributions and are independent, (6.3) is satisfied).

By Theorem 6.1.1 (a), the F
µ
t -compensating measure for µ is given by the com-

pensators �(A) =
∑

i∈A�
i , with �i as above.

It is of particular interest to consider the case where the X i are identically dis-

tributed, ui = u for 1 ≤ i ≤ r. With N =
∑r

i=1 N i (the counting process recording

the total number of failures observed at a given time), the F
µ
t -compensator for N is

� =
∑r

i=1�
i =

∫ ·
0 λs ds, where

λs = u(s)Rs−

with Rs− the number of items at risk just before time s,

Rs− =
r∑

i=1

1(N i
s−=0

) =
r∑

i=1

(1− N i
s−) = r − N s−.

Notice in particular that M := N −� is an F
µ
t -martingale. Since however λs depends

on s and N s− alone, � is also FN
t -predictable and the FN

t -compensator for N . It

follows therefore, that if Q is the distribution (on (W,H)) of N , the compensator �◦

for Q is �◦t =
∫ t

0 λ
◦
s ds, where

λ◦s = u(s)(r − N ◦s−)
+ (8.1)

with the +-sign added to give an intensity process defined on all of W, which is

everywhere ≥ 0.

From the discussion in Section 7.2 it follows that the fact that λs is a function of

s and N s− only also implies that N is a non-homogeneous Markov chain, with state

space {0, 1, . . . , r}, initial state N 0 ≡ 0, total intensity function

qt (k) = (r − k) u (t)

for k ≤ r and jump probabilities

rt (k, ·) = εk+1

for k ≤ r − 1. The transition probabilities are

pst ( j, k) = P(N t = k|N s = j),

non-zero only if 0 ≤ j ≤ k ≤ r, 0 ≤ s ≤ t, s < t† (where t† is the termination point

for the distribution of the X i ) and may be computed explicitly: let

F(t) = exp

(
−
∫ t

0
u(s) ds

)

be the survivor function for the distribution of the X i , F = 1 − F the distribution

function. Then for j ≤ k ≤ r, s ≤ t, s < t†
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pst ( j, k) = P (X i ∈ ]0, t] for k values of i |X i ∈ ]0, s] for j values of i )

=
(

r
j,k− j,r−k

)
(F(s)) j (F(t)− F(s))k− j (F(t))r−k

(
r
j

)
(F(s)) j (F(s))r− j

=
(

r − j

k − j

)(
1− F (t)

F (s)

)k− j (
F (t)

F (s)

)r−k

.

Thus, conditionally on N s = j, N t − j follows a binomial distribution (r − j, 1 −
F(t)/F(s)).

Consider now the statistical model when the hazard function u is unknown. Writ-

ing

β(t) =
∫ t

0
u(s) ds,

one then defines a martingale estimator of β(t) by

β̂t =
∫

]0,t]

1

Rs−
d N s, (8.2)

well defined since Rs− ≥ 1 for each jump time s of N — these jump times are the X i

ordered according to size and

β̂t =
N t∑

k=1

1

r − k + 1
. (8.3)

Defining

Ss =
{ 1

Rs−
if Rs− ≥ 1,

0 if Rs− = 0,

S is an FN
t -predictable process, and since both S ≥ 0 and N are bounded, by Theorem

4.6.1(ii),

M(S) = N (S)−�(S)

is an FN
t -martingale. But N t (S) = β̂t and

β∗t := �t (S) =
∫ t

0
u(s)1(Rs−≥1) ds, (8.4)

so β̂ − β∗ is a martingale and in particular

Eβ̂t = Eβ∗t =
∫ t

0
u(s)P (Rs ≥ 1) ds

=
∫ t

0
u(s)

(
1− (F(s))r

)
ds
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since P (Rs ≥ 1) = 1− P (Rs = 0) = 1− (F(s))r . Thus

(
1− (F(t))r

)
β(t) ≤ Eβ̂t ≤ β(t)

and for t < t† we see that asymptotically, as r → ∞, lim Eβ̂t = β(t) with rapid

convergence: for t < t† and r large, β̂t is almost an unbiased estimator of β(t).

To assess the quality of the estimator we compute the variance of β̂t − β∗t (which

is not quite the variance of β̂t ),

E
(
β̂t − β∗t

)2 = E
(
M t (S)

)2 = E
〈
M(S)

〉
t
,

see p. 83 for the definition of the quadratic characteristic. But

〈
M(S)

〉
t
= �t (S

2)

=
∫ t

0
u(s)

1

Rs−
1(Rs−≥1) ds

(with the integrand 0 if Rs− = 0), a quantity that since 1
r

Rs−
prob→ F(s) for r → ∞

by the law of large numbers may be shown to satisfy that

r
〈
M(S)

〉
t

prob→
∫ t

0

u(s)

F(s)
ds = F(t)

F(t)

for t < t†. It may then further be argued, using a functional central limit theorem for

martingales, that for t < t† fixed and r →∞, the sequence

(√
r
(
β̂s − β∗s

)
0≤s≤t

)
r≥1

of martingales on [0, t] and the sequence
(√

r
(
β̂s − β(s)

)
0≤s≤t

)
of processes both

converge in distribution to the Gaussian martingale (Ws)0≤s≤t , where

Ws = Bσ 2(s) (8.5)

with B a standard Brownian motion and the variance function (and deterministic

time change) σ 2 given by σ 2(s) = F(s)/F(s). (For the convergence in distribution,

the processes are considered as random variables with values in the Skorohod space

D [0, t] of real-valued, cadlag paths defined on [0, t] , with convergence in distribu-

tion meaning weak convergence of the distributions when D [0, t] is equipped with

the Skorohod topology).

Using that M
(
S2
)

is a martingale, it is natural to ‘estimate’
〈
M(S)

〉
s
= �s

(
S2
)

by N s

(
S2
)
, and therefore estimate σ 2(s) by

σ̂ 2(s) = r N s

(
S2
)
= r

∫

]0,s]

1

R2
u−

d N u, (8.6)
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an estimator that can be shown to be uniformly consistent on [0, t],

sup
s:s≤t

∣∣∣̂σ 2(s)− σ 2(s)

∣∣∣ prob−→ 0

for any t < t†.

What we have discussed so far is the most elementary of all models in survival

analysis. An important generalization arises by considering models for right-censored

survival data. It is still assumed that the X i are independent with hazard functions ui ,

but due to right-censoring, not all X i are observed. Formally, apart from X1, . . . , Xr ,

we are also given the censoring variables V1, . . . , Vr , which are R+-valued random

variables. What is observed are the pairs (Si , δi ) of random variables where

Si = X i ∧ Vi , δi = 1(X i≤Vi ).

If δi = 1, X i is observed, while if δi = 0, the censoring time Vi is observed, and all

that is known about the unobserved failure time X i is that it exceeds (is strictly larger

than) Vi .

For each i, introduce a counting process N i with at most one jump,

N i
t = 1(X i≤t∧Vi ).

Thus N i has one jump precisely when X i < ∞ and X i is observed, and no jump if

either X i = ∞ or X i is not observed. If there is a jump, it occurs at time X i .

So far we have said nothing about the joint distribution of the Vi , either on their

own or jointly with the X i . Now let Ft be the σ -algebra generated by the failures and

censorings observed to occur in [0, t]. Formally,

Ft = σ(Si 1(Si≤s), δi 1(Si≤s))1≤i≤r,s≤t

= σ(Si 1(Si≤t), δi 1(Si≤t))1≤i≤r .

(The second equality is easy to show: if Si ≤ t and the values of Si and δi are known,

so are the values of Si 1(Si≤s) and δi 1(Si≤s) for any s ≤ t ; and if Si > t also Si > s

for s ≤ t. Note that (Si > t) ∈ Ft : since Si > 0, Si 1(Si≤t) = 0 iff Si > t). What is

usually assumed about a model for right-censored survival data is that for every i, M i

is an Ft -martingale, where

M i
t = N i

t −
∫ t

0
λi

sds, λi
s = ui (s)I i

s , (8.7)

that (M i )2 −
∫ ·

0 λ
i is a martingale, and finally that M i M j is a martingale for i �= j.

Here I i in (8.7) is the Ft -predictable indicator

I i
s = 1(Si≥s),

which is one when item i is still at risk at time s, i.e., just before s item i has as yet

neither been censored nor observed to fail.



222 8 Survival Analysis

Note that with the joint distribution of all Si and δi described through an MPP as

indicated below, the assumptions about the martingale structure of (M i )2 and M i M j

presented after (8.7) are direct consequences of (8.7) and Proposition 4.5.3 (b), so are

not new conditions.

There are several comments to be made on these martingale assumptions. The

first is that even though it is always assumed that the X i are independent with hazard

functions ui , requiring that M i be a martingale is not enough to specify the joint dis-

tribution of (X1, . . . , Xr ; V1, . . . , Vr ). To see why this is so, think of the observations

(Si , δi ) as an MPP (T ,Y) ,where the Tn when finite are the distinct finite values of the

Si ordered according to size, and where Yn, if Tn <∞, lists either the item i observed

to fail at time Tn (if any), and/or those items j observed to be censored at Tn . (Without

any assumptions on the structure of the censoring pattern, it is perfectly possible for

the censorings of several items to occur simultaneously, and even to coincide with the

observed failure time of some other item). As mark space we could use

E := {(i, A) : 1 ≤ i ≤ r, A ⊂ {1, . . . , r}\{i}} ∪ {(c, A) : ∅ �= A ⊂ {1, . . . , r}},

where the mark (i, A) means ‘i observed to fail, all j ∈ A censored’ and the pure

censoring mark (c, A) means ‘no failures observed, all j ∈ A censored’. With this

setup the filtration generated by (T ,Y) is precisely (Ft ) and we know that to specify

the distribution of the MPP, one must write down the Ft -compensators for all the

counting processes N y, N
y
t =

∑∞
n=1 1(Tn≤t,Yn=y) for arbitrary y ∈ E . All that is

done in (8.7) is to give the compensator for

N i =
∑

A:(i,A)∈E

N (i,A),

so not even the distribution of the observations (Si , δi ) is determined by (8.7), much

less of course the joint distribution of all (X i , Vi ). The message is that with (8.7) and

the assumption that the X i are independent with hazards ui , the model for censored

survival data is only partially specified. Note that a full specification of the compen-

sators �y for all N y, y ∈ E, must respect the special structure of the N y, i.e., that

each N y has at most one jump and that jump is possible at time s only if all items

listed in y are at risk at time s. Thus, in case �
y
t =

∫ t

0 λ
y
s ds with an Ft -predictable

intensity process λy (which need not exist in general), λy must satisfy

λ(i,A)s = λ(i,A)s 1(S j≥s, j∈A∪{i}), λ(c,A)s = λ(c,A)s 1(S j≥s, j∈A).

Consider now the special case where all ui = u. Even though (8.7) is only a partial

specification of the compensator structure, it is good enough to enable the estimation

procedure from the iid case without censoring to go through: define β(t) =
∫ t

0 u as

before and still use (8.2) to give

β̂t =
∫

]0,t]

1

Rs−
d N s, (8.8)

the celebrated Nelson–Aalen estimator, with now N =
∑

i N i and
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Rs− =
r∑

i=1

I i
s =

r∑

i=1

1(Si≥s),

the number of items at risk just before s, (so (8.3) is no longer valid). With β∗t still

given by (8.4), β̂ − β∗ is an Ft -martingale, and if 1
r

Rs
prob→ ρ(s) for all s with ρ

some continuous function (necessarily decreasing and ≤ F(s)), the convergence in

distribution of
(√

r
(
β̂s − β∗s

))
0≤s≤t

to a Gaussian martingale (Ws)0≤s≤t (see (8.5))

still holds for t < inf {s : ρ(s) = 0} , only now the variance function for W is

σ 2(s) =
∫ s

0
u(v)

1

ρ(v)
dv.

Finally, a uniformly consistent estimator of σ 2(s) on [0, t] is still given by (8.6).

Writing ν̂ (]0, t]) = β̂t , it is seen that ν̂ is the hazard measure for a discrete distri-

bution on R+, concentrated on the timepoints Si <∞ for which δi = 1 and possibly

also with a mass at∞. The corresponding distribution has survivor function

F̂(t) =
∏

0<s≤t

(
1− �N s

Rs−

)
,

the classical Kaplan–Meier estimator for the survivor function

F(t) = exp

(
−
∫ t

0
u (s) ds

)
,

which is often used rather than the natural alternative exp
(
−β̂t

)
.Note that F̂ has finite

termination point iff Si0 = maxi Si < ∞ and δi0 = 1. Note also that in the simple

model without censoring (all Vi ≡ ∞), F̂ is the survivor function for the empirical

distribution on the Si = X i : each finite X i is given mass 1/r.

We shall now give some examples of censoring models, where (8.7) holds. It is

assumed always that the X i are independent with hazard functions ui .

Suppose first that for 1 ≤ i ≤ r, Vi ≡ vi , where vi ∈]0,∞] is a given constant.

Observing all (Si , δi ) then amounts to observing the independent counting processes

N i ,

N i
t = 1(X i≤t∧vi ).

With T i
1 the first (and only) jump time for N i ,

P(T i
1 > t) = F i (t ∧ vi ),

F i denoting the survivor function F i (t) = exp(−
∫ t

0 ui ) for the distribution of X i .

Thus the distribution of T i
1 has hazard function

ui,(0)(t) =
{

ui (t) (t ≤ vi )

0 (t > vi )
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and the compensator for N i has Ft -predictable intensity process

λi
t = ui (t)1[0,vi ](t)1(N i

t−=0
) = ui (t)I

i
t ,

i.e., (8.7) holds.

As a second example, suppose that for each i, X i and Vi are independent, that

the different pairs (X i , Vi ) are independent and that Vi for all i has a distribution with

hazard function uc
i . (It is not required that the distribution of Vi have a density, but it

is a convenient assumption for the calculations below). Identify any given observable

pair (Si , δi ) with an MPP described by the two counting processes corresponding to

the two marks i and c, i ,

N i
t = 1(X i≤t∧Vi ), N

c,i
t = 1(Vi≤t,Vi<X i ),

(which makes sense since P(X i = Vi < ∞) = 0). Then N i , N c,i combined have

at most one jump in all, occurring at time Si . Hence, to find the compensating mea-

sure (with respect to (FN i ,N c,i

t )), we need only find the hazard function ui,(0) for the

distribution of Si , and the conditional jump distribution for the mark i ,

ρi (t) := π i,(0)
t ({i}) = 1− π i,(0)

t ({c, i}) = P(X i ≤ Vi |Si = t).

But, cf. Proposition 4.1.3(ii)

ui,(0)(t) = ui (t)+ uc
i (t), (8.9)

while ρi is determined by the condition

∫

B

ρi (t)P(Si ∈ dt) =
∫

B

ρi (t)
(
ui (t)+ uc

i (t)
)

exp

(
−
∫ t

0

(
ui + uc

i

))
dt

= P(X i ≤ Vi , Si ∈ B) (B ∈ B0).

Using the expressions for the density for X i and the survivor function for Vi respec-

tively, it follows, conditioning on the value of X i , that

P(X i ≤ Vi , Si ∈ B) = P(X i ≤ Vi , X i ∈ B)

=
∫

B

ui (t) exp

(
−
∫ t

0
ui

)
exp

(
−
∫ t

0
uc

i

)
dt,

and consequently

ρi =
ui

ui + uc
i

.

Comparing with (8.9) it is seen that the intensity process λi for the FN i ,N c,i

t -compensator

for N i is given by (8.7). Because of the independence of the pairs (X i , Vi ), using

Theorem 6.1.1 (a) it follows that (8.7) holds (with (Ft ) the filtration generated by

(N i , N c,i )1≤i≤r ).
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It is in fact true that (8.7) holds under much more general independence assump-

tions: it is enough that X1, . . . , Xr are independent with hazards ui , and that the

random vector V = (V1, . . . , Vr ) is independent of (X1, . . . , Xr ). To see this, con-

sider first the conditional distribution of the counting processes N i given V = v, v =
(v1, . . . , vr ). Since V is independent of the X i this is the same as the distribution of

the N i , assuming the censoring times Vi to be identically equal to the given constants

vi , a situation where we have already seen that (8.7) holds, and have then found the

compensators for the N i . A small amount of work shows that this amounts to saying

that the N i (with V random and independent of the X i ) have compensators

∫ t

0
λ̃i

s ds, λ̃i
s = ui (s)Ii (s)

with respect to the filtration (F̃t ), where F̃t = σ(V, N i
s )0≤s≤t,1≤i≤r . But Ft ⊂ F̃t and

since the compensators are Ft -predictable, we deduce that (8.7) is satisfied.

Finally we give an example of a model for right-censoring for which (8.7) holds but

where the Vi are not independent of the X i : define V1 = · · · = Vr = X(m) with X(1) ≤
X(2) ≤ · · · ≤ X(r) the order statistics. (Since the X i have continuous distributions,

the finite X i -values are distinct). It is easy to see that (8.7) holds: start with Ñ i
t =

1(X i≤t), and let µ̃ =
∑

n:T̃n<∞
ε(T̃n ,Ỹn)

denote the RCM with mark space {1, . . . , r}

determined from the Ñ i . The observations (Si , δi )1≤i≤r arising from censoring at X(m)
are identified with the counting processes

N i
t = 1(X i≤t,X i≤X(m)),

corresponding to an RCM µ =
∑

n:Tn<∞
ε(Tn ,Yn) with mark space {1, . . . , r}. Clearly

(Tk, Yk) = (T̃k, Ỹk) for k ≤ m, Tm+1 = Tm+2 = · · · = ∞. So the Markov kernels

determining µ agree with those of µ̃ up to and including the time of the mth jump. We

know the compensators for µ̃ and deduce the desired (8.7) structure for those of µ.

We leave this discussion of censoring models by quoting an intriguing question:

suppose only that the joint distribution of the (Si , δi ) satisfies the martingale property

(8.7) for all i, but does not otherwise suppose anything about the distribution of the X i .

Is this assumption always compatible with the requirement that the X i be independent

with hazard functions ui ? The answer is indeed ‘yes’, but the proof is not a triviality.

8.2 The Cox regression model

It was always assumed above that the failure times X i were independent. One of the

most versatile of all models used in survival analysis, where no independence assump-

tions are made, is the Cox regression model. Here the intensity for failure of an item is

allowed to depend on an observable process of covariates which contains information

about different characteristics for that item.



226 8 Survival Analysis

The model is typically only partially specified, describing the intensity for failure,

but not the distribution of the covariates. The model allows for censoring.

Formally, suppose given a filtered space (�,F,Ft ,P) and let for 1 ≤ i ≤ r, ζ i

be an Rp-valued Ft -predictable process (the covariate process for item i represented

as a column vector), let Vi ∈]0,∞] be the censoring time, X i the failure time for item

i, and assume that the counting process N i ,

N i
t = 1(X i≤t∧Vi )

is Ft -adapted, and that the {0, 1}-valued process I i ,

I i
t = 1(Si≥t),

where Si = X i ∧ Vi , is Ft -predictable.

The fundamental assumption in the Cox model is then that for every i the Ft -

compensator for N i has Ft -predictable intensity λi ,

λi
t = u(t)eγ

T ζ i
t I i

t , (8.10)

where u is the hazard function for some distribution on R+ and γ T = (γ1, . . . , γp)

is a row vector of regression parameters. The ‘model’ arises by allowing the baseline

hazard u and the γ -parameters to vary.

Note that if γ = 0 we get a model for right-censoring as discussed above (with all

ui = u).

In the case of no censoring (all Vi ≡ ∞) and each ζ i
t = ς i (t) a given, non-random

function of t, take (Ft ) to be the filtration generated by (N i )1≤i≤r . It is then clear that

X1, . . . , Xr are independent such that for 1 ≤ i ≤ r, the distribution of X i has hazard

function

ui (t) = u(t)eγ
T ς i (t). (8.11)

In general with random covariates no such expression is valid for the failure time

hazards and the best interpretation of the Cox model is through expressions like

(cf. Proposition 4.4.2),

u(t+)eγ T ζ i
t+ = lim

h↓0

1

h
P(t < X i ≤ t + h|Ft ) on the set (Si > t)

describing the imminent risk of failure for item i .

With only the intensities (8.10) given of course hardly anything is said about the

distribution of the censoring times and covariates. With all the ζ i e.g., piecewise de-

terministic processes determined from certain RCMs, a full specification of the model

could be given involving not only the failure intensities (8.10) but also censoring inten-

sities (possibly jointly or jointly with a failure) and intensities describing the jumps of

the ζ i . Such specifications are never given in statistical practice which makes model

based prediction of mean survival times and other such relevant quantities virtually

impossible in the Cox regression model.
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The Cox regression model has proved immensely useful in survival analysis, pri-

marily because even though the model is only partailly specified, it is still possible to

estimate in an efficient manner both the baseline hazard and the regression parameters,

and thereby also to analyse in practice the effect on survival of any of the covariates.

In order to estimate the integrated baseline hazard,

β (t) =
∫ t

0
u (s) ds,

one imitates the idea leading to the Nelson–Aalen estimator (8.8) and defines

β̂γ,t =
∫ t

0

1
∑

i∈Rs
eγ

T ζ i
s

d N s

with N =
∑

i N i and

Rs = {i : 1 ≤ i ≤ r, Si ≥ s}

the set of items at risk immediately before time s. Then, with u the true baseline

hazard and γ the true value of the vector of regression parameters, β̂γ − β∗ is an

Ft -martingale, where as before

β∗t =
∫ t

0
u (s) 1(Rs �=∅) ds.

The estimator β̂γ depends on the unknown regression parameter, so ultimately

β (t) is estimated by β̂γ̂ ,t , where γ̂ is the estimator of γ that we shall now discuss.

Let Ct for t ≥ 0 denote the partial likelihood process

Ct (γ ) =
N t∏

n=1

e
γ T ζ

Jn
Tn

∑
i∈RTn

e
γ T ζ i

Tn

, (8.12)

defined for arbitrary γ ∈ Rp. Here the Tn are the jump times for N ordered according

to size, T1 < T2 < · · · (at most r ), i.e., the Tn are the ordered Si -values for which

X i ≤ Vi , while Jn = j if it is item j that is observed to fail at time Tn .

Suppose e.g., that everything (i.e., all the N i , I i and ζ i ) is observed on the interval

[0, t0] for some t0 > 0, the estimator used for γ is then γ̂ = γ̂t0 , the value of γ that

maximizes γ �→ Ct0 (γ ) , and β(t) for t ≤ t0 is then estimated by β̂γ̂t0
,t .

We shall give some comments on the structure of the partial likelihood (8.12).

Since always Jn ∈ RTn , each factor in the product is > 0 and ≤ 1. Furthermore

it may be shown that γ �→ log Ct (γ, ω) (for a given value of t > 0 and ω ∈ �
— corresponding to a concrete set of observations on [0, t]) is concave and strictly

concave iff the contrast covariate vectors

ρi
n (ω) = ζ

Jn

Tn
(ω)− ζ i

Tn
(ω)
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for 1 ≤ n ≤ N t (ω) , i ∈ RTn (ω) span all of Rp.And log Ct (γ, ω) attains its maximal

value at a uniquely determined point iff it is impossible to find a row vector vT �= 0

such that vT ρi
n (ω) ≥ 0 for all choices of n and i as above.

With the interval of observations [0, t0] as before, it may be shown under regularity

conditions that as r →∞,√r
(
γ̂t0 − γ

)
converges in distribution to a p-dimensional

Gaussian distribution with mean vector 0 and a covariance matrix that itself can be es-

timated consistently. A more refined analysis even leads to results on the joint asymp-

totic behaviour of γ̂ = γ̂t0 and
(
β̂γ̂ ,t

)
0≤t≤t0

. To discuss the asymptotics in any detail

is beyond the scope of this book, but martingale central limit theorems are essential

and a key observation for the study of the asymptotics of γ̂t0 is then the following:

Exercise 8.2.1 With γ the true value of the vector of regression parameters and as-

suming e.g., that all the covariate processes ζ i are bounded, show that the partial score

process is an Ft -martingale, i.e., show that

Dγk
log Ct (γ ) (0 ≤ t ≤ t0)

is an Ft -martingale for 1 ≤ k ≤ p. (Hint: the task is to compute the derivatives

Dγk
log Ct (γ ) and then rewrite them in terms of stochastic integrals of predictable

integrands with respect to the basic martingales

M i
t = N i

t −
∫ t

0
λi

s ds).

We shall conclude with a brief discussion of the terminology ‘partial likelihood’

and how it relates to the theory of MPPs and RCMs. Suppose there is no censoring

and that the ζ i
t = ς i (t) are given functions of t. Then the X i are independent with

hazard functions ui given by (8.11), we have

N i
t = 1(X i≤t)

and with (Ft ) the filtration generated by the N i for 1 ≤ i ≤ r, find that the Ft -

compensator for N i is

�i
t =

∫ t

0
ui (s) I i

s ds

with I i
s = 1(X i≥s). But then one finds that the distribution of the aggregate µ of(

N 1, . . . , N r
)

is determined by the Markov kernels

P
(n)

zn
(t) = exp

⎛
⎝−

∫ t

tn

∑

i∈R(zn)

u (s) eγ
T ς i (s) ds

⎞
⎠

for t ≥ tn with R (zn) the set of items at risk after the time tn of the nth failure, i.e.,

the items remaining when all items listed in zn = (t1, . . . , tn; j1, . . . , jn) have been

removed, and
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π
(n)
zn ,t
({i0}) =

eγ
T ς i0 (t)

∑
i∈R(zn)

eγ
T ς i (t)

1(i0∈R(zn)), (8.13)

cf. (4.47) and (4.48). Comparing this with the expression for the likelihood process

Lt from Theorem 5.1.1(b) (using for reference measure the case γ = 0, u(t) ≡ 1) it

emerges that Ct (γ ) is, apart from a factor not depending on γ, the contribution to Lt

that consists of the product of the ‘π -derivatives’,

Ct (γ ) ∝
N t∏

n=1

dπ
(n−1)
Zn−1,Tn

dπ
0,(n−1)
Zn−1,Tn

(Jn)

with Zn = (T1, . . . , Tn; J1, . . . , Jn) , the π (n) as in (8.13) and π0,(n) referring to the

reference measure, i.e.

π
0,(n)
zn ,t

({i0}) =
1

r − n
1(i0∈R(zn)).

In a more general setup with random censorings and covariates, the nth factor in

Ct (γ ) may be interpreted as the conditional probability that ‘it is item Jn that fails

at time Tn, the time of the n’th observed failure’ given the past up to time Tn . In a

complete MPP description of the model with censorings and piecewise deterministic

ζ i so that jumps corresponding to observed censoring times and jumps for the ζ i are

included, such a probability would arise from a π
(l)
zl ,t

-probability (the π (l) and zl now

referring to the full model), by conditioning furthermore on the event that the jump that

is to occur at time t should correspond to a failure and then asking for the probability

that it is a given item that fails. As we have just seen, such factors appear naturally in

the expression for the likelihood process, so the terminology ‘partial’ is appropriate in

the sense that Ct (γ ) picks out parts of the total likelihood Lt involving the π -kernels

and referring to special types of jumps, i.e., the occurrence of failures.
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Branching, Ruin, Soccer

In this chapter three quite different models are presented: a branching process for the

evolution of a population with age-dependent birth and death intensities; a classical

model from risk theory with a discussion of the problem of calculating the probability

of ruin and the distribution of the time to ruin; a model for how a soccer game develops

over time, using a simple multiplicative Poisson model as starting point.

References. Branching processes: Jagers [68] and the collection [5] of papers

edited by Athreya and Jagers deal with rather more advanced models than the one

presented here. Ruin probabilities: important books for further reading include Rolski

et al [105] and Asmussen [4].

9.1 An example from the theory of branching processes

Suppose one wants to set up a model describing the evolution of a one-sex population,

where each individual (mother) can give birth to a new individual with a birth rate

depending on the age of the mother, and where each individual may die according to

an age-dependent death rate. How should one go about this? We of course shall do it

by defining a suitable MPP and associating with that a process which turns out to be a

homogeneous PDMP.

Let β : R0 → R0, δ : R0 → R0 be given functions, to be understood as

the age-dependent birth rate and death rate respectively. We suppose given an ini-

tial population X0 ≡ x0 consisting of k0 ≥ 1 individuals, labelled by their ages

a
(0)
1 , . . . , a

(0)
k0

(all ≥ 0). There are different possibilities for the choice of the state

space G. Here we shall simply let G consist of all finite subsets of R0, allowing for

repetitions of elements, where the state x = {a1, . . . , ak} for k ∈ N0, a1, . . . , ak ≥ 0

is interpreted as a population consisting of k individuals of ages a1, . . . , ak . Thus

X0 ≡ x0 =
{

a
(0)
1 , . . . , a

(0)
k0

}
. In general individuals may have the same age, denoted

by a repeated element: a population consisting of 5 individuals, one pair of twins and

one set of triplets, would be denoted {a, a, b, b, b} . An extinct population (0 individu-

als) is denoted ∅. If x = {a1, . . . , ak} ∈ G, we write |x | for the population size k and
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x + t = {a1 + t, . . . , ak + t}. (The choice of G is quite crude and ignores informa-

tion concerning the life histories of single individuals. It is not a problem to define a

population process on a state space where one keeps track of this type of information

— see Exercise 9.1.1 below).

In the model we shall define (which can easily be generalized to allow e.g., for

multiple births), all births and deaths occur at separate time points (so one only sees

individuals of the same age if they are present at time 0). In particular the population

size can only increase or decrease in jumps of size 1. If the process is observed in

state x = {a1, . . . , ak} and a jump occurs, the state reached by the jump is either
{a1, . . . , ak} ∪ 0 corresponding to a birth or {a1, . . . , ak} \ai for some 1 ≤ i ≤ k

corresponding to a death (where of course, if there were several individuals of age ai

in x, {a1, . . . , ak} \ai denotes the population where precisely one of those of age ai is

removed, the others retained).

It is now a simple matter to set up the model. The process is piecewise determin-

istic,

X t = φt−T〈t〉
(
Y〈t〉

)

with Tn the time of the nth jump, Yn the state reached by that jump, and the determin-

istic behaviour given by

φt (x) = x + t

if |x | ≥ 1 and φt (∅) = ∅. The Markov kernels determining the distribution of the

MPP ((Tn) , (Yn)) are given by, for t ≥ tn, with yn =
{

a
(n)
1 , . . . , a

(n)
kn

}
,

P
(n)

zn |x0
(t) = exp

(
−
∫ t−tn

0
[β + δ]yn

(s) ds

)
,

πzn ,t |x0 ((yn + t − tn) ∪ 0) =
∑kn

i=1 β
(

a
(n)
i + t − tn

)

[β + δ]yn
(t − tn)

πzn ,t |x0

(
(yn + t − tn) \

(
a
(n)
i + t − tn

))
=
δ
(

a
(n)
i + t − tn

)

[β + δ]yn
(t − tn)

(1 ≤ i ≤ kn) ,

using the notation

[β + δ]yn
(s) :=

kn∑

i=1

(
β(a

(n)
i + s)+ δ(a(n)i + s)

)
.

Naturally, empty sums equal 0, hence it follows in particular that once the population

becomes extinct, it remains extinct forever.

It may be shown that the process X defined above does not explode — this is

related to the fact that the birth process from Example 3.1.4 with λn = βn for some

β > 0 does not explode; in particular, if the age-dependent birth rate β (a) is bounded

as a function of a, it is easy to show that X does not explode using Corollary 4.4.4.



9.1 A branching process 233

Clearly the φt satsify (7.28) and it is then immediately verified from Theorem 7.3.1

(b) that X is time-homogeneous Markov with

q (x) =
k∑

i=1

(β (ai )+ δ (ai )) ,

r (x, x ∪ 0) =
∑k

i=1 β (ai )∑k
i=1 (β (ai )+ δ (ai ))

,

r
(
x, x\ai0

)
=

δ
(
ai0

)
∑k

i=1 (β (ai )+ δ (ai ))
(1 ≤ i0 ≤ k) ,

where x = {a1, . . . , ak}, and where only the exhaustive non-zero point probabilities

for r (x, ·) have been specified. The corresponding predictable intensities, λt (C) (for

special choices of C but enough to determine all λt (C)), are given by

λt =
∑

a∈X t−

(β (a)+ δ (a)) ,

λt (X t− ∪ 0) =
∑

a∈X t−

β(a), (9.1)

λ (X t−\a0) =
∑

a∈X t−

δ (a0) 1(a=a0∈X t−),

justifying the interpretation of β, δ as age-dependent birth and death intensities. (Note

that if all ages a ∈ X t− are different,

λ (X t−\a0) = δ (a0)

for a0 ∈ X t−).

A particularly simple case of the model above is obtained when both β and δ are

constants. In this case the intensities above depend on X t− through the population

size |X t−| only and it follows that the process |X | is a time-homogeneous Markov

chain with state space N0, the familiar linear birth- and death process with transition

intensities, for k ≥ 1,

qk,k+1 = kβ, qk,k−1 = kδ.

The process we have constructed here has the branching property characteristic

of branching processes: with the initial state x0 =
{

a
(0)
1 , . . . , a

(0)
k0

}
as above, define

k0 independent processes X i with the same age-dependent birth- and death intensities

β and δ respectively such that X i
0 ≡

{
a
(0)
i

}
. Then X̃ :=

⋃k0
i=1 X i has the same

distribution as X. To see this, let µi be the RCM describing the jump times T i
n and

jumps Y i
n = X i

T i
n

for X i , and let µ be the aggregate given by (6.1) which is well

defined since the T i
n have continuous distributions. Assuming (after discarding a null

set if necessary) that for all ω, T i
k (ω) �= T

j
n (ω) whenever (i, k) �= ( j, n) (cf. (6.5)),
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from Theorem 6.1.1 it follows that µ has F
µ
t -compensating measure L with�t (A) =

L ([0, t]× A) for A =
⋃r

i=1 {i} × Ai given by

�t (A) =
∫ t

0
λs(A) ds

with

λt (A) =
r∑

i=1

∑

ai∈X i
t−

(
β
(

ai
)

1(X i
t−∪0∈Ai

) + δ
(

ai
)

1(X i
t−\ai∈Ai

)
)
. (9.2)

Now let µ̃ =
∑

T̃n<∞ ε
(
T̃n ,Ỹn

) be the RCM determined by the jump times T̃n and

jumps Ỹn = X̃ T̃n
for X̃ . The T̃n are the same as the jump times Tn for the aggregate

µ, and since obviously X̃ can only jump by either a birth or a death occurring for

precisely one of the populations X i , the F
µ
t -predictable intensity processes for µ̃ are

given by the total intensity

λ̃t =
r∑

i=1

∑

ai∈X i
t−

(β + δ)
(

ai
)
=

∑

ã∈X̃ t−

(β + δ) (̃a) ,

the birth intensity (take A = X̃ t− ∪ 0 in (9.2))

λ̃t

(
X̃ t− ∪ 0

)
=

r∑

i=1

∑

ai∈X i
t−

β
(

ai
)
=

∑

ã∈X̃ t−

β (̃a)

and the death intensity, for ã0 ∈ X̃ t−, (take A = X̃ t−\̃a0 in (9.2))

λ̃t

(
X̃ t−\̃a0

)
=

r∑

i=1

δ (̃a0) 1(ã0∈X i
t−
) =

∑

ã∈X̃ t−

δ (̃a0) 1(ã=ã0∈X̃ t−
).

Thus the F
µ
t -predictable intensity processes for µ̃ are F

µ̃
t -predictable; hence by The-

orem 4.8.1 they determine the distribution of µ̃. Since the λ̃t (C) agree in form exactly

with the intensities λt (C) for X, cf. the three equations (9.1), and obviously the deter-

ministic behaviour between jumps of X̃ is the same as that of X while also X̃0 ≡ X0,

it follows that X̃ and X have the same distribution.

Exercise 9.1.1 Consider a model for a population process X∗,where each X∗t not only

reveals the current ages of the individuals alive at time t, but also for each individual,

the ages at which she gave birth. Thus a state x∗ for X∗ is an object of the form{
a∗1 , . . . , a

∗
k

}
with each a∗i =

(
ai ; b(i)1 , · · · , b

(i)
m

)
, ai denoting the age of i, and 0 <

b
(i)
1 < · · · < b

(i)
m ≤ ai the age prior to her present age at which i gave birth (with

m = 0 possible). To get back to the process X discussed above, it is natural to consider

a function of X∗,
(
g(X∗t )

)
t≥0
, where
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g
(
x∗
)
= {a1, . . . , ak} .

Give a construction of X∗ that makes it a homogeneous PDMP and which fits with the

construction of X above in the sense that the process g (X∗) has the same distribution

as X when the initial states X∗0 ≡ x∗0 , X0 ≡ x0 are fixed and g
(
x∗0
)
= x0.

A quantity that is easily calculated (although formally the construction from Ex-

ercise 9.1.1 is needed) and critical for the ultimate behaviour of the population is γ,

the expected number of children born to an individual throughout her lifetime. To

find γ, consider an initial population {0} consisting of one newborn individual ι. Let

N b be the counting process that registers the times at which ι gives birth. Let also ζ

denote the time at which ι dies and define N d
t = 1(ζ≤t). then

(
N b, N d

)
has F

(
N b,N d

)

t -

compensator
(
�b,�d

)
where

�b
t =

∫ t

0
1(N d

s−=0
)β(s) ds, �d

t =
∫ t

0
1(N d

s−=0
)δ(s) ds.

Since �d is FN d

t -predictable we recognize that

P (ζ > t) = exp

(
−
∫ t

0
δ (s) ds

)
;

it then follows that

EN b
t = E�b

t =
∫ t

0
exp

(
−
∫ s

0
δ(u) du

)
β(s) ds,

and defining N b
∞ = limt→∞N b

t that

γ = EN b
∞ =

∫ ∞

0
exp

(
−
∫ s

0
δ(u) du

)
β(s) ds.

Assuming that
∫∞

0 δ = ∞ (i.e., that individuals have finite lifetimes), one would ex-

pect the population to become extinct almost surely (no matter what the value of X0),

i.e., the extinction probability is 1 if γ ≤ 1,while if γ > 1 for some initial populations

(e.g., those containing at least one newborn) the population will grow to∞ over time

with probability > 0. These facts follow directly from the classical theory of Galton–

Watson processes in discrete time from which one knows that only finitely many in-

dividuals are ever born (the population becomes extinct) iff the expected number of

offspring from each individual is ≤ 1. But for the continuous time model considered

here, the total number of individuals ever born is exactly that of a Galton–Watson pro-

cess with offspring distribution equal to that of N b
∞. Note that for the linear birth- and

death process γ � 1 according as β � δ.

9.2 An example involving ruin probabilities

If X is a homogeneous PDMP, from Itô’s formula Theorem 7.6.1 (b) we know that

if the function f solves the equation A f ≡ 0 (see (7.63)) with A the space-time
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generator given by (7.58), then if f and A f are bounded on finite intervals of time,

the process ( f (t, X t ))t≥0 is a martingale. In general there is not much hope of solving

an equation like (7.63) explicitly. However, martingales of the form f (·, X) are nice

to deal with when available, as we shall now see when discussing some classical ruin

problems.

Let N be a one-dimensional, homogeneous Poisson process with parameter λ > 0

and let (Un)n≥1 be a sequence of iid R-valued random variables with P(Un = 0) = 0,

independent of N . Finally, let x0 > 0, let α ∈ R and define

X t = x0 + αt +
Nt∑

n=1

Un, (9.3)

i.e., X is a compound Poisson process (p.135) with a linear drift t �→ αt added on.

In particular X has stationary independent increments, cf. Section 6.2, and is a time-

homogeneous, piecewise deterministic Markov process with

φt (y) = y + αt, q(y) = λ

for all t, y, and

r(y, ·) = the distribution of y +U1.

We define the time to ruin as

Tr = inf{t : X t ≤ 0}.

The problem is then to find the ruin probability pr = P(Tr <∞) and, if possible, the

distribution of Tr.

We shall focus on two different setups: (i) the simple ruin problem corresponding

to the case where P(U1 > 0) = 1, α < 0, where X decreases linearly between the

strictly positive jumps, (ii) the difficult ruin problem where P(U1 < 0) = 1, α > 0

with X increasing linearly between the strictly negative jumps.

It is clear that for Problem (i),

XTr = 0 on (Tr <∞), (9.4)

and it is this property that makes (i) simple, while for Problem (ii) it may well happen

that

XTr < 0,

and it is this possibility of undershoot, which makes (ii) difficult.

There are simple necessary and sufficient conditions for the case when pr = 1.

A preliminary argument leading to these conditions is as follows: in both Problem (i)

and (ii), ξ = EU1 is well defined, but may be infinite. Now with Tn the time of the nth

jump for N ,
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XTn = x0 + αTn +
n∑

k=1

Uk,

and so, by the strong law of large numbers

1

n
XTn

a.s.→ α

λ
+ ξ. (9.5)

Consequently, XTn → −∞ if α
λ
+ ξ < 0, implying that pr = 1, whileXTn → ∞ if

α
λ
+ ξ > 0, suggesting that pr < 1 if α

λ
+ ξ > 0. In fact, and as will be shown below,

for both Problem (i) and (ii) it holds that

pr = 1 iff
α

λ
+ ξ ≤ 0. (9.6)

(For (i) this is possible only if ξ < ∞. For (ii) (9.6) is satisfied if in particular ξ =
−∞).

Let P denote the distribution of the Un and introduce

ψ(θ) = Ee−θU1 =
∫

e−θu P(du).

In the case of Problem (i), this is finite if θ ≥ 0, andψ is the Laplace transform for U1.

For Problem (ii), ψ is finite if θ ≤ 0 and ψ (−θ) then defines the Laplace transform

for −U1. (It is of course possible that ψ(θ) < ∞ for other values of θ than those

just mentioned in either case (i) or (ii)). From now on, when discussing Problem (i),

assume θ ≥ 0 and when treating Problem (ii), assume θ ≤ 0.

By a simple calculation

E exp(−θ(X t − x0)) =
∞∑

n=0

P(N t = n)e−θαtE exp
(
−θ

∑n
1 Uk

)

=
∞∑

n=0

(λt)n

n!
e−λt e−θαtψn(θ)

= exp(tρ(θ))

where

ρ(θ) = λψ(θ)− λ− θα. (9.7)

Because X has stationary, independent increments, also

E exp
[
−θ(Xs+t − Xs))|F X

s

]
= exp(tρ(θ))

for any s ≥ 0, so defining

Mt (θ) = exp(−θ(X t − x0)− tρ(θ)),

the following result follows immediately:
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Proposition 9.2.1 For Problem (i), (Mt (θ),F
X
t ) is a martingale for each θ ≥ 0. For

Problem (ii), (Mt (θ),F
X
t ) is a martingale for each θ ≤ 0.

We proved this without using (7.63), but it is quite instructive to verify that (7.63)

holds: we have

f (t, y) = exp(−θ(y − x0)− tρ(θ))

and a(y) = α for all y, so (referring to (7.58) for the form of A f )

Dt f (t, y)+ a(y)Dy f (t, y) = f (t, y)(−ρ(θ)− αθ)

while

q(y)

∫

R

r(y, d ỹ) ( f (t, ỹ)− f (t, y)) = λ
(∫

f (t, y + u)P(du)− f (t, y)

)

= f (t, y)(λψ(θ)− λ).

Using (9.7) we see that (7.63) does indeed hold.

Problem (i)

First note that as a Laplace transform ψ is strictly convex on R0, and that ψ is differ-

entiable on R+ with

ψ ′(θ) = −EU1e−θU1 .

Let θ ↓ 0 and use monotone convergence to obtain ψ ′(0) := limθ↓0 ψ
′(θ),

ψ ′(0) = −ξ,

also if ξ = ∞. Since ψ is strictly convex, so is ρ, and

ρ(0) = 0, ρ′(0) = −λξ − α.

Defining θ0 = sup{θ ≥ 0 : ρ(θ) = 0}, it follows that θ0 = 0 iff α/λ + ξ ≤ 0 (iff

ρ′(0) ≥ 0), cf. (9.6), and that θ0 > 0 iff α/λ+ ξ > 0 , (iff ρ′(0) < 0).

Since M0(θ) ≡ 1, the martingales M(θ) for θ ≥ 0 have constant expectation 1, so

applying optional sampling to the bounded stopping times t ∧ Tr for t ≥ 0 we obtain

1 = EMt∧Tr (θ) = E

[
eθx0−Trρ(θ);Tr ≤ t

]
+ E

[
e−θ(X t−x0)−tρ(θ);Tr > t

]

using (9.4) on the way. Now take θ > θ0 and consider the last term. Since t <

Tr, X t > 0 so the integrand is dominated by the constant eθx0 (because also

ρ(θ) > 0). Since e−tρ(θ) → 0 as t → ∞, the last term vanishes as t → ∞. On

the first, use monotone convergence to obtain

1 = E

[
eθx0−Trρ(θ);Tr <∞

]
(θ > θ0).



9.2 Ruin probabilities 239

By monotone convergence

E

[
e−Trρ(θ);Tr <∞

]
↑ pr as θ ↓ θ0,

and consequently,

pr = e−θ0x0 .

Furthermore, again since ρ(θ) > 0 for θ > θ0,

Ee−ρ(θ)Tr = E

[
e−Trρ(θ);Tr <∞

]
= e−θx0

and we have shown the following result:

Proposition 9.2.2 (a) For Problem (i), the ruin probability is

pr = e−θ0x0 ,

where θ0 = sup{θ ≥ 0 : ρ(θ) = 0} and θ0 = 0 iff α/λ+ ξ ≤ 0.

(b) For ϑ > 0, the Laplace transform of the (possibly infinite) random variable Tr is

given by

Ee−ϑTr = e−ρ
−1(ϑ)x0 , (9.8)

where ρ−1 : R0 → [θ0,∞[ is the strictly increasing inverse of the function ρ

restricted to the interval [θ0,∞[.

Note that (9.8) is valid only for ϑ > 0 , but that by monotone convergence

pr = e−θ0x0 = lim
ϑ↓0,ϑ>0

e−ρ
−1(ϑ)x0 = lim

ϑ↓0,ϑ>0
Ee−ϑTr .

Problem (ii)

For the solution of Problem (i), (9.4) was used in an essential manner. With the pos-

sibility of undershoot occurring in Problem (ii), (9.4) no longer holds. The basic idea

now is to consider instead the stopped process X̃ = XTr so that

X̃ t =
{

X t if t < Tr

XTr if t ≥ Tr.

Clearly

X̃Tr ≤ 0 on (Tr <∞).

We certainly have that X̃ is a piecewise deterministic process with state space R

and initial state X̃0 ≡ x0 > 0. If T̃n is the time of the nth jump for X̃ and Ỹn =
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X̃ T̃n
≥ 0 the state reached by that jump, it is immediately seen that the Markov kernels

P̃(n), π̃ (n) determining the distribution of the MPP (T̃n, Ỹn) are given as follows:

P̃
(n)

zn |x0
(t) =

{
exp(−λ(t − tn)) if yn > 0

1 if yn ≤ 0

for t ≥ tn, while for t > tn, yn > 0,

π̃
(n)
zn ,t |x0

= the distribution of yn + α(t − tn)+U1.

The expression for P̃(n) and π̃ (n) show that X̃ is a piecewise deterministic time-

homogeneous Markov process with

φ̃t (y) =
{

y + αt if y > 0,

y if y ≤ 0,

q̃(y) =
{
λ if y > 0,

0 if y ≤ 0,

r̃(y, ·) = the distribution of y +U1.

From now on assume that −U1 follows an exponential distribution,

P(U1 ≤ u) = eβu (u ≤ 0),

where β > 0. Thus ξ = − 1
β
, so the claim (9.6) amounts to

pr = 1 iff αβ ≤ λ.

Let ϑ > 0 and ζ ≥ 0 be given. We then claim that there are constants γ = γ (ϑ) <
0 and K = K (ϑ, ζ ) (not depending on x0) such that the process

(
f0

(
Tr ∧ t, X̃ t

))
t≥0

with

f0 (t, x) =
{

e−ϑ t+γ x if x > 0,

K e−ϑ t+ζ x if x ≤ 0,
(9.9)

is an F X̃
t -martingale. To see this and determine γ and K , we first note that the space-

time generator for X̃ has the form

A f (t, x) = Dt f (t, x)+ αDx f (t, x)

+ q̃ (x)

∫
r̃ (x, dy) ( f (t, y)− f (t, x))

for x > 0, so that by Itô’s formula (7.59)

f
(
t, X̃ t

)
= f (0, x0)+

∫ t

0
A f

(
s, X̃s

)
ds

+
∫

]0,t]×R

(
f (s, y)− f

(
s, X̃s−

))
M̃ (ds, dy) (9.10)
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for t ≤ Tr provided only that for x > 0, f (t, x) is continuously differentiable in

t and in x and no matter how f (t, x) is defined for x < 0: (9.10) follows directly

from (7.59) if t < Tr and it then remains only to verify that the jumps on the left- and

right-hand side of (9.10) match at the time t = Tr if Tr <∞, which is immediate. (In

(9.10), M̃ = µ̃− L̃ is of course the martingale measure for the RCM µ̃ determined by(
T̃n, Ỹn

)
, with L̃ the F X̃

t -compensating measure for µ̃).

Using (9.10) with f = f0 leads to the identity

f0

(
Tr ∧ t, X̃ t

)
= f0 (0, x0)+

∫ Tr∧t

0
A f0

(
s, X̃s

)
ds

+
∫

]0,t]×R

(
f0 (s, y)− f0

(
s, X̃s−

))
M̃ (ds, dy)

for all t ≥ 0. (Since neither µ̃ nor L̃ have any mass beyond Tr, the last integral equals

the integral over ]0,Tr ∧ t] × R). If f0 is bounded, i.e., γ ≤ 0, the last term is a

martingale, hence if also A f0 (t, x) ≡ 0 for t ≥ 0, x > 0, we find that f0

(
Tr ∧ t, X̃ t

)

defines a martingale and that

E f0

(
Tr ∧ t, X̃ t

)
= f (0, x0) (t ≥ 0) . (9.11)

The condition A f0 (t, x) ≡ 0 also involves f0 (t, x) for x < 0! By computation

A f0 (t, x) = e−ϑ t+γ x (−ϑ + αγ − λ)

+e−ϑ tλ

(∫ −x

−∞
βeβy K eζ (x+y) dy +

∫ −0

−x

βeβyeγ (x+y) dy

)

= e−ϑ t
[(
−ϑ + αγ − λ+ λβ

β+γ

)
eγ x + λβ

(
K
β+ζ −

1
β+γ

)
e−βx

]

for x > 0, so in order for this to vanish we must take K = K0 where

K0 (ϑ, ζ ) =
β + ζ
β + γ0

(9.12)

with γ0 ≤ 0 solving the Lundberg equation

−ϑ + αγ − λ+ λβ

β + γ = 0. (9.13)

Rewriting this as an equation in γ for the roots of a polynomial of degree 2, which for

ϑ > 0 is easily seen to have one root < 0 and one root > 0, it follows that

γ0 (ϑ) =
1

2α

(
ϑ + λ− αβ −

√
(ϑ + λ− αβ)2 + 4αβϑ

)
. (9.14)

So now let f0 be given by (9.9) with γ = γ0 = γ0 (ϑ) , K = K0 = K0 (ϑ, ζ ) .

Then (9.11) holds, i.e.,

eγ0x0 = E

[
K0e−ϑTr+ζ XTr ;Tr ≤ t

]
+ E

[
e−ϑ t+γ0 X t ;Tr > t

]
.
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For t → ∞, the last term vanishes by dominated convergence since ϑ > 0 and

γ0 X t ≤ 0 when t < Tr. Thus

eγ0x0 = E

[
K0e−ϑTr+ζ XTr ;Tr <∞

]
. (9.15)

For ζ = 0 and with ϑ ↓ 0 we obtain a formula for the ruin probability pr =
P (Tr <∞) . By inspection

lim
ϑ↓0
γ0 (ϑ) =

{
0 if αβ ≤ λ,

λ
α
− β if αβ > λ,

and we have a complete proof of the following result:

Proposition 9.2.3 For Problem (ii) with initial state x0 > 0, assuming that the −Un

are exponential at rate β > 0, the (possibly defective) joint Laplace transform for the

time to ruin Tr and the size of the undershoot Yr = −XTr is given by the expression

E

[
e−ϑTr−ζYr;Tr <∞

]
= β + γ0 (ϑ)

β + ζ eγ0(ϑ)x0 (9.16)

with γ0 as in (9.14). The ruin probability pr is given by the expression

pr =
{

1 if αβ ≤ λ,
λ
αβ

e(λ/α−β)x0 if αβ > λ.

Exercise 9.2.1 Show that

E

[
e−ζYr |Tr <∞

]
= β

β + ζ (ζ ≥ 0) ,

i.e., that conditionally on the event of ruin, the size of the undershoot is exponential at

rate β and thus has the same distribution as −Un . Explain the result.

Exercise 9.2.2 For Problem (ii) it was originally assumed that α > 0, but of course

there is also a model given by (9.3) even if α ≤ 0 and all Un are < 0 with −Un

exponential at rate β. Show that if α = 0, then pr = 1, and that the joint Laplace

transform of Tr and Yr is given as in (9.16) with

γ0 (ϑ) = −
βϑ

ϑ + λ.

Consider also the case α < 0. Then there are two types of ruin: ruin by jump as

before, but also ruin by continuity, e.g., because X t follows the straight line x0 + αt

without jumps until the line hits the level 0 at time − x0
α
. Of course pr = 1 and ruin is

bound to happen before time− x0
α
. Show that for α < 0, the Lundberg equation (9.13)

has two strictly negative roots γ− (ϑ) and γ+ (ϑ) when ϑ > 0. Show also that with

γ = γ− or = γ+ it holds (cf. (9.15)), with Aj the event that ruin occurs by jump, Ac

the event that ruin occurs by continuity, that
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eγ x0 = E

[
Kγ e−ϑTr+ζ XTr ; Aj

]
+ E

[
e−ϑTr; Ac

]

where (see (9.12)) Kγ = β+ζ
β+γ . Use the two resulting equations to find the partial

Laplace transforms

E

[
e−ϑTr+ζ XTr ; Aj

]
and E

[
e−ϑTr; Ac

]
.

9.3 The soccer model

The fact that likelihood processes are martingales, see Section 5.1, may be used to

describe the time dynamics of a process on a finite time interval [0, T ] from knowledge

only of the distribution of the process at a final time point T . To illustrate this we shall

describe an MPP model for the development over time of a football (here meaning

soccer) game.

In the national soccer leagues in Europe, each team plays each other team in a

prescribed number of matches, some at home and some away. Typically, in each match

a winner is awarded 3 points, there is 1 point for each team if the match is drawn and

a losing team gets 0 points. The league champion is the team with most points at the

end of the season, with goal difference or other criteria used if the top teams end up

with the same number of points.

Consider a match where team i plays at home to team j — we shall assume that

the results of different games are stochastically indpendent and henceforth focus on

the outcome of a single game. A simple model, which allows for the comparison of all

teams, is obtained by attaching to each team k an attack parameter αk and a defense

parameter δk such that the end result of a game between i and j is x goals scored by

i, y goals scored by j with probability

p(x, y;αi , δi , α j , δ j ) =
1

x!

(
αiδ j

)x 1

y!

(
α jδi

)y
e−αi δ j−α j δi (x, y ∈ N0) , (9.17)

i.e., the two scores are independent and Poisson, fitting into a multiplicative Poisson

model. (In this model the best team is the one with the highest value of αk/δk . In

statistical terms, the model is an exponential family model with the total number of

goals scored by each team and the total number of goals scored against each team as a

minimal sufficient statistic. As it stands, the model is over-parametrized — replacing

all αk by cαk, all δk by δk/c for some c �= 0, does not change the probability (9.17)).

The model described by (9.17) is too simple and does not take into account that

it is (usually) an advantage to play at home, or that it is particularly important to get

points (win or draw) from a game. The one advantage the model does have is that there

is a natural way to describe the evolution of the game between i and j over time: if

the score at time t is X t goals by i against Yt goals for j, just assume that X and Y are

independent, homogeneous Poisson processes with intensity parameters αiδ j/T and

α jδi/T respectively, with T denoting the duration of a soccer game, T = 90 minutes.

In particular, the final score (XT , YT ) has the distribution given by (9.17).
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It is easy to adjust for home court advantage: let the attack and defense parameters

depend on whether the match is played at home or away. Writing a, d instead of α, δ

when playing away, the game between i at home against j (in a still too simple model)

would result in the score x for i, y for j with a probability p(x, y;αi , δi , a j , d j ) given

by (9.17) with α j and δ j replaced by a j and d j respectively. Again, the evolution of

the game is described by two independent Poisson processes in the obvious manner.

Finally, to incorporate into the model something that describes the ability of each

team to get points from a game, we attach to each team k one further parameter wk >

0, so that the end result of a game between i at home against j is x goals for i, y goals

for j with probability

p(x, y;αi , δi , wi , a j , d j , w j )

= 1

C

(
w3

i 1x>y + wiw j 1x=y + w3
j 1x<y

)
p(x, y;αi , δi , a j , d j ), (9.18)

where C = C(αi , δi , wi , a j , d j , w j ) is a normalising constant so that the probabilities

add to 1,
∑

x≥0,y≥0 p(x, y) = 1. Thus, ifwi = w j = 1 we are back to probabilities of

the form (9.17), while if, say, wi > w j , then results with x > y or x = y are favoured

more. (The full model for the entire tournament is again an exponential family model

with the minimal sufficient statistic comprising (i) the total number of goals scored

by any k at home, (ii) the total number of goals scored by any k away, (iii) the total

number of goals scored against k at home, (iv) the total number of goals scored against

k away, (iv) the total number of points obtained by any k).

Remark 9.3.1 It is possible to express C using the modified Bessel function I0 of

order 0. One expression for I0 is

I0

(
2
√
λ
)
=

∞∑

x=0

λx

(x!)2
. (9.19)

Defining

F (λ, µ) =
∞∑

y=0

∞∑

x=y+1

λx

x!

µy

y!

one finds using (9.19) that

DλF (λ, µ) = I0

(
2
√
λµ
)
+ F (λ, µ) ,

and since F (0, µ) = 0 this gives

F (λ, µ) = eλ
∫ λ

0
e−s I0

(
2
√

sµ
)

ds.

It follows that

eαi d j+a j δi C = w3
i F

(
αi d j , a jδi

)
+ wiw j I0

(
2
√
αi d j a jδi

)
+ w3

j F
(
a jδi , αi d j

)
.
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It remains to describe the time evolution of a game, the final outcome of which has

the distribution (9.18). Fix αi , δi , a j , d j and let Q denote the distribution of the two

independent homogeneous Poisson processes X and Y on the interval [0, T ] described

above, which in the final model corresponds to wi = w j = 1. Also, let for wi , w j > 0

given but arbitrary, Q̃ denote the distribution of X and Y, when the full set of parame-

ters is αi , δi , a j , d j , wi , w j – Q̃ is the distribution we are looking for. (Formally Q̃ is

the joint distribution of the two counting processes X and Y , trivially identified with

an RCM with a mark space having two elements, i (goals scored by i) and j (goals

scored by j). Below we think of X = N ◦i and Y = N ◦ j as defined on the canonical

space M).

We shall construct Q̃ by finding the likelihood process L = (Lt )0≤t≤T where

Lt = d Q̃t/d Qt (cf. (5.1)), assuming that the final value LT depends on the final

scores XT , YT and the parameters only and more precisely define

LT =
p(XT , YT ;αi , δi , wi , a j , d j , w j )

p(XT , YT ;αi , δi , a j , d j )

= 1

C

(
w3

i 1(XT>YT ) + wiw j 1(XT=YT ) + w3
j 1(XT<YT )

)
.

We next define Q̃ on HT by

Q̃(H) =
∫

H

LT d Q (H ∈ HT )

and by the martingale property of likelihood processes, see Section 5.1, are then forced

to take

Lt = EQ (LT |Ht ) (0 ≤ t ≤ T ) .

Since under Q, X and Y are independent and homogeneous Poisson, this reduces to

Lt =
1

C

(
w3

i ψwin (t; Yt − X t )+ wiw jψdraw (t; Yt − X t )+ w3
jψloose (t; Yt − X t )

)
,

(9.20)

using the notation

ψwin (t; z) = Q (XT−t − YT−t > z)

ψdraw (t; z) = Q (XT−t − YT−t = z)

ψloose (t; z) = Q (XT−t − YT−t < z)

for z ∈ Z, i.e., each ψ (t; z) is determined by the distribution of the difference be-

tween two independent Poisson random variables with parameters αi d j

(
1− t

T

)
and

a jδi
(
1− t

T

)
respectively.

From (9.20) it is easy to find the intensity processes for Q̃, i.e., the intensities λ̃◦i

and λ̃◦ j for i , respectively j scoring a goal: if �N
◦
t = 1, we have, cf. (5.7),
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Lt = Lt−
λ̃
◦η〈t〉
t

λ
◦η〈t〉
t

;

see (5.7). But here λ◦it = αi d j/T and λ
◦ j
t = a jδi/T, hence

λ̃◦it =
αi d j

T

ϕ (t; Yt− − X t− − 1)

ϕ (t; Yt− − X t−)
,

λ̃
◦ j
t = a jδi

T

ϕ (t; Yt− + 1− X t−)

ϕ (t; Yt− − X t−)

where ϕ is the function

ϕ (t; z) = w3
i ψwin (t; z)+ wiw jψdraw (t; z)+ w3

jψloose (t; z) .

It follows in particular from Theorem 7.2.1 (see also (7.14)) that (X, Y ) under Q̃

is a (non-homogeneous) Markov chain, and that in fact the difference process X − Y

is also a Markov chain.

If, in a soccer match, one team is a strong favourite to win, but is nevertheless

behind on goals shortly before the finish, the final minutes may well prove intense

with the supposedly stronger team very much on the offensive. To see if such a match

evolution is captured by the model, consider limt→T λ̃
◦k
t for k = i, j. When t → T,

the Q-distribution of YT−t − XT−t becomes degenerate at 0 so that

lim
t→T

ψwin (t; z) = 1z≤−1,

lim
t→T

ψdraw (t; z) = 1z=0,

lim
t→T

ψloose (t; z) = 1z≥1.

Thus e.g.,

λ̃◦iT = lim
t→T

λ̃◦it =

⎧
⎪⎪⎨
⎪⎪⎩

αi d j

T
wi

w2
j

if YT− = XT− + 1

αi d j

T

w2
i

w j
if YT− = XT−

αi d j

T
otherwise

(9.21)

and similarly for lim λ̃◦
j

t . We see that if i is stronger than j in the sense that wi is

(much) larger than w j , then the intensity for i scoring in the final minutes is large if

the score is either level or i is behind by just one goal! If all wi = w > 0 and the

common value is large, the intensity for a goal (either way) from a level score is large,

but small for i scoring if i is behind by just one goal. If, on the other hand, w is small,

the intensity for a goal is small if the score is level, but high that i scores if i is behind

by one goal.

Exercise 9.3.1 Not everything was argued carefully. In particular you should check

that (5.7) indeed may be used to derive the expressions for λ̃◦it and λ̃
◦ j
t . You should

also give all details in the reasoning leading to (9.21).
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A Model from Finance

A simple specific PDMP model is set up to describe the price of a finite number

of risky assets. For this model we discuss self-financing trading strategies, arbitrage

and the concept of equivalent martingale measures, and the fair pricing of contingent

claims.

References. Pliska [99] treats models in discrete time and was used as inspiration

for the example given here. Other major references on mathematical finance, mainly

in continuous time, include the monographs Björk [9], Cont and Tankov [20], Föllmer

and Schied [42], Karatzas and Shreve [74], Melnikov [91], Musiela and Rutkowski

[96] and Shiryaev [113].

10.1 The model

We shall consider a PDMP-model for the development of the price of d ≥ 1 risky

assets and where an investor may also place money in a safe bank account or bond.

The price of asset i at time t is denoted X i
t > 0 and X =

(
X i
)

1≤i≤d
is the Rd

+-valued

price process. Investing in the bank account yields a fixed interest rate r > 0, so that

if one unit of currency is invested at time 0, the value of that investment at time t is

X0
t ≡ er t .

Note. Throughout, index i, 0 ≤ i ≤ d is written as an upper index and i = 0 always

refers to the riskless asset. The assumption r > 0 is standard in finance but is not

required formally: everything below is true also if r ≤ 0.

To descibe the price process, let U =
(
U i
)

1≤i≤d
be an Rd -valued compound Poisson

process,

Ut =
N t∑

n=1

Yn, U0 ≡ 0, (10.1)
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with jump times Tn, jump sizes Yn =
(
Y i

n

)
1≤i≤d

∈ Rd
\0, N t =

∑∞
n=1 1(Tn≤t) a homo-

geneous Poisson process with rate λ > 0 independent of (Yn) and the Yn themselves

iid with distribution κ. Equivalently, U is an Rd -valued Lévy process with bounded

Lévy measure λκ, cf. Section 6.2.

Now assume given an initial fixed price X i
0 ≡ x i

0 > 0 for each risky asset and

assume that each X i satisfies a stochastic differential equation of the form

d X i
t = ai X i

t dt + σ i X i
t− dU i

t , (10.2)

where ai ∈ R and σ i > 0 for 1 ≤ i ≤ d are given constants, i.e., for 1 ≤ i ≤ d and

t ≥ 0 we have

X i
t = x i

0 + ai

∫ t

0
X i

s ds + σ i

∫

]0,t]
X i

s− dU i
s . (10.3)

The model is a multidimensional analogue of the model from Subsection 7.4.3

when taking a(x) = ax, σ (x) = σ x in (7.48). The process X jumps precisely at the

jump times Tn for U,

�X i
Tn
= X i

Tn−σ
i Y i

n,

and between jumps

Dt X i
t = ai X i

t ,

i.e., for all n ≥ 1,

X i
t = eai(t−Tn−1)X i

Tn−1
(Tn−1 ≤ t < Tn) .

Thus

X i
Tn
= X i

Tn− +�X i
Tn

= eai(Tn−Tn−1)X i
Tn−1

(
1+ σ i Y i

n

)

= eai Tn

(
n∏

k=1

(
1+ σ i Y i

k

))
x i

0,

and consequently, for all i and t,

X i
t = eai(t−T〈t〉)X i

T〈t〉

= eai t

⎛
⎝

N t∏

k=1

(
1+ σ i Y i

k

)
⎞
⎠ x i

0. (10.4)

Since we are requiring that all X i
t > 0, it is assumed from now on that the Yn

satisfy that
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Y i
n > −

1

σ i
(1 ≤ i ≤ d) , (10.5)

a condition that expressed in terms of κ reads

κ
{

y ∈ Rd
\0 : yi > − 1

σ i , 1 ≤ i ≤ d
}
= 1. (10.6)

With this assumption in force we may take logarithms in (10.4) and obtain

log X i
t = log x i

0 + ai t +
N t∑

k=1

log
(

1+ σ i Y i
k

)
(10.7)

which shows that the process log X =
(
log X i

)
1≤i≤d

is a d-dimensional Lévy process

with drift vector
(
ai
)

and Lévy measure λ̃κ, where κ̃ is the distribution of the vector(
log

(
1+ σ i Y i

n

))
1≤i≤d

for any n.

The only restriction we shall for the time being place on the model is that the

distribution κ of the jump sizes for U satisfy (10.6). In particular, for d ≥ 2 it is

allowed that two different coordinates of U jump simultaneously, which in turn allows

for two different X i to be correlated.

In the definition of the model, the parameters σ i are really redundant: X can also be

described by the equation (10.2) using all σ i = 1 by simply adjusting the distribution

κ of the Yn . However, we prefer to keep the σ i as some kind of volatility parameters.

Exercise 10.1.1 With X given by (10.4), show that it is always true that each log X i

is a one-dimensional Lévy process with the constant jump intensity λ̃i = λκ i
(
R\0

)

and the jump probability distribution which is the conditional distribution κ i/κ i
(
R\0

)

of the Y i
n given that Y i

n �= 0. Here κ i denotes the marginal distribution of Y i
n — so of

course κ i
(
R\0

)
< 1 is possible for d ≥ 2. (Hint: it should be clear that log X i is a

Lévy process. To find λ̃i , just determine EN i
t where N i counts the number of jumps

for X i ).

Exercise 10.1.2 Show that the coordinate processes X i for 1 ≤ i ≤ d are independent

iff κ
(⋃d

i=1 Ai
)
= 1, where

Ai =
{(

y j
)
∈ Rd

\0 : y j = 0 for all j �= i
}
.

From (10.4) and (10.5) one immediately obtains the following result:

Proposition 10.1.1 The price process X =
(
X i
)

1≤i≤d
is a homogeneous PDMP with

state space G = Rd
+ determined as follows: writing Ỹn = XTn for the state reached

by X at time Tn, X t = φt−T〈t〉
(
Ỹ〈t〉

)
where

φt (x) =
(

eai t x i
)

1≤i≤d
,

and, with Z̃n =
(
T1, . . . , Tn; Ỹ1, . . . , Ỹn

)
, Ỹ0 = x0,
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P|x0

(
Tn+1 > t

∣∣Z̃n

)
= exp

(
−
∫ t−Tn

0
q
(
φs

(
Ỹn

))
ds

)
,

P|x0

(
Ỹn+1 ∈ ·

∣∣Z̃n, Tn+1

)
= r

(
φTn+1−Tn

(
Ỹn

)
, ·
)

with the jump intensity function q (x) and the jump probabilities r (x, ·) given by

q (x) ≡ λ, r (x, ·) = the distribution of
((

1+ σ i Y i
n

)
x i
)

1≤i≤d
.

Before proceeding it is useful to note the following: if (�,F,P) is the proba-

bility space on which U and X are defined, without loss of generality we may and

shall assume that Yn (ω) �= 0 for all ω ∈ �. Then, with µ the RCM determined by

((Tn) , (Yn)) , it is clear that for all t,

F X
t = F

µ
t . (10.8)

(The inclusion ⊂ is trivial. For the converse just use that N t =
∑

0<s≤t 1(�Xs �=0) and

Y i
n = �X i

Tn
/σ i X i

Tn−).

Remark 10.1.1 The description (10.2) is of course very much inspired by the basic

model

d X i
t = ai X i

t dt + σ i X i
t d Bi

t , X i
0 ≡ x i

0 (10.9)

for the continuous random development of the price of each asset i. Here B =(
Bi
)

1≤i≤d
is a d-dimensional Brownian motion with mean vector 0, EBi

t = 0 for

all i and t, and some covariance matrix Ŵ, Cov
(

Bi
t , B

j
t

)
= tŴi j for all i, j and t

(with Ŵ = Id×d a particularly important case). It is worth noting that the model (10.2)

with jumps can be made to approximate the diffusion model (10.9) arbitrarily well. By

Itô’s formula for continuous processes (10.9) implies

log X i
t = log x i

0 +
(

ai − 1
2Ŵi i

)
t + Bi

t

so the idea is simply to take a sequence of jump processes X K =
(
X i,K

)
1≤i≤d

of

the form (10.2) (driven by a compound Poisson process U K ) such that for every t,

the vector
(

log X
i,K
t

)
1≤i≤d

converges in distribution to the vector
(
log X i

t

)
1≤i≤d

as

K →∞. But by (10.7)

log X
i,K
t = log x i

0 + ai,K t +
N

K
t∑

k=1

log
(

1+ σ i,K Y
i,K
k

)
,

so the desired weak convergence will in fact follow by taking e.g., ai,K = ai − 1
2Ŵi i ,

σ i,K = σ i , letting λK , the jump rate for X K , satisfy that λK → ∞ and finally

requiring that the distribution of the vector Y K
1 = �U K

T1
equal that of 1√

λK
Y ′, where
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Y ′ is an arbitrary d-dimensional random variable with mean vector 0 and covariance

matrix Ŵ.With this setup it even holds that the sequence X K of processes converges in

distribution to X (with X K , X viewed as random variables with values in the Skorohod

space Dd (R0) of Rd -valued cadlag functions).

(For an easy proof of the convergence in distribution of log X K
t to log X t for a

given t, just compute characteristic functions).

10.2 Portfolios and self-financing strategies

By a trading strategy we shall mean a d + 1-dimensional process ψ =
(
ψ i
)

0≤i≤d

with, as is vital, each ψ i F X
t -predictable. In particular, the initial values ψ i

0 are just

some constants. The interpretation is that ψ i
t is the number of units the investor holds

in asset i at time t, and
(
ψ i

t

)
0≤i≤d

is then the investor’s portfolio at time t. Changes

in ψ i
t when t varies reflect that the investor has been trading in asset i — this may be

done so that the change is continuous in t, but also by a substantial trade at some point

in time corresponding to a jump for ψ i
t which however, due to the predictability of

the ψ i , can never coincide with a jump for any of the X i . Note that ψ0
t is the amount

sitting in the bank account at time t.

In the discussion that follows we shall permit borrowing and shortselling of assets,

i.e., ψ i
t ≤ 0 is allowed.

The value process V = (Vt )t≥0 determined by the trading strategy ψ is the R-

valued process given by

Vt = ψ0
t er t +

d∑

i=1

ψ i
t X i

t . (10.10)

The cumulated gains process G = (G t )t≥0 is the R-valued cadlag process defined

by

G t =
∫ t

0
ψ0

s rers ds +
∫

]0,t]

d∑

i=1

ψ i
s d X i

s, (10.11)

provided the integrals exist, the intention being that the (possibly negative) gain in-

curred by the investor over the infinitesimal interval [t, t + dt[ amounts to

dG t = ψ0
t der t +

d∑

i=1

ψ i
t d X i

t (10.12)

because the predictability of the ψ i
t does not allow the ψ i

t -values to change across the

interval and also ψ i
t is the same as the value of ψ i just before t.

The next concept is fundamental:

Definition 10.2.1 A trading strategy ψ is self-financing if the integrals (10.11) are

well defined and finite for all t and

Vt ≡ V0 + G t . (10.13)
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To understand what it means for a trading strategy ψ to be self-financing, consider

aψ that is smooth in the sense that between the jump times for X eachψ i
t is continuous

and differentiable in t. Then if there is no jump for X at time t , we have that all

�ψ i
t = 0 and �Vt = 0 and from (10.10) and (10.2) see that

dVt =
(
ψ0

t rer t +
d∑

i=1

ψ i
t ai X i

t

)
dt +

((
Dtψ

0
t

)
er t +

d∑

i=1

(
Dtψ

i
t

)
X i

t

)
dt.

Hence dVt = dG t between jumps iff

(
Dtψ

0
t

)
er t +

d∑

i=1

(
Dtψ

i
t

)
X i

t ≡ 0, (10.14)

i.e., the infinitesimal changes in the portfolio during the interval [t, t + dt[ are paid

for exclusively by the earned interest in the bank account and the current value of the

price process. If, on the other hand,�X t �= 0, the condition for ψ to be self-financing

is automatically fulfilled in the sense that the predictability of ψ (cf. Proposition 4.2.1

(biv)) implies that

�Vt =
d∑

i=1

ψ i
t�X i

t = �G t (10.15)

provided V is cadlag at time t — so that it makes sense to talk about�Vt and compare

it to the jump of the cadlag process G — which however is not always the case; see

the discussion following (10.24) below.

The discounted value process V ∗ is defined by

V ∗t = e−r t Vt = ψ0
t +

d∑

i=1

ψ i
t X∗it

where X∗ is the discounted price process,

X∗it = e−r t X i
t . (10.16)

The discounted gains process G∗ is defined analogously to G, see (10.12), but using

X∗ instead of X and replacing der t by d1 = 0 dt,

G∗t =
∫

]0,t]

d∑

i=1

ψ i
s d X∗is , (10.17)

whenever the integral exists.

To avoid problems with integrability in the sequel it is often convenient to assume

that the ψ i (or other relevant processes) are pathwise bounded, i.e., that for (P-almost)

all ω ∈ � and t ≥ 0,

sup
s≤t

∣∣∣ψ i
s (ω)

∣∣∣ <∞. (10.18)
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Proposition 10.2.1 (i) Suppose that ψ is self-financing with all ψ i for 0 ≤ i ≤ d

pathwise bounded. Then

V ∗t = V ∗0 + G∗t . (10.19)

(ii) Suppose that ψ i for 1 ≤ i ≤ d are predictable, pathwise bounded processes, let

V ∗0 = V0 be a given constant, and define

ψ0
t = V ∗0 + G∗t −

d∑

i=1

ψ i
t X∗it (10.20)

with G∗t given by (10.17). Then ψ0 is predictable, pathwise bounded and the trad-

ing strategy ψ =
(
ψ i
)

0≤i≤d
is self-financing.

Proof. (i) Note first that V ∗0 ≡ V0. Then use (10.16) and (10.2) to obtain

d X∗it = −re−r t X i
t dt + e−r t d X i

t (10.21)

= (ai − r) X∗it dt + σ i X∗it− dU i
t , (10.22)

which shows in particular that X∗ is a process of the same type as X itself with X∗0 ≡
X0 obtained by replacing ai by ai−r and, when including the discounted bank account

e−r t er t ≡ 1, replacing the interest rate r by 0. But

dV ∗t = d
(
e−r t Vt

)

= −r V ∗t dt + e−r t dVt

= −r V ∗t dt + e−r t dG t

using (10.13), and since by (10.21) we find

dG∗t =
d∑

i=1

ψ i
t d X∗it

=
d∑

i=1

ψ i
t

(
−r X∗it dt + e−r t d X i

t

)

= −r V ∗t dt + e−r t dG t ,

dV ∗t = dG∗t follows.

(ii) The process G∗ is cadlag and satisfies

�G∗t =
d∑

i=1

ψ i
t�X∗it ,

and this implies that

ψ0
t = V ∗0 + G∗t− −

d∑

i=1

ψ i
t X∗it−
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which shows that ψ0 is predictable. It is pathwise bounded because the ψ i for i ≥ 1

are pathwise bounded by assumption, the X∗i are pathwise bounded automatically and

G∗ is then pathwise bounded as a simple consequence. With

Vt = ψ0
t er t +

d∑

i=1

ψ i
t X i

t (10.23)

it then remains to show that, cf. (10.12),

dVt = ψ0
t rer t dt +

d∑

i=1

ψ i
t d X i

t .

Defining V ∗t = V ∗0 + G∗t , (10.20) shows that

Vt = er t V ∗t

so

dVt = r Vt dt + er t dG∗t

= r

(
ψ0

t er t dt +
d∑

i=1

ψ i
t X i

t dt

)

+er t
d∑

i=1

ψ i
t

(
−re−r t X i

t dt + e−r t d X i
t

)

= ψ0
t rer t dt +

d∑

i=1

ψ i
t d X i

t ,

as desired using (10.23), (10.17) and (10.21) for the second but last equality. �

We shall now in more detail discuss sufficient conditions for a trading strategyψ to

be self-financing. By (10.13) and since by the definition of G, G is cadlag, it follows

that if ψ is self-financing, V is necessarily cadlag. As already remarked, in general

V need not be cadlag, and to understand this better we resort to the representation

provided by Proposition 4.2.1 of the F X
t -predictable processes ψ i and write

ψ i
t = f

i,〈t−〉
Z〈t−〉|x0

(t) (10.24)

where Zn = (T1, . . . , Tn; Y1, . . . , Yn); (we retain as marks the jump sizes for U

and do not use the Ỹn = XTn appearing in Proposition 10.1.1). Assuming that all

t �→ f
i,(n)
zn |x0

(t) are continuous, it is clear that for every n ≥ 1,
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VTn− = f
0,(n−1)
Zn−1|x0

(Tn) erTn +
d∑

i=1

f
i,(n−1)
Zn−1|x0

(Tn) X i
Tn−,

VTn = f
0,(n−1)
Zn−1|x0

(Tn) erTn +
d∑

i=1

f
i,(n−1)
Zn−1|x0

(Tn) X i
Tn
,

VTn+ = f
0,(n)
Zn |x0

(Tn) erTn +
d∑

i=1

f
i,(n)
Zn |x0

(Tn) X i
Tn

where VTn+ := limt↓Tn ,t>Tn Vt . In general all three values may differ, but V is cadlag

at Tn iff the two last values agree. With all f
i,(n)
zn |x0

continuous, V is continuous on all

the open intervals
]
Tn−1, Tn

[
; hence V is cadlag provided it is cadlag at all Tn and

using (10.4) to obtain the value of XTn on each of the sets (Zn = zn) and combining

the preceding discussion with (10.14), we obtain the following sufficient condition for

a trading strategy to be self-financing:

Proposition 10.2.2 Letψ be a trading strategy and consider its representation (10.24).

Assume that ψ is smooth in the sense that for all n, i and zn, t �→ f
i,(n)
zn |x0

(t) is differen-

tiable on [tn,∞[ . Then ψ is self-financing provided for every 0 < t1 < · · · < tn, and

κ-almost all y1, . . . , yn ∈ Rd
\0 it holds for every n ≥ 0, zn = (t1, . . . , tn; y1, . . . , yn)

that

(
Dt f

0,(n)
zn |x0

(t)
)

er t +
d∑

i=1

(
Dt f

i,(n)
zn |x0

(t)
)

eai t

(
n∏

k=1

(
1+ σ i yi

k

))
x i

0 = 0 (t ≥ tn)

(10.25)

and, for n ≥ 1,

f
0,(n−1)
zn−1|x0

(tn) er tn +
d∑

i=1

f
i,(n−1)
zn−1|x0

(tn) eai tn

(
n∏

k=1

(
1+ σ i yi

k

))
x i

0

= f
0,(n)
zn |x0

(tn) er tn +
d∑

i=1

f
i,(n)
zn |x0

(tn) eai tn

(
n∏

k=1

(
1+ σ i yi

k

))
x i

0 . (10.26)

At time Tn, ψ
i
Tn
= f

i,(n−1)
Zn−1|x0

(Tn) , while using the values just after Tn, ψ
i
Tn+ =

f
i,(n)
Zn |x0

(Tn) . If the two values are different, the interpretation is that a (discontinu-

ous) trading in asset i has taken place immediately after time Tn . Note that with the

f
i,(n)
zn

|x0 continuous, the predictable processes ψ i are in fact left-continuous with

limits from the right.

It is quite easy to find smooth trading strategies that satisfy (10.25) and (10.26): if

V0 ≡ v0 is known and the f
i,(0)
|x0

for i ≥ 1 are given, use (10.25) to solve uniquely for

f
0,(0)
|x0

subject to the boundary condition

f
0,(0)
|x0

(0)+
d∑

i=1

f
i,(0)
|x0

(0) x i
0 = v0.
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Next, assuming that the f
i,(1)
z1|x0

are given for i ≥ 1, use (10.26) to determine the initial

value f
0,(1)
z1|x0

(t1) of f
0,(1)
z1|x0

and then use (10.25) to determine the function uniquely.

Proceeding, it is clear that given e.g., v0 and all f
i,(n)
zn |x0

for 1 ≤ i ≤ d, all the functions

f
0,(n)
zn |x0

are determined uniquely by (10.26) and (10.25), resulting in some self-financing

strategy.

Example 10.2.1 The following self-financing strategies will be important later: sup-

pose that V0 ≡ 0 and that the f
i,(0)
|x0

for i ≥ 1 are continuously differentiable, and that

immediately after time T1 all the risky assets are sold and the proceeds put into the

bank account with no more trading taking place. The choice of f
0,(0)
|x0

is then forced

by (10.25),

f
0,(0)
|x0

(t) = −
d∑

i=1

x i
0 f

i,(0)
|x0

(0)−
d∑

i=1

x i
0

∫ t

0
e(ai−r)s Ds f

i,(0)
|x0

(s) ds

=
d∑

i=1

x i
0

(
(ai − r) hi

|x0
(t)− Dt h

i
|x0
(t)
)

(10.27)

by partial integration, where

hi
|x0
(t) =

∫ t

0
e(ai−r)s f

i,(0)
|x0

(s) ds.

For n ≥ 1, i ≥ 1, we demand that f
i,(n)
zn |x0

≡ 0 and then find from (10.25) that

Dt f
0,(n)
zn |x0

(t) = 0 so that by (10.26) for n ≥ 2,

f
0,(n)
zn |x0

(t) = f
0,(n)
zn |x0

(tn) = f
0,(n−1)
zn−1|x0

(tn) = f
0,(n−1)
zn−1|x0

(tn−1) = · · · = f
0,(1)
z1|x0

(t1)

so that

f
0,(n)
zn |x0

(t) = f
0,(0)
|x0

(t1)+
d∑

i=1

f
i,(0)
|x0

(t1) e(ai−r)t1
(

1+ σ i yi
1

)
x i

0 (t ≥ tn, n ≥ 1) ,

(10.28)

again using (10.26). Then (10.25) and (10.26) are satisfied for n ≥ 1 and the strategy

is self-financing.

Instead of specifying the f
i,(0)
|x0

for i ≥ 1, one may of course start with sufficiently

smooth hi
|x0

and then define

f
i,(0)
|x0

(t) = e
(
r−ai

)
t Dt h

i
|x0
(t)

for i ≥ 1. Note that the hi
|x0

must always satisfy that hi
|x0
(0) = 0.
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Proposition 10.2.2 deals only with smooth trading strategies. We shall not dis-

cuss the structure of general self-financing strategies but only note that if ψ is self-

financing, by (10.13) and (10.11) not only must Vt be cadlag, but it must also be

absolutely continuous as a function of t on all the intervals
[
Tn−1, Tn

[
. In particular,

a discontinuity in some f
i,(n)
zn |x0

signifying a discontinuous trade in asset i at a time that

is not one of the Tn , must be compensated by a simultaneous discontinuous trade in at

least one of the other risky assets or the bank account.

10.3 Arbitrage and martingale measures

Consider a self-financing trading strategy ψ =
(
ψ i
)

0≤i≤d
and let V and V ∗ denote

the associated value process and discounted value process respectively. Then ψ is an

arbitrage opportunity if

∃t0 > 0 : V0 ≡ 0, Vt0 ≥ 0 and P
(
Vt0 > 0

)
> 0. (10.29)

Sometimes there are arbitrage opportunities that are global in the sense that

∀t0 > 0 : V0 ≡ 0, Vt0 ≥ 0 and P
(
Vt0 > 0

)
> 0. (10.30)

Any realistic model used in finance must never allow arbitrage, and we shall now

discuss when there is no arbitrage for the models given by (10.2).

It is very easy to give examples of models where arbitrage is possible: just assume

that there is an asset i0 ≥ 1 such that the i0th coordinate of the discounted price

process X
∗i0
t = e−r t X

i0
t is monotone in t and not constant. In particular, assume

that there exists i0 ≥ 1 with ai0 ≥ r and P

(
Y

i0
1 ≥ 0

)
= 1 and either ai0 > r or

P

(
Y

i0
1 > 0

)
> 0. From (10.4) it is clear that X

∗i0
t is increasing in t, strictly increasing

between jumps if ai0 > r , while if ai
0 = r from some (random) timepoint onwards,

one has X
∗i0
t > x

i0
0 since by the assumptions made, eventually a jump with Y

i0
n > 0

will occur. The trivial trading strategy ψ
i0
t ≡ 1, ψ0

t ≡ −x
i0
0 and ψ i

t ≡ 0 for i �= 0, i0

is obviously self-financing, V0 ≡ 0 and

V ∗t = −x
i0
0 + X

∗i0
t

is increasing in t and for an arbitrary t0 > 0, V ∗t0 > 0 if ai0 > r , while if ai0 = r,

P
(
V ∗t0 > 0

)
≥ P

(
T1 ≤ t0, Y

i0
1 > 0

)
=
(
1− e−λt0

)
P

(
Y

i0
0 > 0

)
> 0,

hence there is arbitrage using the strategy ψ.

Similarly, if there is an i0 ≥ 1 such that ai0 ≤ r and P

(
Y

i0
1 ≤ 0

)
= 1 and either

ai0 < r or P

(
Y

i0
1 < 0

)
> 0, then X

∗i0
t is decreasing in t, eventually (possibly from

the start) < x
i0
0 and the self-financing strategy ψ

i0
t ≡ −1, ψ0

t ≡ x
i0
0 and all other
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ψ i
t ≡ 0 is an arbitrage opportunity at each t0 > 0. As we shall see presently, for d ≥ 2

these trivial examples of arbitrage are not the only ones that may appear.

The following discussion of arbitrage is based on the fundamental Definition

10.3.1 of risk-neutral measures. In order to formulate this, recall that X is assumed

defined on the probability space (�,F,P) and let F X = Fµ denote the sub σ -algebra

of F generated by X or, equivalently, the RCM µ determined by the Tn and Yn . The

natural filtration to use is of course
(
F X

t

)
which is the same as

(
F
µ
t

)
; cf. (10.8).

Call a probability P̃ on
(
�,F X

)
locally equivalent to P and write P̃ ∼loc P if

P̃≪loc P and P≪loc P̃

where ≪loc refers to local absolute continuity as discussed in 5.1, but here using the

restrictions Pt and P̃t of P and P̃ to F X
t for every t ∈ R0. Thus P and P̃ are locally

equivalent if P̃t ≪ Pt and Pt ≪ P̃t for all t ∈ R0.

Under P, µ has κ-intensity process (λy) with all λ
y
t ≡ λ. From Theorem 5.1.1 and

Remark 5.1.1 it then follows that if P̃≪loc P, under P̃ µ also has a κ-intensity process(̃
λy
)
, a fact used in the proof of Proposition 10.3.1 below.

Definition 10.3.1 A probability measure P̃ on
(
�,F X

)
is called an equivalent mar-

tingale measure for P or a risk-neutral measure if P̃ ∼loc P and if under P̃ each

coordinate X∗i for 1 ≤ i ≤ d of the discounted price process is an F X
t -martingale.

In the sequel we shall refer to P as the true measure and we shall denote by PM

the possibly empty set of equivalent martingale measures. We shall first establish con-

ditions for PM �= ∅, but rather than treating general X as in (10.2), we shall from

now on assume that the probability distribution κ (which is the distribution under the

true measure) of the jump sizes Yn for U (see (10.1)) has bounded support, i.e., there

exists R > 0 such that κ
(
[−R, R]d

)
= 1.With this assumption we shall show (with i

as always referring to an index, not a power):

Proposition 10.3.1 There exists at least one P̃ ∈ PM iff there exists a κ-integrable

function λ̃ (y) > 0 such that

σ i

∫

Rd
\0

yi λ̃ (y) κ (dy) = r − ai (1 ≤ i ≤ d) . (10.31)

If this condition holds, one P̃ ∈ PM is defined by letting U given by (10.1) under P̃

be the compound Poisson process with N homogeneous Poisson at rate λ̃ and the Yn

iid and independent of N with distribution κ̃, where

λ̃ =
∫

Rd
\0

λ̃ (y) κ (dy) , κ̃ (dy) = 1

λ̃
λ̃ (y) κ (dy) . (10.32)

Remark 10.3.1 (10.31) is an example of what in finance is called a drift equation.

Proof. Initially it should be noted that the price process X is given by (10.2) under

P as well as under any P̃ ∈ PM — it is only the distribution of the driving process
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U that changes when switching from P to P̃. And of course (10.16) does not change

either under the switch.

Now assume first that (10.31) holds and define P̃ by requiring that under P̃, U has

the properties given in the last statement of the proposition. Then the basic martingale

measure for µ under P̃ is

M̃ (dt, dy) = µ (dt, dy)− λ̃ (y) dt κ (dy)

and using (10.22) and (10.31) we obtain

X∗it = x i
0 +

∫ t

0

(
ai − r

)
X∗is ds + σ i

∫

]0,t]×Rd
\0

X∗is−yi µ (ds, dy)

= x i
0 + σ i

∫

]0,t]×Rd
\0

X∗is−yi M̃ (ds, dy) .

That X∗i is a P̃-martingale will follow therefore from Theorem 4.6.1(iii) if we show

that (writing Ẽ for the expectation EP̃ under P̃)

Ẽ

∫

]0,t]×Rd
\0

X∗is−

∣∣∣yi
∣∣∣ µ (ds, dy) = Ẽ

∫ t

0
ds X∗is

∫

Rd
\0

∣∣∣yi
∣∣∣ λ̃ (y) κ (dy) <∞.

Because κ is assumed to have bounded support and λ̃ (y) is κ-integrable, the inner

integral is finite and we only need

Ẽ

∫ t

0
X∗is ds =

∫ t

0
ẼX∗is ds <∞. (10.33)

But by (10.4), since all
∣∣Y i

n

∣∣ ≤ R for some constant R > 0,

X∗is ≤ e
(
ai−r

)
s
(

1+ σ i R
)N s

(10.34)

and since N s under P̃ is Poisson λ̃, (10.33) follows.

Suppose now that P̃ ∈ PM with predictable κ-intensity process
(̃
λy
)
. Thus the

basic martingale measure under P̃ is

M̃ (dt, dy) = µ (dt, dy)− λ̃y
t dt κ (dy)

and using (10.22) we get for the P̃-martingale X∗i the expression

X∗it = x i
0 +

∫ t

0

(
ai − r

)
X∗is ds +

∫

]0,t]×Rd
\0

σ i X∗is−yi µ (ds, dy)

= x i
0 +

∫ t

0

(
ai − r + σ i

∫

Rd
\0

λ̃
y
s yi κ (dy)

)
X∗is ds (10.35)

+
∫

]0,t]×Rd
\0

σ i X∗is−yi M̃ (ds, dy) .
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By Theorem 4.6.1(iii), the last term is a local P̃-martingale (Tn) provided

Ẽ

∫

]0,Tn∧t]
X∗is−

∣∣∣yi
∣∣∣ µ (ds, dy) <∞ (10.36)

for all t and n. By (10.34)

X∗is− ≤ e
∣∣ai−r

∣∣t
(

1+ σ i R
)n−1

x i
0 = Kn

say, for s ≤ Tn ∧ t. Hence the expectation in (10.36) is

≤ Kn REP̃ N Tn∧t ≤ Kn Rn <∞,

so the last term in (10.35) is a local P̃-martingale. But from (10.35) and the assumption

P̃ ∈ PM it then follows that the continuous, hence predictable process

∫ t

0

(
ai − r + σ i

∫

Rd
\0

λ̃
y
s yi κ (dy)

)
X∗is ds

is a local P̃-martingale. By Proposition 4.5.1 this process is therefore constant and

since X∗i0 ≡ x i
0, it is identically equal to 0, i.e., with P̃-probability 1

∫ t

0

(
ai − r + σ i

∫

Rd
\0

λ̃
y
s yi κ (dy)

)
X∗is ds = 0

simultaneously for all t. Since X∗is > 0, (10.31) follows. �

Example 10.3.1 It is of particular interest to look for equivalent martingale measures

to the true measure P in the case where κ is discrete. Suppose that κ has p ≥ 1

atoms α1, . . . , αp ∈ Rd
\0 and write αq =

(
αi

q

)
1≤i≤d

for 1 ≤ q ≤ p. With κ
(
αq

)
=

κ
({
αq

})
> 0, by (10.31) the existence of an P̃ ∈ PM is equivalent to the existence

of real numbers ℓq > 0 such that

σ i
p∑

q=1

αi
qκ
(
αq

)
ℓq = r − ai (1 ≤ i ≤ d) ;

in other words, with A the d × p-matrix
(
σ iαi

qκ
(
αq

))
1≤i≤d,1≤q≤p

and v the vector
(
r − ai

)
1≤i≤d

, PM �= ∅ iff the linear equation

Aℓ = v (10.37)

has a solution vector ℓ with all ℓq > 0.
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If rank(A) < p (in particular if d < p), (10.37) may not have any solutions at

all in which case PM = ∅. If d = p and A is non-singular, (10.37) has the unique

solution ℓ = A−1v and PM �= ∅ precisely when for this particular ℓ, all ℓq > 0. If

d > p and rank(A) ≥ p, (10.37) has infinitely many solutions ℓ and PM �= ∅ iff one

of these satisfies ℓq > 0 for all q.

It is quite instructive to consider the case d = p = 1: then κ = εα for some

α ∈ R\0 and (10.37) has the unique solution (with the unique index i ignored in the

notation)

ℓ = r − a

σα

which is > 0 iff r �= a and r − a and α have the same sign. Thus PM = ∅ iff either

r = a or r �= a with (r − a) α < 0, which means precisely that t �→ X∗t is monotone

increasing (a ≥ r, α > 0) or monotone decreasing (a ≤ r, α < 0), a situation with a

trivial form of arbitrage as discussed p. 257.

Exercise 10.3.1 Show directly for general κ , by studying the drift equation (10.31),

that if some X
∗i0
t is monotone and not constant as described p. 257, then the equation

has no solution λ̃ (y) > 0.

We shall call any P̃ ∈ PM for which U is compound Poisson as described in

Proposition 10.3.1 for a natural equivalent martingale measure. So if PM �= ∅, there

is always one P̃ ∈ PM that is natural and if the equivalent martingale measure is

unique, it is automatically natural. If there are many equivalent natural martingale

measures there are also many with a random intensity process
(̃
λy
)
: just switch from

one (deterministic) solution to (10.31) to another in an ω-dependent fashion, e.g., de-

fine λ̃
y
t = λ̃(n) (y) for Tn < t ≤ Tn+1 with each λ̃(n) (y) a solution to (10.31).

One of the main results in mathematical finance states that ‘no arbitrage’ is the

same as ‘the existence of an equivalent martingale measure’. To formulate our version

of this result and in order to avoid various technicalities, we shall not only assume

that the Yn are bounded (κ has bounded support as assumed above) but also restrict

ourselves to considering only bounded trading strategies ψ, i.e., self-financing ψ such

that

sup
s≤t,ω∈�

∣∣∣ψ i
s (ω)

∣∣∣ <∞ (t ≥ 0, 1 ≤ i ≤ d) . (10.38)

A bounded arbitrage opportunity is then an arbitrage opportunity generated by a

bounded, self-financing strategy. Note that if ψ is bounded, it is in particular path-

wise bounded; cf. (10.18).

Theorem 10.3.2 (i) There are no bounded arbitrage opportunities if and only if

there exists an equivalent martingale measure for the true measure P: PM �= ∅.
(ii) If PM = ∅, then there exists a global arbitrage opportunity.

Proof. Suppose first that PM �= ∅ and suppose that ψ is a bounded, self-financing

strategy with V ∗0 ≡ 0. Choose a P̃ ∈ PM which is natural, determined using a

particular solution λ̃ (y) to (10.31). Then
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V ∗t =
∫

]0,t]

d∑

i=1

ψ i
s d X∗is

=
∫

]0,t]×Rd
\0

d∑

i=1

ψ i
sσ

i X∗is−yi M̃ (ds, dy) ,

cf. (10.35), with M̃ (ds, dy) = λ̃ (y) ds κ (dy) the martingale measure for µ under

P̃. With the ψ i uniformly bounded on [0, t] and because κ has bounded support (all∣∣Y i
n

∣∣ ≤ R) and

Ẽ sup
s≤t

X∗is ≤ Ẽe
∣∣ai−r

∣∣t
(

1+ σ i R
)N t

x i
0 <∞

(using that N t is Poisson under P̃ for the last inequality), it follows from Theorem

4.6.1(iii) that V ∗ is a P̃-martingale and consequently

ẼV ∗t = ẼV ∗0 = 0. (10.39)

If a bounded arbitrage opportunity ψ existed, for some t0 > 0 we would have V ∗t0 ≥ 0

P-a.s. and P
(
V ∗t0 > 0

)
> 0. Since P̃ ∼loc P then also V ∗t0 ≥ 0 P̃-a.s. and P̃

(
V ∗t0 > 0

)
>

0 which contradicts (10.39), and we conclude that there are no bounded arbitrage

opportunities.

For the converse and the proof of (ii), assume that PM = ∅. The task is then to

produce a global bounded arbitrage opportunity (see (10.30)), and for this we need in

fact only consider the simple self-financing strategies from Example 10.2.1. Therefore

let ψ i
t = f

i,〈t−〉
Z〈t−〉|x0

(t) where for i ≥ 1, n ≥ 1, f
i,(n)
zn |x0

≡ 0, while with the f
i,(0)
|x0

for

i ≥ 1 given and continuous, cf. (10.27),

f
0,(0)
|x0

(t) =
d∑

i=1

x i
0

((
ai − r

)
hi
|x0
(t)− Dt h

i
|x0
(t)
)

where for i ≥ 1,

hi
|x0
(t) =

∫ t

0
e
(
ai−r

)
s f

i,(0)
|x0

(s) ds.

Finally, for n ≥ 1, f
0,(n)
zn |x0

is as in (10.28).

As shown in Example 10.2.1, ψ is self-financing, V ∗0 ≡ 0 and with trading stop-

ping immediately after T1, using only that the f
i,(0)
|x0

are continuous and Y1 is bounded,

it is verified directly that ψ is a bounded strategy.

Now, for t < T1,

V ∗t = f
0,(0)
|x0

(t)+
d∑

i=1

f
i,(0)
|x0

(t) e
(
ai−r

)
t x i

0

=
d∑

i=1

x i
0

(
ai − r

)
hi
|x0
(t)
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which defines a non-negative increasing function of t provided

d∑

i=1

x i
0

(
ai − r

)
Dt h

i
|x0
(t) ≥ 0 (t ≥ 0) . (10.40)

Also,

V ∗T1
= f

0,(0)
|x0

(T1)+
d∑

i=1

f
i,(0)
|x0

(T1) e
(
ai−r

)
T1

(
1+ σ i Y i

1

)
x i

0

=
d∑

i=1

x i
0

(
ai − r

)
hi
|x0
(T1)+

d∑

i=1

x i
0σ

i Y i
1 Dt h

i
|x0
(T1)

and V ∗t = V ∗T1
for t > T1. It follows that ψ is a global arbitrage opportunity if (10.40)

holds and

d∑

i=1

x i
0σ

i Y i
1 Dt h

i
|x0
(T1) ≥ 0

with a sharp inequality somewhere. Specializing further to Dt h
i
|x0
(t) ≡ ci (x0) (i.e.,

hi
|x0
(t) = tci (x0)) we conclude that there exists a bounded arbitrage opportunity if

constants δi can be found such that

d∑

i=1

(
ai − r

)
δi ≥ 0,

d∑

i=1

σ i Y i
1δ

i ≥ 0 P-a.s. (10.41)

with either the first inequality sharp or

P

(
d∑

i=1

σ i Y i
1δ

i > 0

)
> 0. (10.42)

The proof is therefore concluded by showing that such δi exist when knowing that

PM = ∅, i.e., (see Proposition 10.3.1) that there is no κ-integrable function λ̃ (y) > 0

such that

σ i

∫

Rd
\0

yi λ̃ (y) κ (dy) = r − ai (1 ≤ i ≤ d) . (10.43)

The proof is quite long and is performed in two main steps: κ finite support or not.

Suppose first that κ has finite support with p ≥ 1 atoms α1, . . . , αp as in Example

10.3.1. As there, writing

A =
(
σ iαi

qκ
(
αq

))
1≤i≤d,1≤q≤p

and v for the column vector
(
r − ai

)
1≤i≤d

, the assumption PM = ∅ is then that the

equation
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Aℓ = v (10.44)

has no solution ℓ with all ℓq > 0, and since the only possible values for Y i
1 are the αi

q

for 1 ≤ q ≤ p, we want to show that there exists constants δi such that

d∑

i=1

δi
(

ai − r
)
≥ 0,

d∑

i=1

δi Ai
q ≥ 0 (1 ≤ q ≤ p)

with a sharp inequality somewhere. Equivalently, with A|q denoting the qth column

of A and writing 〈·, ·〉 for the inner product on Rd , δ =
(
δi
)
∈ Rd must be found so

that

〈δ, v〉 ≤ 0,
〈
δ, A|q

〉
≥ 0 (1 ≤ q ≤ p) (10.45)

with at least one sharp inequality.

Consider first the case where rank (A) = d (in particular p ≥ d). Let ε > 0 and

define

Sε =
{

Aw : w ∈ Rp×1, all wq ≥ ε
}
, (10.46)

which is a closed convex subset of Rd . By the assumption PM = ∅, v /∈ Sε (for any

ε) and hence there exists a separating hyperplane (if d = 1 a single point separating

the point v from the closed interval Sε),

Hε =
{

u ∈ Rd : 〈δε, u〉 = γε
}

for some δε ∈ Rd
\0, γε ∈ R such that either

〈δε, v〉 > γε, 〈δε, Aw〉 < γε

when all wq ≥ ε or

〈δε, v〉 < γε, 〈δε, Aw〉 > γε (10.47)

when all wq ≥ ε. Since Hε may be represented by any pair (cδε, cγε) with c �= 0

arbitrary, we may and shall assume that we are always in the second case (10.47) and

furthermore that ‖δε‖ + |γε| = 1 (of course ‖u‖2 = 〈u, u〉).
The second inequality in (10.47) states that

p∑

q=1

〈
δε, A|q

〉
wq > γε (10.48)

whenever all wq ≥ ε, and this forces

〈
δε, A|q

〉
≥ 0 (10.49)
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for all q: if for some q0,
〈
δε, A|q0

〉
< 0 just choose wq0 ≥ ε large and wq = ε for

q �= q0 to obtain a contradiction to (10.48).

Let now εn ↓ 0 as n ↑ ∞ with all εn > 0 and determine δεn , γεn as above with

(10.47) valid with ε replaced by εn and
∥∥δεn

∥∥ +
∣∣γεn

∣∣ = 1. By compactness and by

choosing a suitable subsequence, we may assume that

(
δεn , γεn

)
→ (δ, γ ) (10.50)

as n →∞, where δ ∈ Rd×1, γ ∈ R and

‖δ‖ + |γ | = lim
n→∞

(∥∥δεn

∥∥+
∣∣γεn

∣∣) = 1. (10.51)

(10.49) implies that

〈
δ, A|q

〉
= lim

n→∞

〈
δεn , A|q

〉
≥ 0. (10.52)

Also, using (10.48) with all wq = εn we find that

εn

p∑

q=1

〈
δεn , A|q

〉
> γεn ,

implying when n →∞ that γ ≤ 0. Since the first inequality in (10.47) gives that

〈δ, v〉 = lim
n→∞

〈
δεn , v

〉
≤ lim

n→∞
γεn = γ ≤ 0, (10.53)

we have shown that the vector δ, determined by (10.50), satisfies the inequalities

(10.45) and it only remains to show that one of them is sharp. There is nothing to

show if 〈δ, v〉 < 0, so assume that 〈δ, v〉 = 0. In this case (10.53) forces γ = 0 and

(10.51) then shows that δ �= 0. Since we assumed that rank(A) = d, δ cannot be

orthogonal to all the columns in A and therefore (cf. (10.52))
〈
δ, A|q

〉
> 0 for some q ,

as desired.

Consider next the case where dA = rank(A) < d. In particular d ≥ 2 since always

rank(A) ≥ 1 (all the elements of A are �= 0). The argument above still applies, but the

problem is that now the vector δ found may be orthogonal to v and all the A|q , which

means that there is no sharp inequality in (10.45). We shall here treat two subcases and

first assume that v ∈ L A, the linear subspace spanned by the vectors A|q . But then the

argument from above may be copied to produce for any ε > 0 a vector δε,A ∈ L A and

a scalar γε,A such that

Hε,A =
{
u A ∈ L A :

〈
δε,A, u A

〉
= γε,A

}

separates v ∈ L A from Sε ⊂ L A (Sε as defined in (10.46)). Pursuing the reasoning

from before one finds δA ∈ L A and γA ∈ R with ‖δA‖ + |γA| = 1 such that

〈δA, v〉 ≤ γA ≤ 0 ≤
〈
δA, A|q

〉

for all q. Since clearly δA �= 0, it is impossible for δA to be orthogonal to v and all the

A|q ; hence (10.45) holds with at least one sharp inequality.
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Finally, if dA < d and v does not belong to the linear subspace L A, (10.44) has no

solutions at all and it is possible to find δ ∈ Rd
\0 such that δ⊥A|q for all q, but δ is not

orthogonal to v. Replacing δ by −δ if necessary we obtain that

〈δ, v〉 < 0,
〈
δ, A|q

〉
= 0

for all q, i.e., (10.45) holds with the first inequality sharp.

We have now shown that if κ has finite support, then there exists a vector δ such

that (10.41) and (10.42) hold when PM = ∅. So suppose now that κ does not have

finite support, and to avoid an annoying special case briefly discussed at the end of the

proof, that the support, supp (κ) , spans all of Rd . (Formally, supp (κ) consists of all

y ∈ Rd
\0 such that κ (O) > 0 for any open set O containing y).

Because (10.43) has no solution λ̃ (y) > 0, it holds in particular for any finite

partitioning Rd
\0 =

⋃p

q=1 Bq of Rd
\0 into disjoint sets Bq that the equation

σ i
p∑

q=1

∫

Bq

yi κ (dy) ℓq = vi (1 ≤ i ≤ d) (10.54)

has no solution ℓ with all ℓq > 0. Defining

Ai
q = σ i

∫

Bq

yi κ (dy) ,

(10.54) becomes Aℓ = v and we are back to the situation with κ having finite support.

Therefore there exists δ ∈ Rd
\0 such that

〈δ, v〉 ≤ 0,
〈
δ, A|q

〉
≥ 0 (1 ≤ q ≤ p) (10.55)

with sharp inequality somewhere, at least if all κ
(
Bq

)
> 0. Now it is unproblematic,

when using the assumption that supp (κ) spans all of Rd , to define a sequence of finite

partitionings Rd
\0 =

⋃pn

q=1 Bq,n for n ≥ 1 such that

(i) for n ≥ 2, each Bq,n is a subset of some Bq ′,n−1;

(ii) all κ
(
Bq,n

)
> 0 and all Ai

q,n = σ i
∫

Bq,n
yi κ (dy) �= 0;

(iii) for all y0 =
(
yi

0

)
∈ supp (κ) , if Bq0,n is that member of the n’th partitioning

containing y0, it holds that
⋂

n Bq0,n ∩ supp (κ) = {y0} .

(If d = 1 one would e.g., consider the intervals
]

q−1
2n ,

q
2n

]
and

[
− q

2n ,− q−1
2n

[
for

1 ≤ q ≤ n2n and define the partitioning by attaching any interval I with κ (I ) = 0 to

one with κ (I ) > 0. Since within each interval y = y1 always has the same sign it is

clear that in particular Ai
q,n �= 0).

For each n, we can find δn �= 0 such that (10.55) holds with δ replaced by δn and

we may normalize and assume that ‖δn‖ = 1 for all n. Passing to a subsequence if

necessary, we may also assume that δn → δ as n → ∞, with obviously ‖δ‖ = 1.

Also
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〈δ, v〉 = lim
n→∞

〈δn, v〉 ≤ 0. (10.56)

For any y0 ∈ supp (κ) , determining Bq0,n as in (iii) above, since

yi
0 = lim

n→∞
1

κ
(
Bq0,n

)
∫

Bq0,n

yi κ (dy)

it follows that

d∑

i=1

σ i yi
0δ

i = lim
n→∞

d∑

i=1

σ i

κ
(
Bq0,n

)
∫

Bq0,n

yi κ (dy) δi
n

= lim
n→∞

1

κ
(
Bq0,n

)
〈
δn, A|q0,n

〉

≥ 0.

Combining this with (10.56) gives (10.41), and (10.42) will then hold because supp (κ)

spans Rd and it is therefore possible to find y0 ∈ supp (κ) such that
∑d

i=1 σ
i yi

0δ
i > 0,

an inequality then also true for y in a small open neighborhood of y0 and hence with

κ-probability > 0.

Finally, if supp (κ) spans a linear subspace Lκ of Rd of dimension dκ < d, one

may proceed as in the preceding argument, but now considering partitionings of Lκ
only. �

Remark 10.3.2 Farkas’ Lemma from the theory of linear inequalities states that if

A ∈ Rd×p is a matrix and v ∈ Rd×1 a column vector, then either

Aℓ = v, all ℓq ≥ 0 (10.57)

has a solution ℓ ∈ Rp×1, or

〈δ, v〉 < 0,
〈
δ, A|q

〉
≥ 0 (1 ≤ q ≤ p) (10.58)

has a solution δ ∈ Rd , but there is no solution to both (10.57) and (10.58). The asser-

tion that if there is no solution to (10.57), then (10.58) has a solution is close to, but not

quite the same as the statement that if there is no solution to (10.44), then (10.45) has

a solution with at least one inequality sharp. The argument in the proof above when

supp (κ) is finite is a variation on a standard proof of Farkas’ Lemma.

10.4 Contingent claims and pricing

In this section we shall assume that PM �= ∅ and will be particularly interested in

models where there is exactly one equivalent martingale measure, |PM| = 1.

From Example 10.3.1 we saw that if κ has finite support and is concentrated on p

atoms α1, . . . , αp with κ
(
αq

)
> 0 for 1 ≤ q ≤ p, then PM �= ∅ iff the equation

(10.37),



268 10 A Model from Finance

Aℓ = v, (10.59)

has a solution ℓ =
(
ℓq

)
1≤q≤p

with all ℓq > 0. Here, as before, v =
(
r − ai

)
1≤i≤d

and

A ∈ Rd×p is the matrix with elements

Ai
q = σ iαi

qκ
(
αq

)
. (10.60)

Now assuming that PM �= ∅ and that ℓ with all ℓq > 0 satisfies (10.59), it is

clear that if the equation Aℓ′ = 0 has a solution ℓ′ �= 0, then also ℓ̃ = ℓ + εℓ′
will solve (10.59) with all ℓ̃q > 0 provided ε �= 0 is sufficiently close to 0. Each

such ℓ̃ defines a new member of PM, and since by linear algebra an ℓ′ �= 0 solving

Aℓ′ = 0 exists iff rank(A) < p, we conclude that if PM �= ∅, then |PM| = ∞ or
|PM| = 1 with |PM| = ∞ whenever p > rank(A) and |PM| = 1 precisely when

p = rank(A) ≤ d.

The most natural condition for |PM| = 1 is that p = d and A is non-singular

with all elements of the vector A−1v strictly positive, but |PM| = 1 may also occur

if p = rank(A) < d in which case v necessarily must belong to the subspace spanned

by the columns in A.

If PM �= ∅ and κ does not have finite support, it is easy to see that |PM| = ∞:

let P̃ ∈ PM be natural with deterministic κ-intensity λ̃ (y) > 0 satisfying (10.31).

Because κ has infinite support, one may pick δ1, . . . , δd+1 > 0 and disjoint subsets

B1, . . . , Bd+1 of Rd
\0 with all κ

(
Bq

)
> 0 and λ̃ (y) ≥ δq for all y ∈ Bq , 1 ≤ q ≤

d + 1. But then there exists a vector (β1, . . . , βd+1) ∈ Rd+1
\0 such that

d+1∑

q=1

σ iβq

∫

Bq

yi κ (dy) = 0 (1 ≤ i ≤ d)

and for ε �= 0 sufficiently close to 0, the function

y �→ λ̃ (y)+ ε
d+1∑

q=1

βq1Bq (y)

will be > 0 and satisfy (10.31). We have shown

Proposition 10.4.1 Suppose that PM �= ∅. Then either there is exactly one equiv-

alent martingale measure relative to the true measure P or there are infinitely many.

There is exactly one if and only if the support for κ is a finite set with p ≤ d elements

and furthermore rank(A) = p where A is the matrix defined by (10.60).

If there are infinitely many equivalent martingale measures, then there are in par-

ticular infinitely many natural ones.

Note that if |PM| = 1, necessarily v �= 0, i.e. ai0 �= r for some 1 ≤ i0 ≤ d.

Finding the unique P̃ ∈ PM requires us in particular to find the unique solution ℓ to

(10.59) and if v = 0 we get ℓ = 0, violating the constraint that all ℓq > 0. For this

reason and also for technical considerations it is assumed from now on that
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∃i0 : ai0 �= r. (10.61)

Let t0 > 0 be given but arbitrary. A t0-contingent claim is defined as an F X
t0

-

measurable random variable. The t0-claim C is called attainable if there exists a self-

financing trading strategy ψ = (ψt )0≤t≤t0
defined on the time-interval [0, t0] only,

such that C is the value at time t0 of the portfolio resulting from ψ, i.e.,

C = V0 +
∫ t0

0
ψ0

s rers ds +
∫

]0,t0]

d∑

i=1

ψ i
s d X i

s P-a.s.,

cf. (10.13) and (10.11). The strategy then replicates the claim C.

At first sight it seems obvious that the natural price to pay at time 0 for the claim

C should be

V0 = ψ0
0 +

d∑

i=1

ψ i
0x i

0,

the value of the replicating portfolio at time 0. But as we shall presently see, there

are always infinitely many self-financing strategies replicating C leading in fact to

infinitely many prices. The remainder of this section is now devoted to a discussion

of this disturbing fact and how it is still possible to price at least certain contingent

claims fairly and uniquely.

To find some of the self-financing strategies replicating C, consider ψ represented

as in (10.24) with the special structure

f
0,(n)
zn |x0

(t) = α0,(n)
zn |x0

+ β0,(n)
zn |x0

t, (10.62)

f
i,(n)
zn |x0

(t) = αi,(n)
zn |x0

+ β i,(n)
zn |x0

e
(
r−ai

)
t (1 ≤ i ≤ d) , (10.63)

for n ≥ 0, tn ≤ t ≤ t0 where only zn = (t1, . . . , tn; y1, . . . , yn) with tn < t0 and yk

belonging to a suitable set of κ-measure 1 are considered. (With P-probability 1 there

will be no jumps at t0, hence the condition tn < t0 is allowed). The conditions from

Proposition 10.2.2 for ψ to be self-financing now become

β
0,(n)
zn |x0

+
d∑

i=1

(
r − ai

)
β

i,(n)
zn |x0

η
i,(n)
zn |x0

= 0 (n ≥ 0) , (10.64)

and

α
0,(n)
zn |x0

+ β0,(n)
zn |x0

tn +
d∑

i=1

β
i,(n)
zn |x0

η
i,(n)
zn |x0

= α0,(n−1)
zn−1|x0

+ β0,(n−1)
zn−1|x0

tn +
d∑

i=1

β
i,(n−1)
zn−1|x0

η
i,(n)
zn |x0

(n ≥ 1) , (10.65)

where we write
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η
i,(n)
zn |x0

=
(

n∏

k=1

(
1+ σ i yi

k

))
x i

0

(which in fact depends on zn through the yk only). In particular η
i,(0)
|x0

= x i
0.

By Proposition 4.2.1(b), since C is F X
t0

-measurable we may write

C =
N t0∑

n=0

g
(n)
Zn |x0

1(N t0
=n
)

for some measurable R-valued functions (x0, zn) �→ g
(n)
zn |x0

. The requirement that ψ

replicates C on the set
(
N t0 = n, Zn = zn

)
then becomes

α
0,(n)
zn |x0

+ β0,(n)
zn |x0

t0 +
d∑

i=1

β
i,(n)
zn |x0

η
i,(n)
zn |x0

= e−r t0 g
(n)
zn |x0

(n ≥ 0) (10.66)

when tn < t0.

For n ≥ 1, working recursively in n, we thus have the three linear equations

(10.64), (10.65) and (10.66) to solve for the d+2 unknowns α
0,(n)
zn |x0

and
(
β

i,(n)
zn |x0

)
0≤i≤d

,

while for n = 0 there are only the two equations (10.64) and (10.66). So start for n = 0

by choosing α
0,(0)
|x0

and the β
i,(0)
|x0

for i ≥ 1, i �= i0 (with i0 as in (10.61)) arbitrarily

and then solving for β
0,(0)
|x0

and β
i0,(0)
|x0

which is possible if the matrix of coefficients to

the two unknowns,
(

1
(
r − ai0

)
x

i0
0

t0 x
i0
0

)

is non-singular, i.e., if t0
(
r − ai0

)
�= 1 as we assume from now on. Then proceed by

induction, for each n choosing the α
0,(n)
zn |x0

and the β
i,(n)
zn |x0

for i ≥ 1, i �= i0 arbitrarily

and then solving for α
0,(n)
zn |x0

, β
0,(n)
zn |x0

and β
i0,(n)
zn |x0

which is possible because the matrix

(where η(n) is short for η
i0,(n)
zn |x0

)

⎛
⎝

0 1
(
r − ai0

)
η(n)

1 tn η(n)

1 t0 η(n)

⎞
⎠ (10.67)

is non-singular since ai0 �= r and tn < t0.

Thus, provided t0
(
r − ai0

)
�= 1, for d ≥ 2 there is for each n the free choice of at

least one β
i,(n)
zn |x0

. For d = 1 (in which case a = ai0 �= r by assumption), given α
0,(0)
|x0

,

β
0,(0)
|x0

and β
1,(0)
|x0

the α
0,(n)
zn |x0

, β
0,(n)
zn |x0

and β
1,(n)
zn |x0

are uniquely determined, but there is still

a free choice for α
0,(0)
|x0

. Thus, for all d we have infinitely many self-financing trading

strategies of the special form (10.62) and (10.63) that replicate C, and since
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V0 = α0,(0)
|x0

+
d∑

i=1

β
i,(0)
|x0

x i
0

where α
0,(0)
|x0

can certainly be chosen freely, different strategies suggest different prices

for C! To get around this unpleasant fact and find a fair price for some claims C, we

shall focus on and exploit the probabilistic structure of the model.

Consider a natural P̃ ∈ PM with deterministic κ-intensity λ̃ (y) > 0 satisfying

(10.31). Suppose further that C is a t0-contingent claim such that

Ẽ |C | <∞,

e.g.,

|C | ≤ K (1+ L)N t0

for some constants K , L ≥ 0 (in which case also EP |C | < ∞ and EP′ |C | < ∞ for

all natural P′ ∈ PM since under P,P′, N t0 is Poisson).

Now define M (C) = (Mt (C))0≤t≤t0
as the cadlag version of the martingale

Mt (C) = Ẽ

[
e−r t0C

∣∣∣F X
t

]
(0 ≤ t ≤ t0) , (10.68)

in particular

M0 (C) ≡ Ẽe−r t0C.

By the martingale representation theorem, Theorem 4.6.1, there exists a predictable

field (Sy)y∈Rd
\0

such that

Mt (C) = Ẽe−r t0C +
∫

]0,t0]×Rd
\0

S
y
s M̃ (ds, dy) , (10.69)

where M̃ (ds, dy) is the fundamental P̃-martingale random measure,

M̃ (ds, dy) = µ (ds, dy)− λ̃ (y) ds κ (dy) .

The idea is now to look for predictable and e.g., pathwise bounded (see (10.38))

processes ψ i for i ≥ 1 such that

M∗ ≡ M(C) P-a.s. (10.70)

on [0, t0] where

M∗
t = V ∗0 +

∫

]0,t]

d∑

i=1

ψ i
s d X∗is , (10.71)

since then in particular
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e−r t0C = M∗
t0
= V ∗0 +

∫

]0,t0]

d∑

i=1

ψ i
s d X∗is P-a.s.

Recalling Proposition 10.2.1 and defining ψ0 by (10.20) we obtain a self-financing

trading strategy ψ replicating C, which is such that the corresponding discounted

value process M∗ = M(C) is a P̃-martingale.

For (10.70) to hold, obviously

V ∗0 ≡ Ẽe−r t0C (10.72)

which is then the fair price for C suggested by the martingale measure P̃. Furthermore,

identifying the jumps at Tn for M∗ and M(C) gives the condition

d∑

i=1

ψ i
Tn
σ i X∗iTn−Y i

n = S
Yn

Tn
on (Tn < t0) , (10.73)

while the identification between jumps yields

d∑

i=1

ψ i
t σ

i X∗it−

∫

Rd
\0

yi λ̃ (y) κ (dy) =
∫

Rd
\0

S
y
t λ̃ (y) κ (dy) (0 ≤ t < t0) , (10.74)

as is seen using the identity

X∗it = x i
0 +

∫

]0,t]

∫

Rd
\0

σ i X∗is−yi M̃ (ds, dy) ,

cf. (10.22).

Using (10.73) one would like the ψ i to satisfy (since each Tn can be anything

between 0 and t0 and the Yn are arbitrary jump sizes for U )

d∑

i=1

ψ i
t σ

i X∗it−yi = S
y
t (0 ≤ t < t0) (10.75)

simultaneously for κ-a.a. y ∈ Rd
\0. This may not be possible, but if it is, multiplying by

λ̃ (y) and integrating with respect to κ yields (10.74). Thus (10.75) is critical if there is

to exist a pathwise bounded self-financing strategy replicating C, so we shall now in

some detail discuss when (10.75) can be solved. (It may be noted that it is possible to

deduce (10.75) from (10.73): the idea is that if the ψ i for i ≥ 1 are pathwise bounded

predictable processes satisfying (10.73), then one can show using only (10.73) that

with S̃
y
t defined by the expression on the left of (10.75) it holds that the stochastic

integrals M̃ (S) and M̃
(
S̃
)

are P̃-indistinguishable on [0, t0] , i.e., the representation

(10.69) of the martingale M(C) is not affected if S is replaced by S̃).

Suppose first that |PM| = 1. Then by Proposition 10.4.1 κ has finite support

α1, . . . , αp with p ≤ d and rank(A) = p where A is given by (10.60). (10.75) now

becomes
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d∑

i=1

ψ i
t σ

i X∗it−α
i
q = S

αq

t (1 ≤ q ≤ p)

or equivalently,

ATw = u (10.76)

where

w =
(
ψ i

t X∗it−
)

1≤i≤d
, u =

(
S
αq

t κ
(
αq

))
1≤q≤p

.

If p < d, (10.76) has infinitely many solutions w, while if p = d , there is a unique

solution w. Then ψ i
t = wi/X∗it− for i ≥ 1 together with ψ0 given by (10.20) defines

the desired replicating strategy provided e.g., that the ψ i are pathwise bounded, some-

thing that may of course depend on the structure of S. But if the ψ found is pathwise

bounded, M∗
t is well defined by (10.71), M∗ is a P̃-martingale and the fair price for

the claim C is given by (10.72) with P̃ the unique risk-neutral measure.

Suppose next that |PM| = ∞ with P̃ ∈ PM given and natural. Now it may well

happen that (10.75) has no solution, e.g., for d = 1 it is required that

ψ1
t =

S
y
t

σ X∗t−y

simultaneously for κ-a.a. y ∈ R\0, so that S
y
t must be a linear function in y. But if

there exist pathwise bounded predictable ψ i for i ≥ 1 that do satisfy (10.75), then

defining ψ0 as in (10.20) we see that the self-financing strategy ψ replicates C with

M∗ a P̃-martingale and (10.72) the price for C corresponding to the given P̃. This

of course defines a unique price for C iff EP′e
−r t0C is the same for all P′ ∈ PM

and at least we can give a simple sufficient condition for this: suppose that (10.75)

corresponding to the original P̃ has a bounded (in the sense of (10.38)) and predictable

solution ψ i for i ≥ 1. Then M∗ given by (10.71) will be a P′-martingale for any

P′ ∈ PM and consequently

EP′e
−r t0C = M∗

0 = V ∗0 = Ẽe−r t0C.

In mathematical finance one calls a market complete if ‘any contingent claim can

be hedged’ and one shows that the market is complete ‘iff there is a unique risk-

neutral measure’. That a t0-claim C can be hedged means that there is a self-financing

strategy such that the value of the corrsponding portfolio at time t0 is precisely C. For

our model we cannot quite state results like this, but the discussion above at least gives

Theorem 10.4.2 below.

In order to state this result we shall only consider the class Ct0 of t0-claims C (for

an arbitrary t0 > 0) such that V ∗0 = Ẽe−r t0C is the same for all P̃ ∈ PM and then say

that C can be hedged if there exists a pathwise bounded self-financing trading strategy

ψ =
(
ψ i
)

i≥0
such that



274 10 A Model from Finance

e−r t0C = V ∗0 +
∫

]0,t0]

d∑

i=1

ψ i
s d X∗is . (10.77)

In that case V ∗0 is the time 0 price for the claim C.

Theorem 10.4.2 (i) Suppose that |PM| = 1 and let P̃ denote the unique equiva-

lent martingale measure. Then Ct0 is the class of P̃-integrable F X
t0

-measurable

random variables.

Let C ∈ Ct0 , consider the P̃-martingale M(C) given by (10.68) and let S be

determined as in (10.69). Then (10.75) always has a predictable solution ψ i for

i ≥ 1 and a sufficient condition for C to be hedgeable is that this solution be

pathwise bounded.

(ii) Suppose that |PM| = ∞ and let P̃ ∈ PM be given. Then Ct0 is a genuine

linear subspace of the class of P̃-integrable F X
t0

-measurable random variables.

Let C ∈ Ct0 , consider the P̃-martingale M(C) given by (10.68) and let S be

determined as in (10.69). Then (10.75) may not have a predictable solution ψ i

for i ≥ 1, but if it does, a sufficient condition for C to be hedgeable is that this

solution be bounded.

(iii) In both (i) and (ii), if ψ i for i ≥ 1 is the required solution to (10.75), then

ψ =
(
ψ i
)

0≤i≤d
with ψ0 defined by (10.20) is a self-fiancing strategy replicating

C.

The only assertion not proved already is the claim from (ii) that Ct0 is a genuine

subspace of L1
(
�,F X

t0
, P̃
)
. To see this, take P̃ �= P′ ∈ PM both natural and just note

that P̃ �= P′ because they are natural simply means that the P̃-distribution of (T1, Y1)

is different from the P′-distribution, implying since T1 and Y1 are independent under

both P̃ and P′, that there exists B ∈ Bd
\0 such that

P̃ (T1 < t0, Y1 ∈ B) �= P′ (T1 < t0, Y1 ∈ B) ,

i.e., the t0-claim

1(T1<t0,Y1∈B)

does not belong to Ct0 .

Remark 10.4.1 In case (ii), observe that Ct0 is always a linear space of random vari-

ables containing the constants and all the X i
t0
.

Let C be any t0-contingent claim. We saw earlier that there is a host of simple

self-financing strategies ψ that replicate C, see (10.62) and (10.63) and that these

strategies yield different prices. How can this fact be reconciled with the findings from

Theorem 10.4.2 according to which certain claims have a well-defined unique price?

Suppose that |PM| = 1, write P̃ for the unique risk-neutral measure, let C ∈ Ct0 and

assume that C can be hedged using the self-financing strategy ψ described in Theorem

10.4.2(i). Then if ψ̃ is another replicating strategy of the form (10.62) and (10.63) with
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Ṽ0 = ψ̃0
0 +

d∑

i=1

ψ̃ i
0x i

0 �= V ∗0 = Ẽe−r t0C,

we certainly have

e−r t0C = Ṽ0 +
∫

]0,t0]

d∑

i=1

ψ̃ i
t d X∗it

and since Ṽ0 �= V ∗0 are forced to conclude that the stochastic integral

∫

]0,t]

d∑

i=1

ψ̃ i
s d X∗is (10.78)

involving the P̃-martingales X∗i cannot itself be a P̃-martingale. To substantiate this

further, go back to the construction of ψ̃, which on the set
(
N t0 = n, Zn = zn

)
when

tn < t0 and n ≥ 1 involved the solution of three linear equations with three unknowns

with coefficient matrix (10.67). By inspection one sees that for tn close to t0 this matrix

is nearly singular, implying that the trading strategy may well explode when tn is close

to t0: following the strategy ψ̃, if a jump occurs close to time t0 violent adjustments in

the portfolio may be needed in order to replicate C and the martingale property (inte-

grability) of (10.78) may be destroyed in contrast to what happens with the strategies

ψ described in Theorem 10.4.2.

Example 10.4.1 Some of the simplest t0-contingent claims imagineable have the

form

C = h
(

X
i1
t0

)

for some i1 ≥ 1 and some function h. If |PM| = 1 such C are of course hedgeable

provided Ẽ |C | < ∞ with P̃ the unique member of PM. A compact explicit expres-

sion for the price Ẽe−r t0C is usually not available, but if d = 1, κ = εα and r �= a,

we have that the total Poisson-intensity for a jump under P̃ is

λ̃ = r − a

σα
> 0,

cf. Example 10.3.1, and find that

Ẽe−r t0C = e−r t0

∞∑

n=0

(̃
λt0
)n

n!
e−̃λt0 h

(
eat0 (1+ σα)n x0

)
.

Special cases include the European call option with exercise price K , expiry date t0
and the European put option corresponding to

h (x) = (x − K )+ , h (x) = (K − x)+

respectively.
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We have seen that if |PM| = ∞ not all contingent claims are hedgeable. By

definition hedgeable claims must have the form (10.77) (which need not even be the

case in general for the claims h
(

X
i1
t0

)
considered in Example 10.4.1), so in order to

construct a hedgeable t0-claim C one may start with a collection
(
ψ i
)

i≥1
of predictable

and, say, bounded processes, define ψ0 by (10.20) to obtain a self-financing strategy

and then consider the t0-claim

C = er t0

(
V ∗0 +

∫

]0,t0]

d∑

i=1

ψ i
s d X∗is

)
.

Then using (10.75) to define S,

S
y
t =

d∑

i=1

ψ i
t σ

i X∗it−yi

we have in fact for any P̃ ∈ PM with κ-intensity process
(̃
λ

y
t

)
that

∫

]0,t]

d∑

i=1

ψ i
s d X∗is =

∫

]0,t]×Rd
\0

S
y
s M̃ (ds, dy) (t ≤ t0) (10.79)

where M̃ (ds, dy) = λ̃y
s ds κ (dy) is the martingale measure for P̃. Thus the represen-

tation (10.69) of the P̃-martingale
(
Ẽ
[
e−r t0C

∣∣F X
t

])
0≤t≤t0

holds for all P̃ ∈ PM with

a predictable field S that does not depend on P̃.

Exercise 10.4.1 With an arbitrary P̃ ∈ PM as above, it follows from Proposition

10.3.1 and its proof that

σ i

∫

Rd
\0

yi λ̃
y
t κ (dy) = r − ai

for all t and all i ≥ 1. Use this to show (10.79) by identifying the jumps and the

behaviour between the jumps.
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Examples of Queueing Models

In the first section the classical GI/G/1 model is treated with the emphasis of finding

when there is equilibrium (stationarity). For the simplest case, the M/M/1 model, sta-

tionarity is discussed in detail, not just for the length of the queue but also involving

the time since most the recent arrival and the time since the present service started.

The second section deals with the description of some PDMP models of queueing

networks that are not just (homogeneous) Markov chains.

References. Some important books on queueing theory and networks are As-

mussen [3], Brémaud [15], Baccelli and Brémaud [7], Kalashnikov [72], Kelly [79],

Robert [103], Serfozo [110] and Walrand [119].

11.1 The GI/G/1 queue

The simplest and most basic model in queueing theory is the single server queue,

where customers arrive at one service station, are serviced one at a time on a first

come first serve basis and when service is completed the customers leave the system.

Here we shall discuss the GI/G/1 queue where arrivals occur according to a re-

newal process with interarrival times that have a given hazard function α (a) and

where the service times are iid and independent of the arrival process with a given

hazard function β (s) . Particularly simple and important is the M/M/1 queue where

α (a) ≡ α, β (s) ≡ β so that arrivals occur according to a homogeneous Poisson

process (assuming that the first customer arrives at time 0) and the service times are

exponential.

A question of particular importance for the study of any queueing system is

whether it is stable in the sense that the number of customers in the system does not

explode as time t → ∞. Phrased differently, it is of interest to determine conditions

for a queueing system to be in equlibrium meaning more precisely that if the system

can be described using a time-homogeneous Markov process, one wants conditions

for this process to have an invariant distribution (see Section 7.8).
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Let Kt denote the number of customers in the GI/G/1 queue at time t, i.e., either

Kt = 0 and the queue is empty, or Kt ≥ 1 and Kt counts the customer presently being

serviced as well as all customers that have arrived but not yet started service.

For the M/M/1 queue (Kt ) is a time-homogeneous Markov chain on N0 and one of

the simplest and classical results in queueing theory states that this Markov chain has

an invariant distribution ρ =
(
ρp

)
p≥0

iff α < β and that in that case ρ is a geometric

distribution, see (11.12) below.

For the general GI/G/1 queue, (Kt ) is not Markov. However, as we shall now see,

it is still possible to view the GI/G/1 queue as a time-homogeneous PDMP — and

hence to discuss conditions for equlibrium of the GI/G/1 queue.

Introduce the arrival process (At ) and the service process (St ) , where At is the

time elapsed since the most recent arrival and St is the time elapsed since the cus-

tomer presently being serviced started service (so St is defined only if Kt ≥ 1). Note

in particular that (At ) is simply the backward recurrence time process for a renewal

process.

Now consider the joint process X = (Kt , At , St )t≥0 . The state space consists of

pairs x = (0, a) (the queue is empty, time a elapsed since the most recent arrival) and

triples x = (p, a, s) with p ∈ N, a ≥ 0, s ≥ 0 (p customers in the queue, time a

gone since latest arrival, the customer being serviced started service s time units ago).

We formally make X into a time-homogeneous PDMP, with jump times Tn and

Yn = XTn the state reached by the nth jump, by defining the deterministic behaviour

φt (0, a) = (0, a + t) , φt (p, a, s) = (p, a + t, s + t) (p ≥ 1) ,

the total intensity q (x) for a jump from an arbitrary state x,

q (0, a) = α (a) , q (p, a, s) = α (a)+ β (s) (p ≥ 1) ,

and the distribution r (x, ·) for a jump from x,

r ((0, a) , ·) = ε(1,0,0),

r ((p, a, s) , ·) = α (a)

α (a)+ β (s)ε(p+1,0,s) +
β (s)

α (a)+ β (s)ε(p−1,a,0) (p ≥ 1)

(with ε(p−1,a,0) replaced by ε(0,a) if p = 1), reflecting in particular the facts that if a

new customer arrives, Kt increases by 1, At is reset to 0 and St is unchanged, while

if sevice is completed for a customer, Kt decreases by 1, St is reset to 0 if there is a

customer waiting to start service and At is retained.

Some special features of the process X should be noted: no matter where X starts,

it is perfectly possible that for a strictly positive amount of time one has At = St ,

but for t ≥ T1 this can only happen if also Kt = 1 and the single customer involved

arrived at an empty queue. Also for t ≥ T1, if Kt = 1 necessarily St ≤ At .

Let

ξA =
∫ ∞

0
e−

∫ t
0 α(s) ds dt, ξS =

∫ ∞

0
e−

∫ t
0 β(s) ds dt
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denote the mean of the interarrival time distribution and the service time distribution

respectively. Then it may be shown that a necessary and sufficient condition for X to

have an invariant distribution is that

ξS < ξA <∞. (11.1)

Here we just indicate why this condition is necessary: if X has an invariant distribution

there is in particular an invariant distribution for the backward recurrence time process

(At ) and therefore ξA <∞ as shown in Example 7.8.3. And for n large the time of the

nth arrival will take place approximately at time nξA while the time required to service

these n customers is close to nξS, i.e., Kt →∞ a.s. if ξS > ξA which is not possible if

X is started according to an invariant distribution which would imply in particular that

all Kt have the same distribution. (If ξS = ξA one may show that lim supt→∞ Kt = ∞
a.s.).

Suppose that (11.1) holds. In order to study what the invariant distribution for X

looks like we shall use the results from Section 7.8. What follows uses Theorem 7.8.2

but it should be noted that Corollary 7.8.10 can also be applied with the choice

x0 = (1, 0, 0)

corresponding to Tx0 from the corollary being the first time a customer arrives at

an empty queue: no matter what is the initial state of the queue, it is clear that

P|x0

(
Tx0 <∞

)
> 0 as is a minimal requirement if the corollary is to be of any use.

The corollary shows in particular that the condition E|x0 Tx0 <∞ is sufficient (it is in

fact also necessary) for the existence of an invariant distribution.

For functions h p (a, s) that are continuously differentiable in a and s, the infinites-

imal generator for X has the form

(Ah) (0, a) = Dah0 (a)+ α (a) (h1 (0, 0)− h0 (a)) (11.2)

and for p ≥ 1,

(Ah) (p, a, s) = Dah p (a, s)+ Dsh p (a, s)+ α (a)
(
h p+1 (0, s)− h p (a, s)

)

+β (s)
(
h p−1 (a, 0)− h p (a, s)

)
. (11.3)

We shall also need the full infinitesimal generator A (with Ah = Ah for the smooth h

just considered) described in Section 7.7 and note in particular that any function h of

the form

h p (a, s) = 1p≥1,a=s h̃ p (a)

belongs to the domain D (A) provided h is bounded and each h̃ p (a) is continuously

differentiable in a with Ah bounded where

(Ah) (0, a) = α (a) h̃1 (0) (11.4)

and for p ≥ 1,
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(Ah) (p, a, s) = 1a=s Da h̃ (a)+ α (a)
(
1s=0 h̃ p+1 (0)− 1a=s h̃ p (a)

)

+β (s)
(
1a=0 h̃ p−1 (0)− 1a=s h̃ p (a)

)
, (11.5)

cf. Definition 7.7.1.

We shall discuss what is the form of the invariant distribution �(dp, da, ds)

when it exists and first note that it is a good guess that for each given value of p,

� ({p} , da, ds) has a density as follows:

�({0} , da) = ϕ0 (a) da,

� ({1} , da, ds) = ϕ1 (a, s) da ds + 1s=a ψ1 (a) da, (11.6)

�({p} , da, ds) = ϕp (a, s) da ds (p ≥ 2)

with the contribution from ψ1 taking care of the possibility that there is only one

customer present who arrived when the system was empty.

By Theorem 7.8.2, for identifying the ϕp and ψ1 one studies the equation

0 =
∫ ∞

0
da ϕ0 (a) (Ah) (0, a)+

∞∑

p=1

∫ ∞

0
da

∫ ∞

0
ds ϕp (a, s) (Ah) (p, a, s)

+
∫ ∞

0
da ψ1 (a) (Ah) (1, a, a)

for h p (a, s) that are bounded and differentiable in a and s with Ah given by (11.2)

and (11.3) bounded. Here it is natural to consider

h p (a, s) = 1p=p0 f (a, s) (11.7)

for any p0 (omitting the argument s if p0 = 0) with f smooth enough and having

compact support. Doing this for p = p0 ≥ 3 gives

0 =
∫ ∞

0
da

∫ ∞

0
ds ϕp (a, s) (Da f + Ds f − (α (a)+ β (s)) f ) (a, s)

+
∫ ∞

0
da

∫ ∞

0
ds ϕp−1 (a, s) α (a) f (0, s)

+
∫ ∞

0
da

∫ ∞

0
ds ϕp+1 (a, s) β (s) f (a, 0) ,

and by partial integration, since f has compact support this implies that

0 =
∫ ∞

0
da

∫ ∞

0
ds f (a, s)

(
−Daϕp − Dsϕp − (α (a)+ β (s)) ϕp

)
(a, s)

−
∫ ∞

0
ds f (0, s) ϕp (0, s)−

∫ ∞

0
da f (a, 0) ϕp (a, 0)

+
∫ ∞

0
da

∫ ∞

0
ds ϕp−1 (a, s) α (a) f (0, s)

+
∫ ∞

0
da

∫ ∞

0
ds ϕp+1 (a, s) β (s) f (a, 0) .
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Choosing f to vanish everywhere except in a small neighborhood of a given point

(a, s) one deduces that if a > 0, s > 0,

Daϕp (a, s)+ Dsϕp (a, s) = − (α (a)+ β (s)) ϕp (a, s) , (11.8)

while if a > 0, s = 0,

ϕp (a, 0) =
∫ ∞

0
ds ϕp+1 (a, s) β (s) (11.9)

and by analogy if a = 0, s > 0

ϕp (0, s) =
∫ ∞

0
ds ϕp−1 (a, s) α (a) .

Similar reasoning with h as in (11.7) and p0 = 1, 2 or with p0 = 0 and h p (a, s) =
1p=0 f (a) shows that (11.8) and (11.9) are valid also for p = 1, 2 and that in addition

Daϕ0 (a)+ α (a) ϕ0 (a) =
∫ ∞

0
ds ϕ1 (a, s) β (s)+ ψ1 (a) β (a)

and

ϕ1 (0, s) = 0, ϕ2 (0, s) =
∫ ∞

0
ds ϕ1 (a, s) α (a)+ ψ1 (s) α (s) .

Finally, for p0 = 1 and f vanishing outside a neighborhood of a point of the form

(a, a) with a > 0 one finds that

Dψ1 (a) = − (α (a)+ β (a)) ψ1 (a) (11.10)

and for p0 = 0 with f vanishing away from a neighborhood of (0, 0) that

ϕ0 (0) = 0,

∫ ∞

0
da ϕ0 (a) α (a) = ψ1 (0) .

If the equations from (11.8) and below can be solved for ϕp ≥ 0, ψ1 ≥ 0 with

∫ ∞

0
da ϕ0 (a)+

∞∑

p=1

∫ ∞

0
da

∫ ∞

0
ds ϕp (a, s)+

∫ ∞

0
daψ1 (a) = 1,

Theorem 7.8.2 shows that X has an invariant distribution given by (11.6). Of course,

solving the equations explicitly is not possible, but it may be noted that the first order

partial differential equation (11.8) has the complete solution

ϕp (a, s) = gp (s − a) exp

(
−
∫ a

0
α −

∫ s

0
β

)

for some functions gp, while (11.10) immediately gives
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ψ1 (a) = C1 exp

(
−
∫ a

0
(α + β)

)
.

It should also be remembered that since for t ≥ T1, St ≤ At whenever Kt = 1, one

has ϕ1 (a, s) = 0 if a < s.

We shall now proceed to describe � (see (11.6)) explicitly in the M/M/1 case

when α (a) ≡ α and β (a) ≡ β with α < β (the condition for an invariant distribution

to exist, see (11.1)). Even then the equations above for the ϕp and ψ1 are not easy

to solve so instead we shall find the partial Laplace transforms (for any given p and

θ ≥ 0, ϑ ≥ 0)

L0 (θ) =
∫ ∞

0
e−θaϕ0 (a) da,

L p (θ, ϑ) =
∫ ∞

0
da

∫ ∞

0
ds e−θa−ϑsϕp (a, s) (p ≥ 1) ,

L D
1 (θ) =

∫ ∞

0
e−θaψ1 (a) da.

In particular the Laplace transforms determine the point probabilities ρp =
�({p} × R0 × R0) ,

ρp =

⎧
⎨
⎩

L0 (0) for p = 0,

L1 (0, 0)+ L D
1 (0) for p = 1,

L p (0, 0) for p ≥ 2.

(11.11)

Theorem 11.1.1 The invariant distribution� for the M/M/1 queue (Kt , At , St ) exists

if and only if α < β and is then determined by

ρp =
(

1− α
β

)(
α

β

)p

(p ≥ 0) (11.12)

and for θ ≥ 0, ϑ ≥ 0,

L0 (θ) = ρ0
αβ

(θ + α) (θ + β) , (11.13)

L1 (θ, ϑ) = ρ1
αβ

(θ + ϑ + α + β) (θ + β) , (11.14)

L D
1 (θ) = ρ1

β

θ + α + β , (11.15)

and for p ≥ 2,

L p (θ, ϑ) = ρp

(
αβ

(θ + β) (ϑ + α) +
βϑ

(θ + ϑ + α + β) (ϑ + α)

(
β

ϑ + α + β

)p−1
)
.

(11.16)
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Proof. We shall use that
∫
�(dp, da, ds) (Ah) (p, a, s) = 0 (11.17)

for all h ∈ D (A) , the domain of the full infinitesimal generator; cf. 7.8.2. Starting

with

h p (a, s) = 1p=0 e−θa

gives using (11.2), since (11.17) contributes only for p = 0 or 1,

− (θ + α) L0 (θ)+ β
(

L1 (θ, 0)+ L D
1 (θ)

)
= 0. (11.18)

Proceeding with

h p (a, s) = 1p=p0 e−θa−ϑs

for a given p0 ≥ 1, using (11.3) and noting that (11.17) contributes only for p = p0−1

or p0 + 1 gives first for p0 = 1,

− (θ + ϑ + α + β)
(

L1 (θ, ϑ)+ L D
1 (θ + ϑ)

)
+ αL0 (0)+ βL2 (θ, 0) = 0,

(11.19)

and for p0 = 2,

− (θ + ϑ + α + β) L2 (θ, ϑ)+ α
(

L1 (0, ϑ)+ L D
1 (ϑ)

)
+ βL3 (θ, 0) = 0,

(11.20)

and finally for p = p0 ≥ 3,

− (θ + ϑ + α + β) L p (θ, ϑ)+ αL p−1 (0, ϑ)+ βL p+1 (θ, 0) = 0. (11.21)

Taking θ = ϑ = 0 (cf. (11.11)) gives the classical equations for determining the

ρp,

ρ1 = δρ0, ρp+1 − δρp = ρp − δρp−1 (p ≥ 1)

where δ = α/β. This forces ρp = δ pρ0, and since we need
∑∞

0 ρp = 1 it follows

that necessarily α < β and that under this condition ρp is given by (11.12).

The equations (11.19), (11.20) and (11.21) show that for p ≥ 1, L p (θ, ϑ) is

determined once L p (θ, 0) , L p (0, ϑ) for p ≥ 1 and L D
1 (θ) have been found. So the

next step is of course to take θ = 0, respectively ϑ = 0 in the three equations. This

gives

− (ϑ + α + β)
(

L1 (0, ϑ)+ L D
1 (ϑ)

)
+ αρ0 + βρ2 = 0, (11.22)

− (θ + α + β)
(

L1 (θ, 0)+ L D
1 (θ)

)
+ αρ0 + βL2 (θ, 0) = 0, (11.23)

− (ϑ + α + β) L2 (0, ϑ)+ α
(

L1 (0, ϑ)+ L D
1 (ϑ)

)
+ βρ3 = 0, (11.24)

− (ϑ + α + β) L p (0, ϑ)+ αL p−1 (0, ϑ)+ βρp+1 = 0, (11.25)

− (θ + α + β) L p (θ, 0)+ αρp−1 + βL p+1 (θ, 0) = 0. (11.26)
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with (11.25) valid for p ≥ 3 and (11.26) valid for p ≥ 2. Here (11.22) immediately

gives

L1 (0, ϑ)+ L D
1 (ϑ) =

αρ0 + βρ2

ϑ + α + β = ρ1
α + β

ϑ + α + β (11.27)

and (11.24) and (11.25) can then be used to determine L p (0, ϑ) recursively leading

to

L p (0, ϑ) = ρp

(
α

ϑ + α +
βϑ

(ϑ + α + β) (ϑ + α)

(
β

ϑ + α + β

)p−1
)

(p ≥ 2)

(with the expression on the right for p = 1 in fact equal to L1 (0, ϑ) + L D
1 (ϑ) as

given by (11.27)).

In order to determine L p (θ, 0) we rewrite (11.26) as

L p+1 (θ, 0) =
θ + α + β

β
L p (θ, 0)− ρp (p ≥ 2) ,

which implies that (recall that ρp = (1− δ) δ p)

L p (θ, 0) = γ p−2L2 (θ, 0)− (1− δ) γ p−1
p−1∑

k=2

(
δ

γ

)k

= γ p−2

⎛
⎜⎝L2 (θ, 0)−

ρ2

γ

1−
(
δ
γ

)p−2

1− δ
γ

⎞
⎟⎠ (p ≥ 2) ,

where γ = (θ + α + β) /β, δ = α/β. But γ > 1 and since L p (θ, 0) ≤ ρp ≤ 1 and

δ/γ < 1, as p →∞ this forces

L2 (θ, 0) = ρ2
1

γ − δ = ρ2
β

θ + β (11.28)

and

L p (θ, 0) = ρp

1

γ − δ = ρp

β

θ + β (p ≥ 3) .

It still remains to find L1 (0, ϑ) , L1 (θ, 0) , L D
1 (θ) and L0 (θ) (with the latter

directly obtainable from (11.18) once the others have been found) and for this the un-

used equations (11.22) and (11.23) are simply not enough! But using the full generator

(11.4) and (11.5) on the function

h p (a, s) = 1p=1,a=s e−θa

and integrating Ah with respect to � gives
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− (θ + α + β) L D
1 (θ)+ αρ0 = 0

proving (11.15). Then (11.22) gives

L1 (0, ϑ) = ρ1
α

ϑ + α + β

while inserting the expressions (11.28) for L2 (θ, 0) and (11.15) for L D
1 (θ) into

(11.23) yields

L1 (θ, 0) = ρ1
αβ

(θ + α + β) (θ + β) .

Inserting this together with (11.15) into (11.18) implies (11.13).

It is now straightforward to complete the proof using (11.19), (11.20) and (11.21)

and the findings so far to obtain (11.14) and (11.16). �

Remark 11.1.1 The partial Laplace transforms found in Theorem 11.1.1 are easily

recognizable in particular when ϑ = 0. For instance one finds the following properties

of the distribution of the time since last arrival At0 for an arbitrary t0 when the system

is in equilibrium (was started with initial distribution �):

(i) given Kt0 = 0, the distribution of At0 is the convolution of two exponential

distributions with rates α and β respectively;

(ii) given Kt0 = p ≥ 1, the distribution of At0 is exponential at rate β (the service

rate, not the arrival rate!);

(iii) combining (i) and (ii) it follows that At0 has Laplace transform

(1− δ) αβ

(θ + α) (θ + β) + δ
β

θ + β =
α

θ + α ,

i.e., At0 is exponential at rate α (the arrival rate). Since (At ) is the backward

recurrence time process for a renewal process with rate α exponential interarrival

times, this could also have been seen directly from Example 7.8.3.

Taking θ = 0 in (11.15) one finds

(iv) given Kt0 = 1, the probability that this single customer arrived at an empty

queue is β
α+β .

The service time St0 in equilibrium is not so simple, but

(v) given Kt0 = 1, St0 is exponential at rate α + β;

and after some calculations

(vi) given Kt0 ≥ 1, St0 is exponential at rate β.
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(For the verification of (vi) and some of the other results above, remember that

p = 1 is special and that L1 (θ, 0)+ L D
1 (θ) or L1 (0, ϑ)+ L D

1 (ϑ) should be used).

The description of the PDMP determining the GI/G/1 queue described above

looked back in time: time since most recent arrival and time since present service

started. But it is also possible to define another homogeneous PDMP X̃ that looks

forward in time by using as marks (the states reached by each jump) the time to the

next arrival whenever a new arrival occurs and the time to the completion of service

whenever a new service starts; cf. the discussion in Subsection 7.4.1 of the forward

recurrence time process associated with a renewal process.

The states for X̃ are either pairs (0, ã) (the queue empty, time ã > 0 left until

the next arrival) or triples (p, ã, s̃) for p ≥ 1, ã > 0, s̃ > 0 (p customers in the

queue including the customer presently being serviced, time ã remaining until the next

arrival, time s̃ remaining of the service time for the customer being serviced). Formally

X̃ is described as the homogeneous PDMP with piecewise deterministic behaviour

φ̃t (0, ã) = (0, ã − t) (0 ≤ t < ã) ,

φ̃t (p, ã, s̃) = (p, ã − t, s̃ − t) (p ≥ 1, 0 ≤ t < ã ∧ s̃)

and with jump times T̃n and marks Ỹn = X̃ T̃n
whose joint distribution is determined

by the following Markov kernels corresponding to an arbitrary initial state x̃0 where

we write z̃n =
(̃
t1, . . . , t̃n; ỹ1, . . . , ỹn

)
with ỹn = (0, ãn) or ỹn = (pn, ãn, s̃n) for

p ≥ 1: for z̃n such that all t̃k+1 = t̃k + (̃ak ∧ s̃k) (no other z̃n are relevant),

P
(n)
z̃n |̃x0

=
{

ε̃tn+ãn
if pn = 0,

ε̃tn+(̃an∧̃sn) if pn ≥ 1,

and with z̃n as above and t = t̃n + (̃an ∧ s̃n) ,

π
(n)
z̃n ,t |̃x0

=

⎧
⎪⎪⎨
⎪⎪⎩

the distribution of (1,U, V ) if pn = 0,

ε(0,̃an−̃sn) if pn = 1, s̃n < ãn,

the distribution of (pn + 1,U, s̃n − ãn) if pn ≥ 1, ãn < s̃n,

the distribution of (pn − 1, ãn − s̃n, V ) if pn ≥ 2, s̃n < ãn,

where U and V are independent random variables such that U has hazard function α

and V has hazard function β. Note that cases with ãn = s̃n are ignored as may be

done since with continuous distributions for the interarrival and service times there is

probability 0 that the time to next arrival ever equals the remaining service time (unless

of course one deliberately chooses x̃0 with p0 ≥ 1 and ã0 = s̃0, so for convenience,

assume that this is not the case). That X̃ is indeed a homogeneous PDMP follows from

Theorem 7.3.2 (b).

For the model just discussed, the service time for a customer was attached to that

customer only when service started. Yet another version of a forward looking PDMP

describing the GI/G/1 queue may be obtained by associating the service time for each

customer with the customer immediately upon arrival. The state space and mark space

now consists of pairs (0, ã) as above and, for p ≥ 1, of vectors
(

p, ã, s̃1, . . . , s̃p

)
with

p the number of customers in the queue, ã the time remaining until the next arrival
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and
(
s̃1, . . . , s̃p

)
the remaining service times for the p customers in the queue listed

in their order of arrival so that s̃1 is the remaining time of service for the customer

being serviced — and the s̃k for k ≥ 2 is the complete service time required to handle

customer k. One now finds

φ̃t (0, ã) = ã − t, φ̃t

(
p, ã, s̃1, . . . , s̃p

)
=
(

p, ã − t, s̃1 − t, s̃2, . . . , s̃p

)

and, with ỹn =
(

pn, ãn, s̃1,n, . . . , s̃pn ,n

)
,

P
(n)
z̃n |̃x0

=
{

ε̃tn+ãn
if pn = 0,

ε̃tn+(̃an∧̃s1,n) if pn ≥ 1,

whenever all t̃k+1 = t̃k +
(
ãk ∧ s̃1,k

)
, and when t = t̃n +

(
ãn ∧ s̃1,n

)
,

π
(n)
z̃n ,t |̃x0

=

⎧
⎪⎪⎨
⎪⎪⎩

the distribution of (1,U, V ) (i),

ε(0,̃an−̃s1,n) (ii),

the distribution of
(

pn + 1,U, s̃1,n − ãn, s̃2,n, . . . , s̃pn ,n, V
)

(iii),

ε(pn−1,̃an−̃sn ,̃s2,n ,... ,̃spn ,n)
(iv),

with U and V as above and the four cases corresponding to (i) pn = 0, (ii) pn = 1,

s̃1,n < ãn, (iii) pn ≥ 1, ãn < s̃1,n and (iv) pn ≥ 2, s̃1,n < ãn respectively.

A particularly relevant feature of the corresponding PDMP X̃ with

X̃ t =
(
Kt , Ãt , S̃1,t , . . . , S̃Kt ,t

)

is that it in a natural fashion incorporates the socalled virtual waiting time,

Vt =
Kt∑

k=1

S̃k,t ,

the remaining amount of work required to handle the customers in the system at time

t.

11.2 Network models

An open Jackson network consists of a number J ≥ 1 of nodes, each with a single

server, with new (external) customers arriving at a randomly chosen node and moving

randomly from node to node before leaving the system. Each visit to a node requires

the customer to queue there before being serviced and moving on to the next node or

exiting the network.

In its classical form, the network is modeled as a time-homogeneous Markov chain

K = (K1, . . . , K J )with state space NJ
0 .Here K j,t is the number of customers waiting

at node j (including the customer being serviced) and the intensity matrix Q =
(
qpp′

)

has the following structure: qpp = −
∑

p′ �=p qpp′ and for p,p′ ∈ NJ
0 with p �= p′ the

only non-zero off-diagonal elements of Q are
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qpp′ =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

α j if p′ =
[

p j + 1
]
,

(external arrival at j),

β jγ j if p j ≥ 1 and p′ =
[

p j − 1
]
,

(completion of service and exit from j),

β jγ jk if j �= k, p j ≥ 1 and p′ =
[

p j − 1, pk + 1
]
,

(completion of service at j, move to k).

(11.29)

Notation. The bracket notation [·] is used to denote a vector p′ =
(

p′1, . . . , p′J
)

that

differs from p = (p1, . . . , pJ ) only on the coordinates indicated and in the way

described within the brackets, e.g., p′ =
[

p j − 1, pk + 1
]

is given by p′j = p j − 1,

p′k = pk + 1 and all other p′l = pl .

In (11.29) α j is the (external) arrival intensity at node j, β j is the service intensity

at j and γ jk for 1 ≤ j, k ≤ J is the probability that a customer that has completed

service at j moves on to k, while γ j is the probability that a customer having com-

pleted service at j exits from the network. We shall require the parameters of the

model to satisfy that all α j ≥ 0, all β j > 0, all γ j ≥ 0, γ jk ≥ 0, γ j j = 0 with all

γ j +
∑

k γ jk = 1 together with the free movement conditions that it is possible to exit

eventually with the customer having visited any given node,

∀ j ∃n, j1, . . . , jn : γ j j1γ j1 j2 · · · γ jn−1 jnγ jn > 0, (11.30)

and that it is possible for externally arriving customers to visit any node,

∀ j ∃n, j0, . . . , jn : α j0γ j0 j1γ j1 j2 · · · γ jn−1 jnγ jn j > 0.

The assumption (11.30) implies that the matrix I − Ŵ, where Ŵ =
(
γ jk

)
, is non-

singular. In particular the set

ζ j = α j +
J∑

k=1

ζkγk j (1 ≤ j ≤ J ) (11.31)

of equations has a unique solution vector
(
ζ j

)
of so-called throughput rates with, in

fact, all ζ j > 0. The following remarkably simple result then holds:

Proposition 11.2.1 The open Jackson network K has an invariant distribution ρ if

and only if ζ j < β j for all 1 ≤ j ≤ J, and in this case

ρp =
J∏

j=1

(
1− ζ j

β j

)(
ζ j

β j

)p j (
p = (p1, . . . , pJ ) ∈ NJ

0

)
. (11.32)

In other words, with the network in equlibrium the distribution of any Kt is such

that the coordinates K j,t are independent, each following a geometric distribution.

(Taking J = 1, the result states that the M/M/1 queue has an invariant distribution iff

α < β in which case ρ is geometric; cf. (11.12)).

We shall not give a detailed proof of Proposition 11.2.1, but various aspects of the

result will be discussed below in a more general setup.
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Exercise 11.2.1 Show that with
(
ζ j

)
the solution to (11.31) and assuming that all

ζ j < β j , then ρ defined by (11.32) is invariant, i.e., show that

∑

p′∈NJ
0

ρp′qp′p = 0

for all p ∈ NJ
0 .

In the network model discussed so far, external arrivals at each node j occurs

according to a Poisson process with rate α j with the J arrival processes indepen-

dent. Also, all service times are independent and independent of the arrival pro-

cesses, with the service times at node j exponential at rate β j . We shall now dis-

cuss more general models that become homogeneous PDMPs when incorporating for

each j , ‘the time since last arrival’ and ‘the time since service began’; cf. the dis-

cussion of the GI/G/1 queue in the preceding section. Thus we shall obtain a process

X = (K,A,S) with K =
(
K j

)
1≤ j≤J

the queue lengths at the different nodes as be-

fore, and A =
(

A j

)
1≤ j≤J

and S =
(
S j

)
1≤ j≤J

where A j is the process giving the

time since the most recent ‘arrival’ at j, S j is the process giving the time since the

present service (if any, i.e., if K j,t ≥ 1) began. The state space G consists of elements

x = (p, a, s) with p ∈ NJ
0 , a ∈ RJ

0 and s ∈ RJ
0 when all p j ≥ 1 and s j omitted if

p j = 0.

It is obvious that the deterministic behaviour of X is given by

φt (p, a, s) = (p, a+ t1, s+ t1)

writing 1 for the appropriate vector of 1’s. Trivially the φt satisfy the semigroup prop-

erty (7.28), so to complete the PDMP description it suffices to define the total intensity

q (p, a, s) for a jump and the jump probabilities r ((p, a, s) , ·) .
The interpretation of K,A and S makes it clear that from any (p, a, s) it is only

possible to jump to finitely many other states:

(i) if an external customer arrives at j,

(p, a, s) −→
{([

p j + 1
]
,
[
0 j

]
, s
)

if p j ≥ 1,([
1 j

]
,
[
0 j

]
,
[
0 j

])
if p j = 0;

(ii) if a customer completes service at j and then exits the network, provided p j ≥ 1,

(p, a, s) −→
{([

p j − 1
]
, a,

[
0 j

])
if p j ≥ 2,([

0 j

]
, a, s\ j

)
if p j = 1;

(iii)if a customer completes service at j and then moves to k �= j, provided p j ≥ 1,

and if pk ≥ 1 (if pk = 0 the service time at k in (11.33) and (11.34) should be

reset to 0)

(p, a, s) −→
{([

p j − 1, pk + 1
]
, a,

[
0 j

])
if p j ≥ 2,([

0 j , pk + 1
]
, a, s\ j

)
if p j = 1,

(11.33)
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assuming that only external arrivals count as ‘arrivals’ when adjusting a, while if

all arrivals are included

(p, a, s) −→
{([

p j − 1, pk + 1
]
, [0k] ,

[
0 j

])
if p j ≥ 2,([

0 j , pk + 1
]
, [0k] , s\ j

)
if p j = 1.

(11.34)

Notation. The bracket notation used earlier is now used for each of the three compo-

nents p, a and s. Also, s\ j is the vector obtained from s by omitting s j and retaining

s j ′ for all j ′ �= j.

With the jump structure prescribed, the q and r may be chosen quite arbitrarily

(one may have to worry about stability though), but to simplify we shall now focus

on the model where external arrivals at the nodes occur according to independent

renewal processes with all the service times independent and independent of all the

arrival processes, while the moves from node to node or from node to exit occurs

using time-independent transition probabilities γ jk and γ j (not depending on p nor

a nor s) exactly as in the simple network discussed earlier. Apart from the γ jk and

γ j , the model is described by the hazard functions α j

(
a j

)
for the distribution of the

interarrival times at the nodes j and the hazard functions β j

(
s j

)
for the distributions

of the service times at the various j. Since in particular only external arrivals should

affect the value of A, we use (11.33) and not (11.34) and obtain

q (p, a, s) =
J∑

j=1

(
α j

(
a j

)
+ β j

(
s j

)
1p j≥1

)
(11.35)

and, with x(i), x(ii), x(iii) the states reached by the jump described in cases (i), (ii) and

(iii) above, for given values of j and k �= j,

r
(
(p, a, s) ,

{
x(i)

})
=

α j

(
a j

)

q (p, a, s)
,

r
(
(p, a, s) ,

{
x(ii)

})
=
β j

(
s j

)
γ j

q (p, a, s)
1p j≥1, (11.36)

r
(
(p, a, s) ,

{
x(iii)

})
=
β j

(
s j

)
γ jk

q (p, a, s)
1p j≥1.

Exercise 11.2.2 Discuss the model using (11.34) instead of (11.33) but otherwise re-

taining (11.35) and (11.36). Discuss in particular how the occurrence of external ar-

rivals is affected by the change. In the basic case discussed earlier where all the func-

tions α j and β j are constant, show that K is the same Markov chain whether (11.33)

or (11.34) is used.

Exercise 11.2.3 It is intuitively clear that with the model just defined (using (11.33)),

A =
(

A j

)
is itself a time-homogeneous PDMP with, assuming e.g., that X started

from a given (but arbitrary) state, the coordinate processes A j independent and each

A j a backward recurrence time process as in Subsection 7.4.1. Give a formal proof of

this by finding the FX
t -compensating measure for the RCM describing the jump times

and jumps for A.
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Using (11.35) and (11.36) one finds that the infinitesimal generator for X =
(K,A,S) has the form (cf. (7.64))

Ah (p, a, s) =
J∑

j=1

(
Da j

h (p, a, s)+ Ds j
h (p, a, s)

)
(11.37)

+
J∑

j=1

α j

(
a j

) (
h
([

p j + 1
]
,
[
0 j

]
, s∗
)
− h (p, a, s)

)

+
J∑

j=1

β j

(
s j

)
γ j

(
h
([

p j − 1
]
, a, s∗∗

)
− h (p, a, s)

)
1p j≥1

+
J∑

j,k=1

β j

(
s j

)
γ jk

(
h
([

p j − 1, pk + 1
]
, a, s∗∗∗

)
− h (p, a, s)

)
1p j≥1

where

s∗ =
{

s if p j ≥ 1[
0 j

]
if p j = 0,

s∗∗ =
{[

0 j

]
if p j ≥ 2

s\ j if p j = 1,

and

s∗∗∗ =

⎧
⎪⎪⎨
⎪⎪⎩

[
0 j

]
if p j ≥ 2, pk ≥ 1,[

0 j , 0k

]
if p j ≥ 2, pk = 0,

s\ j if p j = 1, pk ≥ 1,(
s\ j , [0k]

)
if p j = 1, pk = 0.

The description of the network model X = (K,A,S) makes it possible to discuss

when the network is in equilibrium, i.e., one may look for conditions ensuring that

there is an invariant distribution. By Exercise 11.2.3 A is itself a PDMP, hence a nec-

essary condition for an invariant distribution to exist for X is that A on its own has

one, and from Example 7.8.3 it follows that this happens iff

ξA, j =
∫ ∞

0
exp

(
−
∫ a

0
α j

)
da <∞

for all j, as we assume from now on. Also, cf. Exercise 11.2.3, the invariant distri-

bution for A is the product of the invariant distributions for the bcakward recurrence

time processes A j so that in equlibrium each A j,t for t ≥ 0 has density

1

ξA, j

exp

(
−
∫ a

0
α j

)
. (11.38)

Now use (11.37) to compute Ah for the very special case h (p, a, s) = p j0 for an

arbitrary j0. The end result is

Ah (p, a, s) = α j0

(
a j0

)
− β j0

(
s j0

)
1p j0

≥1 +
J∑

j=1

β j

(
s j

)
γ j j01p j≥1
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and believing that if an invariant distribution ρ for X exists, then

∫

G

ρ (dp,da,ds) Ah (p, a, s) = 0

(since h is not bounded and Ah need not be bounded, we cannot use Theorem 7.8.2

directly), one finds that for any t, writing

ζ j = Eρ
[
β j

(
S j,t

)
; K j,t ≥ 1

]
, (11.39)

it holds that

ζ j0 =
1

ξA, j0

+
J∑

j=1

ζ jγ j j0 , (11.40)

where it was used that by (11.38),

Eρα j0

(
A j0,t

)
=
∫ ∞

0
α j0 (a)

1

ξA, j0

exp

(
−
∫ a

0
α j0

)
da = 1

ξA, j0

.

The equations (11.40) for j0 varying have exactly the same structure as (11.31),

hence assuming a suitably adjusted version of the conditions for free movement on

p. 288, there is a unique solution vector
(
ζ j

)
of throughput rates with all ζ j > 0.

In the special case with all the functions α j and β j constant, we have ξ j0 = 1/α j0

and recover (11.31) and furthermore recognize, using (11.39), that the ζ j from (11.31)

satisfy

ζ j = β j Pρ
(
K j,t ≥ 1

)
.

Starting from any fixed initial state x = (p, a, s) it is easy to see that P|x
(
K j,t = 0

)
>

0 for any t > 0; hence we deduce as part of the assertions from Proposition 11.2.1 that

if ρ exists necessarily ζ j < β j and in this case

Pρ
(
K j,t = 0

)
= 1− ζ j

β j

in agreement with (11.32).

In the general case, ζ j has an interesting interpretation: suppose that X starts from

a given state x, let µ =
∑

n ε(Tn ,Yn) be the RCM that registers the jump times Tn and

the marks (jumps)

Yn = XTn =
(
KTn ,ATn

,STn

)

for X, and consider for an arbitrary j, the counting process N arr
j counting all arrivals

(external and internal) at node j, i.e.

N arr
j,t =

∫

]0,t]×G

1(p j=K j,u−+1) µ (du, (dp, da, ds)) .
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By (7.32), (11.35) and (11.36) the FX
t -compensator for N arr

j is

�arr
j,t =

∫ t

0

(
α j

(
A j,u

)
+

J∑

k=1

βk

(
Sk,u

)
γk j 1(Kk,u≥1)

)
du ,

and hence

E|x N arr
j,t =

∫ t

0

(
E|xα j

(
A j,u

)
+

J∑

k=1

E|x
[
βk

(
Sk,u

)
; Kk,u ≥ 1

]
γk j

)
du.

Assuming that the invariant distribution ρ exists and integrating x with respect to ρ

and using (11.40) now yields the identity

EρN arr
j,t = tζ j

with the ζ j given by (11.39). Thus ζ j is the average time rate (throughput rate) at

which customers, external as well as internal, arrive at j, and if these customers are

to be handled successfully in equilibrium it is at least intuitively clear that in order

for ρ to exist it is necessary (and with constant α j , β j , also sufficient according to

Proposition 11.2.1) that

ζ j <
1

ξS, j

for all j, where

ξS, j =
∫ ∞

0
exp

(
−
∫ s

0
β j

)
ds

is the expected service time for customers at node j.

We shall not discuss further the question of stationarity for the general network

model, only note in passing that for establishing necessary and sufficient conditions

for stationarity in a rigorous manner, Theorem 7.8.9 might be useful (but in contrast

with the case for the GI/G/1 queue, the simpler Corollary 7.8.10 cannot be used).

The main point of the discussion has been to emphasize that because the model is

formulated as a homogeneous PDMP, it is immediately clear what it means for it to be

in equilibrium, and to indicate at least, how the results from Section 7.8 may be used

to study properties of the invariant probability when it exists.





A

Differentiation of Cadlag Functions

Let A be a positive measure on (R0,B0) such that A(t) := A ([0, t]) < ∞ for all t

and A(0) = 0. Let f be a Borel function on R0 such that
∫

]0,t] | f | d A <∞ for all t,

and define

F(t) =
∫

]0,t]
f (s) A(ds). (A.1)

Clearly F is cadlag (right-continuous with left limits), F(0) = 0 and F inherits the

following properties of A: (i) if for some s < t, A(s) = A(t) also F(s) = F(t) (and

F is constant on ]s, t]); (ii) if �F(t) �= 0 also �A(t) > 0.

It is natural to say that F is absolutely continuous with respect to A with Radon–

Nikodym derivative f. For us it is of particular interest that the derivative may be

computed in a certain way.

For K ∈ N, write Ik,K =
]
(k − 1) /2K , k/2K

]
for k = 1, 2, . . . . Also, for any

R-valued function g on R0, define for k ∈ N0, K ∈ N, gk,K = g
(

k
2K

)
and gK as the

function

gK (t) =
∞∑

k=1

1Ik,K
(t)

gk,K − gk−1,K

Ak,K − Ak−1,K

with the convention 0
0 = 0.

Proposition A.0.1 If F is given by (A.1), then limK→∞ FK (t) = f (t) for A-a.a. t

and limK→∞
∫

]0,t] |FK − f | d A = 0 for all t.

Proof. Suppose that A is a probability measure and that
∫
R0
| f | d A < ∞ and let

GK = σ
(
Ik,K

)
k≥1

. Then EA [ f |GK ] = FK , hence (FK )K≥1 is a uniformly inte-

grable martingale on (R0,B0, A) converging A-a.e. (and in L1(A)) to EA [ f |G∞ ]

where G∞ is the smallest σ -algebra containing all the GK ,i.e., G∞ = B0 so that

EA [ f |G∞ ] = f.

The argument obviously applies also if A is a bounded measure with
∫
| f | d A <

∞, and for general A and f with
∫

[0,t] | f | d A <∞ for all t, by e.g., considering the
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restriction of A to [0, t0] for an arbitrarily large t0, it is seen that the A-a.e. convergence

and the L1-convergence on [0, t0] remains valid. �

Now let F : R0 → R be a cadlag function, but not a priori of the form (A.1). We

say that F is (pointwise) differentiable with respect to A if

(i) whenever A(s) = A(t) for some s < t, also F(s) = F(t);

(ii) whenever �F(t) �= 0 also �A(t) > 0;

(iii) limK→∞ FK (t) = f (t) exists for A-a.a. t.

We then call f the derivative of F with respect to A, and write f = DA F. In

particular, Proposition A.0.1 states that the integral (A.1) is differentiable with respect

to A with derivative f.

Proposition A.0.2 If the cadlag function F is pointwise differentiable with respect to

A with DA F = f, then a sufficient condition for

F(t) = F(0)+
∫

]0,t]
f (s) A(ds) (t ∈ R0) (A.2)

to hold is that f be bounded on finite intervals and that there is a function g ≥ 0,

bounded on finite intervals, such that

|F(t)− F(s)| ≤
∫

]s,t]

|g| d A (A.3)

for all s < t.

Note. Clearly (A.3) is necessary for (A.2) to hold: take g = f.

Proof. Given t, write tK =
[
2K t

]
/2K (where [x] is the integer part of x), t ′K =

tK + 1
2K . Using (A.3) we find for s ≤ t,

|FK (s)| ≤
∞∑

k=1

1Ik,K (s)

∫
Ik,K
|g| d A

Ak,K − Ak−1,K
≤ sup

[0,t]

|g|

and hence, by dominated convergence,

∫

]0,t]
f d A = lim

K→∞

∫

]0,t]
FK d A.

But
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∫

]0,t]
FK d A =

∞∑

k=1

(
Fk,K − Fk−1,K

) A
(

k
2K ∧ t

)
− A

(
k−1
2K ∧ t

)

Ak,K − Ak−1,K

=

[
2K t

]
∑

k=1

(
Fk,K − Fk−1,K

)
+
(
F
(
t ′K
)
− F (tK )

) A(t)− A (tK )

A
(
t ′K
)
− A (tK )

= F (tK )− F(0)+
(
F
(
t ′K
)
− F (tK )

)
(

1− A(t ′K )− A (t)

A
(
t ′K
)
− A (tK )

)

= F
(
t ′K
)
− F(0)−

(
F
(
t ′K
)
− F (tK )

) A
(
t ′K
)
− A(t)

A
(
t ′K
)
− A (tK )

where (i) above has been used for the second equality. Since F is right-continuous,

F
(
t ′K
)
→ F(t) as K → ∞. If �A(t) = 0, by (ii) F is continuous at t and so also

F (tK ) → F(t) and since the ratio involving the A-increments is bounded by 1, we

have convergence to F(t) − F(0) of the entire expression. If �A(t) > 0, let c be an

upper bound for |F | on [0, t + 1] and use

∣∣∣∣∣
(
F
(
t ′K
)
− F (tK )

) A
(
t ′K
)
− A(t)

A
(
t ′K
)
− A (tK )

∣∣∣∣∣ ≤ 2c
A
(
t ′K
)
− A(t)

�A(t)
→ 0

to again obtain convergence to F(t)− F(0). �

The following useful differentiation rule is easily proved: if F1, F2 are differen-

tiable with respect to A, so is the product F1 F2 and

DA (F1 F2) (t) = (DA F1) (t) F2 (t)+ F1 (t−) (DA F2) (t) . (A.4)

Note that this expression is not symmetric in the indices 1, 2. Switching between 1 and

2 gives an alternative expression for the same derivative. In practice, one expression

may prove more useful than the other. If the conditions from Proposition A.0.2 are

satisfied for (Fi , DA Fi ) , i = 1, 2, one obtains the partial integration formula

(F1 F2) (t) = (F1 F2) (0)+
∫

]0,t]
((DA F1) (s) F2 (s)+ F1 (s−) (DA F2) (s)) A(ds).





B

Filtrations, Processes, Martingales

We shall quickly go through some of the basics from the general theory of stochastic

processes. All results below are quoted without proofs.

A filtered probability space is a quadruple (�,F,Ft ,P), where (�,F,P) is a

probability space and (Ft )t≥0, the filtration, is an increasing family of sub σ -algebras

of F, Fs ⊂ Ft if s ≤ t. (Notation: ⊂ means ‘contained in or equal to’).

A probability space is complete if any subset of a P-null set is measurable: if

F0 ∈ F, P(F0) = 0, then F ∈ F for any F ⊂ F0.

A probability space (�,F,P) may always be completed: define N = {N ⊂ � :

∃N0 ∈ F with P(N0) = 0 such that N ⊂ N0}, and let F be the smallest σ -algebra

containing F and N . Then F = {F ∪ N : F ∈ F, N ∈ N } and P extends uniquely

to a probability P on (�,F) using the definition P(F) = P(F) for any F ∈ F and

any representation F = F ∪ N of F with F ∈ F, N ∈ N . The probability space

(�,F,P) is complete and is called the completion of (�,F,P).

A filtered probability space (�,F,Ft ,P) satisfies the usual conditions if (�,F,P)

is complete, if N ⊂ F0 where now N = {N ∈ F : P(N ) = 0}, and if the filtration is

right-continuous,

Ft = Ft+ (t ≥ 0),

where Ft+ :=
⋂

s>t Fs .

Much of the literature on process theory presents results and definitions, assuming

that the usual conditions are satisfied. In this book we do not make this assumption

and unless stated explicitly, it is not required in this appendix either. In the setup of

the main text filtrations are automatically right-continuous, but they are not then com-

pleted: this is relevant in particular for Section 4.2 and Proposition 4.2.1 there, where

the measurable structure on the canonical spaces of counting process paths and dis-

crete counting measures is discussed.

Let (G,G) be a measurable space. A stochastic process (in continuous time) with

state space (G,G), defined on (�,F,P), is a family X = (X t )t≥0 of random variables

X t : (�,F)→ (G,G). A stochastic process X is measurable, if the map

(t, ω) �→ X t (ω)
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from (R0 ×�,B0 ⊗ F) to (G,G) is measurable.

The filtration generated by the process X is the family (F X
t )t≥0 of σ -algebras,

where F X
t = σ(Xs)0≤s≤t .

A process X with a state space which is a measurable subspace of (Rd ,Rd) is

right-continuous if t �→ X t (ω) is right-continuous for all ω. Similarly, X is left-

continuous, cadlag, increasing, continuous if for allω, t �→ X t (ω) is respectively left-

continuous, cadlag (right-continuous with left limits), increasing (in each of the d−
coordinates), continuous. We shall say that X is e.g., a P-a.s. defined cadlag process

if there exists N ∈ F with P (N ) = 0 such that t �→ X t (ω) is cadlag for all ω ∈
�′ := �\N . In that case X may be viewed as a true cadlag process in our sense when

defined as a process on
(
�′,F ′,F ′,P′

)
where F ′ = F ∩ �′ =

{
F ∩�′ : F ∈ F

}
,

F ′t = Ft ∩�′ and P′ = P
(
· ∩�′

)
.

Let (�,F,Ft ,P) be a filtered probability space. A process X defined on (�,F,P)

is adapted if it is measurable and each X t : (�,F)→ (G,G) is Ft -measurable. X is

predictable (or previsible) if X0 is F0-measurable and the map (t, ω) �→ X t (ω) from

(R+×�,B+⊗F) to (G,G) is P-measurable, where P, the σ -algebra of predictable

sets, is the sub σ -algebra of B+ ⊗ F generated by the subsets of the form

]s,∞[× F (s ∈ R0, F ∈ Fs).

A predictable process is always measurable. Note that all sets of the form ]s, t] × F

or ]s, t[ × F for 0 ≤ s < t, F ∈ Fs are predictable. For the definition it is critically

important that the intervals above are open at the left endpoint s.

If X, X ′ are two processes on (�,F,P) with state space (G,G), they are versions

of each other if for all t, P(X t = X ′t ) = 1. They are indistinguishable if F0 :=⋂
t≥0

(
X t = X ′t

)
∈ F and P(F0) = 1.

Proposition B.0.3 Let X be a process on (�,F,Ft ,P) with state space (G,G) ⊂
(Rd ,Bd).

(i) If X is right-continuous or left-continuous, then X is measurable.

(ii) If X is right-continuous and each X t is Ft -measurable, then X is adapted.

(iii) If X is left-continuous and X t is Ft -measurable for all t, then X is predictable.

Notation used above: (G,G) ⊂ (Rd ,Bd) means that (G,G) is a measurable sub-

space of (Rd ,Bd).

We shall now proceed to define martingales and submartingales in continuous

time.

Let (�,F,Ft ,P) be a filtered probability space and let M, X be real valued pro-

cesses (state spaces ⊂ (R,B)).

Definition B.0.1 M is a martingale if for all t, E|Mt | < ∞, Mt is Ft -measurable

and

E [Mt |Fs] = Ms (0 ≤ s ≤ t).

X is a submartingale if for all t, E|X t | <∞, X t is Ft -measurable and
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E [X t |Fs] ≥ Xs (0 ≤ s ≤ t).

X is a supermartingale if −X is a submartingale.

The definition depends in a crucial manner on the underlying filtration. We shall

therefore include the filtration in the notation and e.g., write that (Mt ,Ft ) is a martin-

gale.

The next result describes transformations that turn (sub)martingales into sub-

martingales.

Proposition B.0.4 Let ϕ : R→ R be convex.

(a) If (Mt ,Ft ) is a martingale and E|ϕ(Mt )| < ∞ for all t, then (ϕ(Mt ),Ft ) is a

submartingale.

(b) If (X t ,Ft ) is a submartingale, φ is increasing (and convex) and E|ϕ(X t )| < ∞
for all t, then (ϕ(X t ),Ft ) is a submartingale.

Proposition B.0.5 Let (X t ,Ft ) be a submartingale.

(a) If t > 0 and D ⊂ [0, t] is at most countable, then for every x > 0

P

(
sup
s∈D

Xs > x

)
≤ 1

x
EX+t

P

(
inf
s∈D

Xs < −x

)
≤ 1

x

(
EX+t − EX0

)
.

(b) If in addition X is right-continuous or left-continuous, for all t ≥ 0, x > 0

P

(
sup
s≤t

Xs > x

)
≤ 1

x
EX+t

P

(
inf
s≤t

Xs < −x

)
≤ 1

x
(EX+t − EX0).

Let D ⊂ R0 , and let f : D → R be a function. For a < b ∈ R, the number of

upcrossings from a to b for f on D is defined as

βD( f ; a, b) = sup {n ∈ N0 : ∃t1 < t2 < · · · < t2n ∈ D

with f (t2k−1) < a < b < f (t2k), 1 ≤ k ≤ n}

with sup ∅ = 0. The following analytic fact is a basic tool for establishing the main

theorem on continuous time martingales. Here and in the statement of the theorem,

the argument q is always understood to be rational, q ∈ Q0, such that e.g., limq→t is

a limit through q ∈ Q0.

Lemma B.0.6 Let f : Q0 → R.

(a) The following two conditions are equivalent:
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(i) the limits

f (t+) := lim
q→t, q>t

f (q), f (t−) := lim
q→t, q<t

f (q)

exists as limits in R, simultaneously for all t ∈ R0 in the case of f (t+) and

for all t ∈ R+ in the case of f (t−).
(ii) βQ0∩[0,t]( f ; a, b) <∞ (t ∈ R0, a < b ∈ R).

(b) If (i), (ii) are satisfied, then the function t �→ f (t+) from R0 to R is cadlag.

Note that (ii) holds for all t ∈ R0, a < b ∈ R iff it holds for all t = N ∈ N, a <

b ∈ Q, the latter imposing only a countable infinity of conditions.

In order to show that there are finitely many upcrossings, one uses the classical

upcrossing lemma:

Lemma B.0.7 Let (X t ,Ft ) be a submartingale, let t ∈ R+ and let D ⊂ [0, t] be at

most countable. For all a < b ∈ R, βD(X; a, b) is then an Ft -measurable random

variable and

EβD(X; a, b) ≤
1

b − a
E(X t − a)+.

We are now ready to formulate the main theorem for martingales and submartin-

gales in continuous time.

Theorem B.0.8 (a) Let (Mt ,Ft ) be a martingale.

(i) For P-almost all ω the limits

Mt+(ω) := lim
q→t,q>t

Mq(ω), Mt−(ω) := lim
q→t,q<t

Mq(ω)

exists as limits in R, simultaneously for all t ≥ 0 in the case of Mt+(ω) and

for all t > 0 in the case of Mt−(ω). Moreover, for every t,

E|Mt+| <∞, E|Mt−| <∞.

(ii) For all t ≥ 0, E
[
Mt+|Ft

]
= Mt a.s., and for all 0 ≤ s < t, E

[
Mt |Fs+

]
=

Ms+ a.s. Moreover, for a given t ≥ 0, Mt+ = Mt holds a.s. if one of the

two following conditions is satisfied:

(*) Ft+ = Ft ,

(**) M is right-continuous in probability at t.
(B.1)

(iii) The process M+ := (Mt+)t≥0 defined by

Mt+ (ω) =
{

limq→t,q>t Mq(ω) if the limit exists and is finite

0 otherwise

for all ω ∈ �, t ≥ 0, satisfies that all Mt+ are Ft+-measurable and that

(Mt+,Ft+) is a P-a.s. defined cadlag martingale. Furthermore, if condition

(B.2) (∗∗ in (B.1) is satisfied for every t ≥ 0, then M+ is a version of M.
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(iv) If supt≥0 EM+
t <∞ or if supt≥0 EM−

t <∞, then

M∞ := lim
q→∞

Mq = lim
t→∞

Mt+

exists a.s. and E|M∞| <∞.

(b) Let X = (X t ,Ft ) be a submartingale.

(i) For P-almost all ω the limits

X t+(ω) := lim
q→t,q>t

Xq(ω), X t−(ω) := lim
q→t,q<t

Xq(ω)

exists as limits in R, simultaneously for all t ≥ 0 in the case of X t+(ω) and

for all t > 0 in the case of X t−(ω). Moreover, for every t,

E|X t+| <∞, E|X t−| <∞.

(ii) For all t ≥ 0, E
[
X t+|Ft

]
≥ X t a.s., and for all 0 ≤ s < t, E

[
X t |Fs+

]
≥

Xs+ a.s. Moreover, for a given t ≥ 0, X t+ ≥ X t holds a.s. if (B.2)(*) is

satisfied and X t+ = X t holds a.s. if (B.2)(**) is satisfied:

(*) Ft+ = Ft ,

(**) X is right-continuous in probability at t.
(B.2)

(iii) The process X+ := (X t+)t≥0 defined by

X t+ (ω) =
{

limq→t,q>t Xq(ω) if the limit exists and is finite

0 otherwise

for all ω ∈ �, t ≥ 0, satisfies that all X t+ are Ft+-measurable and that

(X t+,Ft+) is a P-a.s. defined cadlag submartingale. Furthermore, if condi-

tion (B.2) (∗∗) is satisfied for every t ≥ 0, then X+ is a version of X.

(iv) If supt≥0 EX+t <∞, then

X∞ := lim
q→∞

Xq = lim
t→∞

X t+

exists a.s. and E|X∞| <∞.

Note. A process V = (Vt )t≥0 is right-continuous in probability at t, if for every

sequence (tn) with tn ≥ t, limn→∞ tn = t it holds that Vtn → Vt in probability.

From Theorem B.0.8 (a), one immediately obtains the following result:

Corollary B.0.9 Let (Mt ,Ft ) be a cadlag martingale. Then (Mt ,Ft+) is also a cad-

lag martingale.

A classical and important result from the general theory of processes is
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Theorem B.0.10 (The Doob–Meyer decomposition theorem.) Let us suppose that

(�,F,Ft ,P) satisfies the usual conditions (!) and let X be a cadlag local submartin-

gale. Then there is up to indistinguishability a unique decomposition

X = X0 + M + A

where M is a cadlag local martingale with M0 = 0 a.s. and A is predictable, cadlag

and increasing with A0 = 0 a.s.

Local martingale and local submartingales are defined in Definition B.0.2 below.

We next proceed with a brief discussion of stopping times and the optional sam-

pling theorem.

Let (�,F,Ft ,P) be a filtered probability space. A map τ : �→ R0 is a stopping

time if

(τ < t) ∈ Ft (t ∈ R+).

Let τ be a stopping time and define

Fτ := {F ∈ F : F ∩ (τ < t) ∈ Ft for all t ∈ R+},

which is a σ -algebra. Note that if τ ≡ t0 for some t0 ∈ R0, then Fτ = Ft0+. Also, if

σ ≤ τ are stopping times, then Fσ ⊂ Fτ .

In view of the importance of the right-continuous filtration (Ft+) it should also be

noted that τ is a stopping time iff

(τ < t) ∈ Ft+ (t ∈ R+),

and that

Fτ := {F ∈ F : F ∩ (τ < t) ∈ Ft+ for all t ∈ R+}.

(To see this, just use that (τ < t) =
⋃∞

n=1(τ < t − 1
n
)).

If the filtration is right-continuous, Ft+ = Ft for all t, τ : �→ R0 is a stopping

time iff (τ ≤ t) ∈ Ft for all t ∈ R0 and Fτ = {F ∈ F : F ∩ (τ ≤ t) ∈ Ft for

all t ∈ R0}. On general filtered spaces such τ are called strict stopping times and are

special cases of stopping times.

If σ, τ are stopping times, so are σ ∧ τ, σ ∨ τ, σ + τ and h (σ, τ ) for any mea-

surable h : R
2
0 → R0 satisfying h (s, t) ≥ s ∨ t. Also if (τn)n≥1 is an increasing or

decreasing (everywhere on �) sequence of stopping times, then τ∞ = limn→∞ τn is

also a stopping time.

Now let X be an R-valued right-continuous process defined on (�,F,Ft ,P) and

let τ be a stopping time. Define the R-valued random variable Xτ by

Xτ (ω) =

⎧
⎪⎨
⎪⎩

Xτ(ω)(ω) if τ (ω) <∞,
lim

t→∞
X t (ω) if τ (ω) = ∞ and the limit exists in R,

0 if τ (ω) = ∞ and lim inft→∞ X t (ω) < lim supt→∞ X t (ω) .
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For stopping times τ such that P (τ = ∞) > 0 the definition is used mainly for pro-

cesses X such that the limit X∞ = limt→∞ X t (ω) exists a.s. and in that case

Xτ = X∞ a.s. on (τ = ∞) .

Lemma B.0.11 If X is an R-valued process which is right-continuous and adapted

and τ is a stopping time, then Xτ is Fτ -measurable.

For the statement of the next result, recall that a family (Ui )i∈I of real-valued

random variables is uniformly integrable if (i) supi∈I E |Ui | < ∞ and (ii)

limx→∞ sup
i∈I

∫
(|Ui |>x)

|Ui | dP = 0. In particular, (Ui ) is uniformly integrable if ei-

ther (a) there exists a random variable U ∈ L1 (P) such that P(|Ui | ≤ |U |) = 1 for all

i, or (b) there exists p > 1 such that (Ui ) is bounded in L p (P): supi∈I E |Ui |p <∞.

Theorem B.0.12 (Optional sampling).

(a) Let (Mt ,Ft ) be a cadlag martingale and let σ ≤ τ be stopping times.

If either of the following two conditions (i), (ii) is satisfied, then E|Mσ | < ∞,
E|Mτ | <∞ and

E [Mτ |Fσ ] = Mσ ; (B.3)

(i) τ is bounded.

(ii) (Mt )t≥0 is uniformly integrable.

(b) Let (X t ,Ft ) be a cadlag submartingale and let σ ≤ τ be stopping times.

If either of the following two conditions (i), (ii) are satisfied, then E|Xσ | < ∞,
E|Xτ | <∞ and

E [Xτ |Fσ ] ≥ Xσ ; (B.4)

(i) τ is bounded.

(ii) (X+t )t≥0 is uniformly integrable.

In view of Corollary B.0.9 one might in part (a) have assumed from the start

that (Mt ,Ft+) is a cadlag martingale, in which case (B.3) if σ ≡ t0 would read

E
[
Mτ |Ft0+

]
= Mt0 with the a.s. identity E

[
Mτ |Ft0

]
= Mt0 an immediate conse-

quence.

Note that if (aii) (or (bii)) holds, then M∞ = limt→∞ Mt (X∞ = limt→∞ X t )

exists a.s. (and in the case of M∞ also as a limit in L1 (P)). Thus, with (aii) satisfied

(B.3) holds for all pairs σ ≤ τ of stopping times, while if (bii) is satisfied (B.4) holds

for all pairs σ ≤ τ. In particular, if (aii) holds we may take τ ≡ ∞ in (B.3) and obtain

E [M∞|Fσ ] = Mσ

for all stopping times σ.

We finally need to discuss stopped processes and local martingales.

Let X be an R-valued, adapted, cadlag process and let τ be a stopping time. Then

X τ , X stopped at τ, is the process given by
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X τt := Xτ∧t .

Stopping preserves martingales: if M is a cadlag Ft -martingale and τ is a stopping

time, then Mτ is also an Ft -martingale. (Note that by optional sampling, for s < t

E
[
Mτ

t |Fτ∧s

]
= Mτ

s .

To obtain the stronger result

E
[
Mτ

t |Fs

]
= Mτ

s ,

one shows that if F ∈ Fs, then F ∩ (τ > s) ∈ Fτ∧s and therefore

∫

F

Mτ
t dP =

∫

F∩(τ>s)

Mτ
t dP+

∫

F∩(τ≤s)

Mτ dP

=
∫

F∩(τ>s)

Mτ
s dP+

∫

F∩(τ≤s)

Mτ
s dP

=
∫

F

Mτ
s dP).

Definition B.0.2 An adapted, R-valued cadlag process M is a local Ft -martingale

(an adapted, R-valued cadlag processX is a local Ft -submartingale) if there exists a

sequence (σn)n≥1 of stopping times, increasing to∞ a.s., such that for every n, Mσn

is a cadlag Ft -martingale (Xσn is a cadlag Ft -submartingale).

That (σn) increases to ∞ a.s. means that for all n, σn ≤ σn+1 a.s. and that

limn→∞ σn = ∞ a.s. The sequence (σn) is called a reducing sequence for the local

martingale M, and we write that M is a local Ft -martingale (σn) .

Clearly any martingale is also a local martingale (use σn ≡ ∞ for all n). If (σn) is a

reducing sequence and (ρn) is a sequence of stopping times increasing to∞ a.s., since

(Mσn )ρn = Mσn∧ρn it follows immediately that (σn ∧ ρn) is also a reducing sequence.

It is often important to be able to show that a local martingale is a true martingale.

This may be very difficult, but a useful criterion is the following:

Proposition B.0.13 Let M be a local Ft -martingale. For M to be an Ft -martingale

it is sufficient that for all t,

E sup
s:s≤t

|Ms | <∞. (B.5)

Warning. A local martingale M need not be a martingale even though E |Mt | <∞ for

all t. There are even examples of local martingales M that are not martingales although

the exponential moments E exp (θ |Mt |) are < ∞ for all t, θ ≥ 0. Thus moment

conditions on the individual Mt are not sufficient to argue that a local martingale is a

true martingale — some kind of uniformity as in (B.5) is required.
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Also classical is Karlin and Taylor [75] and [76] with discussion of a host of specific

types of models. For ‘le théorie generale des processus’ which although not used in

this book is at the core of the modern treatment of processes, Dellacherie and Meyer

[33] (the first eight chapters of their four volume work) is basic; a very fine overview is

given in Chapter I of Jacod and Shiryaev [65]. More recent comprehensive treatments

of stochastic processes are Gikhman and Skorokhod [45] and Rogers and Williams

[104] and, at a more basic level, Resnick [102] and Borovkov [13]. Two important

monographs focusing on general semimartingale theory are Liptser and Shiryaev [85]

and Protter [100].

Chapters 2 and 3

The construction of canonical simple and marked point processes given here follows

and extends the construction from Jacobsen [53] and [56]. An important exposition

of MPP theory, relying more on the general process theory than is done here, is Last

and Brandt [81]. Major references on general point processes (not necessarily indexed

by time) and random measures are Kallenberg [73] and Daley and Vere-Jones [27].

Reiss [101] demonstrates the relevance of point process theory to various applications

in statistics and stochastic geometry.

Chapter 4

Hazard measures are mostly discussed and used for absolutely continuous distribu-

tions, described by their hazard function. The general version appears e.g. in Chou and

Meyer [18], Jacod [60] (Lemma 3.5) or Appendix A5 of Last and Brandt [81]. It was

used also in Jacobsen [53]. The structure of adapted and predictable processes on the

canonical spaces presented in Proposition 4.2.1 is certainly part of the folklore, but is
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not widely used. Compensators and compensating measures appeared with the discus-

sion of Doob-Meyer decomposition of counting processes (which are trivial examples

of submartingales), see e.g. Boel et al [12] and the very important paper Jacod [60]

where compensating measures for marked point processes on general filtered spaces

are introduced. The key lemma 4.3.3 is certainly well known, but perhaps not often

used as explicitly and to the same extent as is done in this book. Major references on

general coupling constructions such as those underlying Proposition 4.3.5 and Corol-

lary 4.4.4 are Lindvall [83] and Thorisson [118]; for constructions referring directly

to point processes and processes with jumps, see e.g. Whitt [120] and Kwieciński and

Szekli [80]; also Section 9.3 of Last and Brandt [81] contains explicit coupling con-

structions of ‘jump processes’. The technique used in Sections 4.5 and 4.6 to show

that e.g. the ‘basic martingales’ are indeed (local) martingales, is taken from Jacobsen

[53] but has its origin in the study of ‘one-jump martingales’, see Section 1, ‘le cas el-

ementaire’ of Chou and Meyer [18]. The martingale representation theorem, Theorem

4.6.1, goes back to the mid 70s, e.g. Chou and Meyer [18], Jacod [60], Boel et al [12]

and Davis [28]; more general representations are in Jacod’s papers [61] and [62]. The-

orem 4.7.1 (Itô’s formula) relies on the explicit structure of adapted and predictable

processes on the canonical spaces, and is therefore rarely seen in this form. From the

point of view of the general theory of stochastic integration, the integrals from Section

4.6 are elementary since they can be defined directly. Excellent references for the gen-

eral theory, including general forms of Itô’s formula, are Rogers and Williams [104]

and Protter [100]. Section 4.8 on MPPs on general filtered probability spaces is quite

brief, for a much more extensive treatment see Last and Brandt [81].

There are several important topics from general point process theory that are not

treated in this book: (i) Palm probabilities, i.e. the description of the ‘conditional’

distribution of an MPP say, given that one of the jump times has a given value; this

is non-trivial since there is no interpretation within the world of ordinary conditional

distributions; see e.g. Section 1.3 of Franken et al [43], Chapter 10 of Kallenberg [73],

Chapter 12 (first edition) of Daley and Vere-Jones [27] or Section 1.3 of Baccelli and

Brémaud [7]. (ii) stationarity (which is discussed for piecewise deterministic Markov

processes in Chapter 7), see e.g. Sigman [114] and Thorisson [118]. (iii) thinning of

point processes, i.e. the omission of points from a point process by random selection,

see e.g. Chapter 8 of Kallenberg [73] or Section 9.3 of Daley and Vere-Jones [27]. (iv)

convergence of point processes, see e.g. Chapter 4 of Kallenberg [73] or Chapter 9 of

Daley and Vere-Jones [27] or Chapters V and VIII of Jacod and Shiryaev [65].

Chapter 5

Change of measure formulas originated with Girsanov [46] with van Schuppen and

Wong [107] giving an early generalisation of Girsanov’s ‘change of drift’ formula. For

MPPs, early references are Boel et al [12] and Jacod [60], and for certain processes

with jumps, Segall and Kailath [109]. More general results were given by Jacod and

Mémin [64] and in a series of papers [69], [70] and [71] by Kabanov, Liptser and

Shiryaev; see also Section III.5 of Jacod and Shiryaev [65]. Most of the formulas

are examples of the socalled Doleans-Dadé exponentials, Doleans-Dadé [34], see also
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Subsection I.4f of Jacod and Shiryaev [65]. It is well known how to change measure

using non-negative martingales as in Theorem 5.2.1(i); the version involving local

martingales, Theorem 5.2.1(ii), is possibly new.

Chapter 6

The discussion of independence in Section 6.1 is not standard and traditionally the

emphasis is more on superposition of independent point processess, e.g. Section 9.2

of Daley and Vere-Jones [27] or Section 1.5.1 of Baccelli and Brémaud [7]. Poisson

processes and their compensators are thoroughly studied and used as prime examples

of point processes in any textbook, but the curtailed Poisson processes (Definition

6.2.3(ii)) are certainly less well known, as is their relevance for the understanding of

counting processes with deterministic compensators. The Lévy processes appearing

in Section 6.2 are elementary in the sense that they have bounded Lévy measure. Two

recent and essential references on the theory of general Lévy processes are Bertoin [8]

and Sato [108]. Infinitely divisible point processes is a related topic not treated in this

book but is the theme of Matthes, Kerstan and Mecke [89], see also Chapters 6 and 7

of Kallenberg [73], Section 8.4 of Daley and Vere-Jones [27].

Chapter 7

Classical expositions of the theory of homogeneous Markov processes are [38] and

Blumenthal and Getoor [11]. Sharpe [111] is more recent and exploits general process

theory to the full. Non-homogeneous processes are not given the same attention, but

an early reference is Dynkin [37]. Chung [19] is the classic on homogeneous Markov

chains on a countable state space. Non-homogeneous chains are well studied when

they have transition intensities; for chains that do not, see Jacobsen [52]. The funda-

mental references for the definition and theory of PDMPs are the paper [29] and the

monograph [30] by Mark Davis. An even earlier little known dissertation Wobst [122]

contains possibly the first definition of homogeneous PDMPs. Davis’ work deals only

with homogeneous PDMPs where, apart from certain forced jumps, all conditional

jump time distributions have densities. The paper Jacod and Skorokhod [66], which

contains a vast amount of information on homogeneous PDMPs in particular, dispense

with the density assumption for their discussion of ‘jumping Markov processes’ and

‘jumping filtrations’ and for homogeneous PDMPs Theorem 7.3.2(b) is contained in

their Theorems 5 and 6. Example 7.3.1 is from Jacobsen and Yor [59] who introduced

the concept of ‘multi-self-similarity’. The strong Markov property is contained in Sec-

tion 25 of Davis [30]. The ‘full infinitesimal generator’ of Section 7.7 is essentially the

same as the ‘extended generator’ characterized by Davis [30], Theorem (26.14), but he

does not use the terminology ‘path-continuity’ and ‘path-differentiability’. Jacod and

Skorokhod [66] also include a subsection on general infinitesimal generators, martin-

gale structures etc. for the processes they consider. Itô’s formula for homogeneous

PDMPs is found in Theorem (31.3) of Davis [30]. Theorem 7.8.2 generalizes with the

proper definition of the generator and its domain to virtually all homogeneous Markov

processes. The remainder of the material in Section 7.8 has been prepared explicitly
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for this book, but is inspired by the technique of proving stationarity for processes in

general if they have a suitable regenerative structure, see e.g. Asmussen [3], Sigman

[114] and Thorisson [118]. For other results on stationarity of PDMPs, see e.g. Costa

[21] and Dufour and Costa [36]. Convergence to stationarity is not treated in Section

7.8, for how to do this using coupling methods, see the references just quoted and

Lindvall [83]. For stationarity of general state space homogeneous Markov chains in

discrete time, the indispensable reference is Meyn and Tweedie [93]; in [94] and [95]

they transfer some of their results to continuous time processes. The change of mea-

sure martingale from Example 7.9.1 is taken from Subsection 5.2 of Palmowski and

Rolski [98].

Among all piecewise deterministic processes, in this book the focus has been on

PDMPs. Other classes of processes with few jumps, and which are piecewise deter-

ministic, include Markov renewal processes and semi-Markov processes, see e.g. As-

mussen [3] 2nd edn, Section VII.4, and Markov additive models, ibid. Chapter XI.

The latter includes certain hidden Markov processes in continuous time; a very good

reference on hidden Markov models in discrete time is MacDonald and Zucchini [86].

The different chapters in Part II of the book serve to illustrate how the theory from

Part I may be used to study and understand different topics in mathematical statistics

and applied probability. This means that the contents appear more as examples rather

than surveys of the different topics, hence the references below are primarily aimed at

further reading.

Chapter 8, Survival Analysis

The use of martingale methods to define and study estimators of e.g. integrated hazard

functions go back to the fundamental paper Aalen [1]. Standard references on the use

of these and other probabilistic methods in survival analysis are Fleming and Harring-

ton [41] and the very comprehensive book [2] by Andersen, Borgan, Gill and Keiding.

For a detailed discussion of censoring patterns that agree with a nice martingale struc-

ture, see Jacobsen [55]. The Cox regression model, which is absolutely essential for

survival analysis, is due to Cox [24]. An excellent reference for the analysis of mul-

tivariate data is Hougaard [50], where more elaborate and sophisticated models are

treated than the ones discussed here, including models for longitudinal data, multi-

state models and frailty models. For the use of point process methods and martingale

techniques in the analysis of longitudinal data, see e.g. Scheike [106] and Martinussen

and Scheike [87] and [88].

A main reference for the theory of statistical inference for point processes on gen-

eral spaces is Karr [78] and, for stochastic processes in general, Liptser and Shiryaev

[84].
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Chapter 9

A branching process

The model discussed in Section 9.1 is a simple and special case of the classical type of

branching processes referred to as Crump-Mode-Jagers processes, where in particular

a life history of a very general nature is attached to each individual, see e.g. Jagers

[68]. Such a life history may include all sorts of characteristics of an individual and

not only the ages at which she gives birth and the age at death as in the example in

this book. Of particular interest are the socalled Malthusian populations which exhibit

an exponential expected growth, and where martingales may be used to evaluate the

a.s. asymptotic behaviour of the population when time t tends to∞.Modern branching

process theory deals not only with the classical type of models, but also has close

relations with the theory of random fields, random trees and particle systems. The

collection of papers edited by Athreya and Jagers [5] shows the variety of topics treated

by the modern theory. Among the most important classical monographs on branching

processes are Athreya and Ney [6] and Jagers [67].

Ruin probabilities

Ruin probabilities are now studied for very general risk models, see e.g. the compre-

hensive monographs Rolski et al [105] and Asmussen [4]. The results often involve

approximations and only a few exact results are known, especially when it comes to

the discussion of the distribution of the time to ruin. Combining martingales with op-

tional sampling is a standard technique and the first to exploit this for a model with

undershoot was Gerber [44], who found the ultimate ruin probability in the basic risk

model with Poisson arrivals and iid exponential claims, cf. Proposition 9.2.3. Recent

and much more general exact results based on martingale techniques can be found in

Jacobsen [57] and [58]. Both monographs Rolski et al [105] and Asmussen [4] include

discussions of the use of martingale techniques for solving ruin problems, but the fo-

cus is on other methods yielding approximate or exact results; in particular, for risk

models where claims arrive according to a renewal process, random walk techniques

including Wiener-Hopf factorizations prove especially powerful. Also important are

renewal theory techniques, which can be used to derive integro-differential equations

for quantities relating to ruin time distributions, and may also lead to exact expressions

for the socalled ‘double Laplace transform’ for the time to ruin (with one integration

performed with respect to the initial state of the risk process).

The soccer model

This is, apart possibly from the special case of the multiplicative Poisson model (see

(9.17)), definitely the author’s own invention! The multiplicative model was used as

an example in Jacobsen [54], and with an analysis of data from the English premier

league as Example 10.21 in Davison [31] (with the model refined to accomodate for

home team advantage).



314 Bibliographical Notes

Chapter 10, Finance

Most of the literature on mathematical finance deals with diffusion models or diffu-

sions with jumps. Cont and Tankov [20] is a very recent monograph on jump processes

and finance with the focus on models involving Lévy processes (with, in general, un-

bounded Lévy measures) and allowing also for a continuous part. The model from

Chapter 10 was chosen to illustrate how the MPP and PDMP theory could be used for

understanding concepts from mathematical finance in a simple jump process model

with the exposition essentially self-contained. The book Pliska [99] on discrete time

models served as the main inspiration. An early study of a model from finance with

jumps (diffusion with jumps) is given by Björk et al [10]. Otherwise all the definitions

and main results from Chapter 10 are of course standard with the results valid in much

greater generality, see e.g. Harrison and Pliska [49] and Delbaen and Schachermayer

[32]. Apart from these names, other good sources are the work of e.g. Björk, Eberlein,

Föllmer, Madan, Runggaldier and Schweizer. Recent monographs on mathematical fi-

nance include Björk [9], Föllmer and Schied [42], Karatzas and Shreve [74], Melnikov

[91], Musiela and Rutkowski [96] and Shiryaev [113]. And with the emphasis more

on the economic aspects, Merton [92] must be mentioned.

Chapter 11, Queueing

Some pertinent references on the huge literature on queueing theory are Franken et al

[43], Brémaud [15], Asmussen [3], Kalashnikov [72], Baccelli and Brémaud [7] and

Robert [103]. Jackson networks were introduced by Jackson [51]. More recent treat-

ments of Jackson and other networks in queueing theory include Kelly [79], Walrand

[119], Serfozo [110], Chao et al [16] and Chen and Yao [17]. A particularly important

issue in queueing theory is concerned with stability, and here one often uses methods

from random walk theory, regenerative processes (Asmussen [3]) and coupling tech-

niques (Baccelli and Brémaud [7]) rather than, as was done in Chapter 11, attempting

to view a given queueing system as a homogeneous Markov process and then checking

for the existence of an invariant distribution. A particularly interesting technique for

studying stability involves the existence of the socalled ‘fluid limits’, see e.g. Dai [25]

and Dai [26] which are also discussed in Robert [103], Chapter 9. Theorem 11.1.1 on

the three-dimensional invariant distribution for the M/M/1 queue is most likely known,

but the author does not have a reference.
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Notation Index

� f , the jumps for the function f , 12

εx , the probability degenerate at x , 5

ηn , the random variable on M defining the nth mark (jump), 42

ηn,s , the nth mark (jump) after time s, 56

θs , the shift by a fixed time s on W or M, 56

θ∗s , the translated shift by a fixed time s on W or M, 57

ϑk0 , the shift by τk0 on W or M, 57

�, the compensator for a CP, 96

λ◦, the intensity process for a probability on W , 63

�◦, the compensator for a probability on W , 51

�
◦
, the total compensator for a probability on M, 52

�(A), the compensator for N (A), 96

λ◦ (A), the intensity process for N ◦ (A) wrt a probability on M, 63

�◦ (A), the compensator for N ◦ (A) wrt a probability on M, 52

�◦ (S), the stochastic integral of S wrt L◦, 78

λ◦y , the intensity process for a probability on M wrt some reference measure, 63

µ, a RCM, 12

µ◦, the canonical RCM on M, 13

ξn , short for (τ1, . . . , τn) or (τ1, . . . , τn; η1, . . . , ηn), 42

ξ〈t〉, short for ξN◦t or ξN
◦
t
, 43

π
(n)
zn ,t

, the Markov kernels generating the marks (jumps) for an MPP (RCM), 23

π
(n)
zn ,t |x0

, the Markov kernels generating the jumps for a Markov chain, 147, or a PDMP,

156, initial state x0

τn , the random variable on W or M defining the time of the nth jump, 42

τn,s , the time of the nth jump after time s, 56

φst , the functions describing the deterministic behaviour of a PDMP, 153(
�

s,x
t

)
, a multiplicative functional for a PDMP, 207

φt , the functions describing the deterministic behaviour of a homogeneous PDMP, 154

ϕ, the map identifying K with W , 17 or KE with M

ψt (x, ·), the average t−1
∫ t

0 ps (x, ·) ds, 185
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(
 x

t

)
, a homogeneous multiplicative functional for a PDMP, 207

∇, the irrelevant mark, 10

a+, a−, positive and negative part of a number, function or process, 5

A, the infinitesimal generator for a homogeneous PDMP, 174

A, the full infinitesimal generator for a homogeneous PDMP, 179

A, the space-time generator for a homogeneous PDMP, 171

B, the Borel σ -algebra on R, 4. Variations B0,B+,B0,B+,Bd

CP, counting process, 11

cross (m0,m), switching from m0 to m, 60

DA, differentiation with respect to the function A, 298

Dt , ordinary differentiation, 5

E , expectation for a probability on the canonical spaces W and M, 5

E, expectation for a probability on a concrete space, 5

E, expectation for a probability on an abstract space, 5

(E, E), the mark space for an MPP or RCM, 4(
E ,E

)
, the extended mark space for an MPP or RCM, 10

E [U ; F], the integral
∫

F
U dP, 5

f
(n)
zn |x0

, the functions describing the piecewise deterministic behaviour of a PDP with

initial state x0, 25

f
〈t〉
ξ〈t〉|x0

, short for f

(
N
◦
t

)

ξ◦
N
◦
t

|x0
, 45

f
〈t−〉
ξ〈t−〉|x0

, short for f

(
N
◦
t−
)

ξ◦
N
◦
t−
|x0

, 45

f
〈t〉
Z〈t〉|x0

, short for f

(
N t

)

Z Nt
|x0

, 26

F
µ
t , the σ -algebras defining the filtration generated by an RCM µ, 95

FN
t , the σ -algebras defining the filtration generated by a CP N , 95

F X
t , the σ -algebras defining the filtration generated by a process X , 302

(G,G), the state space for a stochastic process, 4

H, the σ -algebra on W or M, 12,13

H, the σ -algebra on W or M, 12,15

Hτ , the pre-τ σ -algebra on W or M with τ a stopping time, 69

Ht , the σ -algebras defining the canonical filtration on W or M, 43(
J
(n)
E ,J

(n)
E

)
, the space of values of the first n + 1 jump times and n first marks for an

MPP, 22

join (zk, z̃n), combining the vectors zk and z̃n , 57,58

(K,K), the space of sequences of jump times for an SPP, 10(
K,K

)
, the space of sequences of jump times for an exploding SPP, 10

(KE ,KE ), the space of sequences of jump times and marks for an MPP, 11(
KE ,KE

)
, the space of sequences of jump times and marks for an exploding MPP, 11(

K(n),K(n)
)
, the space of the values of the n first jump times an SPP, 11(

K
(n)
E ,K

(n)
E

)
, the space of the values of the first n jump times and n marks for an MPP,

22
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L , the compensating measure for an RCM, 96

L◦, the compensating measure for a probability on M, 52

L, a likelihood process on W or M, 104

Lµ, the likelihood process for an RCM µ, 203

LX
|x0

, the likelihood process for a PDMP X with initial state x0, 204

m, an element of M, 13

m �t w, m dominated by w on [0, t], 62

M◦, the fundamental martingale measure for a probability on M, 79

[M], the quadratic variation for M , 84
〈M〉, the quadratic characteristic for M , 83

M, the space of discrete counting measures, 13

M, the space of exploding discrete counting measures, 15

Mτ , M stopped at the stopping time τ , 308〈
M,M ′〉, the cross characteristic between M and M ′, 83

MPP, marked point process, 10

M◦ (S), the stochastic integral of S wrt M◦, 79

N , a CP, 11

N0 = N∪ {0}, N0 = N0 ∪ {∞}, N = N ∪ {∞}, 12

N ◦, the canonical CP on W , 12

N , a CP counting the total number of jumps for an RCM, 14

N
◦
, the CP on M counting the total number of jumps, 14

N (A), a CP counting marks in A, 13

N ◦ (A), the CP on M counting marks in A, 14

N ◦ (S), the stochastic integral of S wrt µ◦, 78

N y , a CP counting marks = y, 15

P, a probability on a concrete space, 4

P , the predictable σ -algebra on W or M, 43, or on a general space, 302

P, a probability on an abstract space, 4

PDP, piecewise deterministic process, 25, if Markov PDMP

P
(n)
zn

, the Markov kernels generating the jump times for an SPP (CP), 18, or MPP

(RCM), 23

P
(n)

zn
, the survivor function for P

(n)
zn

, 19,23

P
(n)
zn |x0

, the Markov kernels generating the jump times for a Markov chain, 147, or a

PDMP, 155, initial state x0

pst (·, ·), the transition probabilities for a Markov process, 143

Pst , the transition operators for a Markov process, 145

pt (·, ·), the transition probabilities for a homogeneous Markov process, 144

Pt , the transition operators for a homogeneous Markov process, 145

Q, a probability on the canonical spaces W and M, 4,12,13

qt (x), the total intensity for a jump from x at time t for a Markov chain, 146, or a

PDMP, 154

qt (x, ·), the transition intensity from x at time t for a Markov chain, 146

R, 4. R0 = [0,∞[ , R+ = ]0,∞[ , R = [−∞,∞], R0 = [0,∞], R0 = ]0,∞]

RCM, random counting measure, 12
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rt (x, ·), the distribution of a jump from x at time t for a Markov chain, 146, or a

PDMP, 155

SPP, simple point process, 9

(Sy)y∈E , a predictable field of processes on M, 78

〈t〉, short for N t , 26

t†, the termination point for a distribution on R+, 34

T , an SPP, 9

T , an exploding SPP, 10

Tn , the time of the nth jump for an SPP or MPP, 9,10

T ◦n , the time of the nth jump for a canonical SPP or MPP, 10,11

(T ,Y), an MPP, 10(
T ,Y

)
, an exploding MPP, 11

w, an element of W , 12

W , the space of counting process paths, 12

w, an element of W , 12

W , the space of exploding counting process paths, 12

x � A, A can be reached from x , 187

Yn , the nth mark for an MPP, 10

Y ◦n , the nth mark for a canonical MPP, 11

zn , a vector (t1, . . . , tn) of n jump times, 18, or (t1, . . . , tn; y1, . . . , yn) of n jump

times and n marks, 22

Zn , short for (T1, . . . , Tn), 18, or (T1, . . . , Tn; Y1, . . . , Yn), 22

Z◦n , short for
(
T ◦1 , . . . , T ◦n

)
, 18, or

(
T ◦1 , . . . , T ◦n ; Y ◦1 , . . . , Y

◦
n

)
, 22

Z〈t〉, short for Z Nt or Z N t
, 25
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absolute continuity, 103

local, conditions for, 105

local, definition, 104

absorbing state, 28

aggregate, 120

backward differential equation, 149

backward integral equation, 149

birth process, 21

branching diffusion, 29

branching process, 231

branching property, 233

extinction probability, 235

Brownian motion, 29

cadlag, 5

canonical filtration for CP, 43

canonical filtration for RCM, 43

Cauchy process, 140

censoring

right-censored survival data, 221

Chapman–Kolmogorov equations

homogeneous Markov chain, 27

Markov process, 144

compensating measure

characterizing RCM, 54

definition, 52

general filtration, 96

compensator

basic martingale, 72

characterizing CP, 54

CP of set of marks, definition, 52

definition, 51

general filtration, 96

predictability of, 52

total, definition, 52

compound Poisson process, 135

conditional expectation, 5

conditional probability, 6

corlol, 5

counting process

canonical, 12

canonical probability, 17

definition, 12

distribution, 12

identification with SPP, 12

path space, 12

Cox process, 99

Cox regression model, 225

baseline hazard, 226

covariates, 225

partial likelihood, 227

partial score process, 228

cross characteristic, 83

dead process, 19

determining class, 185

differentiability w r t cadlag functions, 298

derivative, 298

partial integration, 299

Doob–Meyer decomposition theorem, 306

doubly stochastic Poisson process, 132

extended generator, 175

Feller–Kolmogorov equation, 149

filtered probability space, 301

complete, 301
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completion, 301

filtration, 301

usual conditions, 301

filtration

canonical for CP, 43

canonical for RCM, 43

finance

arbitrage opportunity, 257

attainable contingent claim, 269

complete market, 273

contingent claim, 269

cumulated gains process, 251

discounted value process, 252

drift equation, 258

equivalent martingale measure, 258

European call option, 275

Farkas’ Lemma, 267

global arbitrage opportunity, 257

hedging, 273

pathwise bounded strategy, 252

replicating strategy, 269

risk-neutral measure, 258

self-financing strategy, 251

trading strategy, 251

value process, 251

forward differential equation, 149

forward integral equation, 149

gamma-process, 140

harmonic function, 211

hazard function, 34

hazard measure

definition, 34

properties, 35

homogeneous Markov chain

as MPP, 27

compensating measure, 56

intensity process, 65

homogeneous Poisson process

as CP, 19

as SPP, 19

basic martingale, 74

compensator, 55

intensity process, 65

with mark space, 23

homogeneous Poisson random measure

compensating measure, 56

definition, 24

intensity process, 65

innovation theorem, 101

intensity measure

definition, 63

intensity process

as limit of conditional probabilities, 66

as predictable field, 64

conditions for existence, 64

for CP of marks in set, definition, 63

for CP, definition, 63

kappa-, 63

positivity at jump times, 67

invariant probability, 184

PDMPs, generator, 186

PDMPs, occupation measure, 195

irrelevant mark, 10

items at risk, 218

Itô’s formula

for RCMs, 85

PDMPs, full, 180

PDMPs, special, 171

Kaplan–Meier estimator, 223

key lemma, 57

Lévy measure, 139

Lévy process, 127

Lévy–Khinchine formula, 139

likelihood process

as martingale, 104

construction from local martingale, 113

construction from martingale, 113

definition, 104

PDMPs, 204

local martingale, 308

reducing sequence, 308

local submartingale, 308

mark space, 10

separating points, 11

marked point process

aggregate, 120

canonical probability, 21

construction, 22

definition, 10

discrete time process as, 25

distribution, 11

explosion, 11

identification with RCM, 15
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Itô’s formula, 85

superposition, 120

Markov chain

construction as step process, 147

general state space, 146

transition intensity, 146

Markov kernel

transition probability, 6

Markov modulated Poisson process, 132

Markov process

definition, 143

homogeneous, definition, 143

initial distribution, 145

invariant probability, 184

piecewise deterministic, 152

stationary distribution, 184

transition operator, 145

transition probability, 144

Markov property

homogeneous Markov chain, 60

PDMPs, 158

Markov renewal process, 28

martingale, 302

basic on canonical space, 72

main theorem, continuous time, 304

predictable on canonical space, 69

representation theorem, 79

martingale measure, 79

minimal jump chain, 28

multi-self-similarity, 161

multiplicative functional, 207

homogeneous, 207

Nelson–Aalen estimator, 222

occupation measure, 187

optional sampling theorem, 307

partial likelihood, 227

path-continuous, 178

path-differentiable, 178

piecewise continuous process, 26

piecewise deterministic Markov process, 152

backward differential equation, 183

backward integral equation, 181

construction, general, 157

construction, homogeneous general, 157

construction, homogeneous special, 155

construction, special, 155

forward differential equation, 183

full infinitesimal generator, 179

homogeneous Poisson measure, 165

infinitesimal generator, special, 174

Itô’s formula, 171

Itô’s formula, full, 180

likelihood process, 204

Markov property, 158

multiplicative functional, 207

path-continuity, 178

path-differentiability, 178

renewal process, 162

solving SDE, 165

strong Markov property, 168

piecewise deterministic process, 26

piecewise linear process, 26

Poisson process

compound, 135

curtailed, 127

doubly stochastic, 132

existence, 128

general, definition, 127

homogeneous, 19

Markov modulated, 132

positive recurrent, 192

predictable field

definition, 78

predictable sigma-algebra, 302

canonical, 43

process on canonical space, 43

adapted, 43

measurable, 43

predictable, 43

previsible, 43

representation of adapted, CP, 45

representation of adapted, RCM, 45

representation of predictable, CP, 45

representation of predictable, RCM, 45

product integral, 35

quadratic characteristic, 83

quadratic variation, 84

queueing

GI/G/1 queue, 277

Jackson network, 287

M/M/1 queue, 277

throughput rates, 288

virtual waiting time, 287
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random counting measure

aggregate, 120

canonical probability, 21

definition, 13

deterministic compensating measure, 124

distribution, 13

identification with MPP, 15

independence, 121

independent increments, 123

space of, 13

superposition, 120

regular conditional distribution, 6

renewal process

as PDMP, 162

as SPP, 20

backward recurrence time, 163

compensator, 55

forward recurrence time, 164

intensity process, 65

invariant probability, backward, 197

invariant probability, forward, 199

zero-delayed, 20

right-censoring, 221

ruin probability, 236

ruin problem, 236

difficult, 236

Lundberg equation, 241

simple, 236

undershoot, 236

semi-Markov process, 28

shift, 56

translated, 56

simple point process

canonical probability, 17

construction, 18

definition, 9

distribution, 10

explosion, 10

identification with CP, 12

stable, 19

space-time generator, 171

stability problem, 19

stability, criterion for

compensating measure, 62

intensity process, 68

likelihood process, 113

total compensator, 61

stationary distribution, 184

step process, 26

stochastic integral

w r t compensating measure, 78

w r t RCM, 78

stochastic process, 301

adapted, 302

cadlag, 302

continuous, 302

increasing, 302

indistinguishability, 302

left-continuous, 302

measurable, 301

predictable, 302

previsible, 302

right-continuous, 302

stopped process, 307

stopping time, 306

on canonical space, 69

sigma-algebra, canonical space, 69

strict, 306

submartingale, 302

supermartingale, 303

superposition, 120

survivor function, 19

termination point, 34

time change, 98

time to ruin, 236

transition intensity

general Markov chain, 149

homogeneous Markov chain, 27

transition probability

homogeneous Markov chain, 27

Markov process, 144

transition-closed set, 187

translated shift, 56

uniform integrability, 307

upcrossing lemma, 304


