Probability and its Applications

Series Editors

Charles Newman
Sidney Resnick



Martin Jacobsen

Point Process Theory
and Applications

Marked Point and
Piecewise Deterministic
Processes

Birkhauser
Boston « Basel « Berlin



Martin Jacobsen

University of Copenhagen

Institute of Mathematical Sciences

Department of Applied Mathematics and Statistics
5 Universitetsparken

DK-2100 Copenhagen @

Denmark

Mathematics Subject Classification (2000): 60G07, 60G44, 60G55, 60G57,
60HO05, 60J25, 60J35, 60J75, 60J80, 60K25, 62N01, 91B28, 91B30 (primary);
60G30, 60G40, 60G51, 60J57, 60K 15 (secondary)

Library of Congress Control Number: 2005934409

ISBN-10 0-8176-4215-3 eISBN 0-8176-4463-6
ISBN-13 978-0-8176-4215-0

Printed on acid-free paper.

®
©2006 Birkhiiuser Boston Birkhduser B
All rights reserved. This work may not be translated or copied in whole or in part without the writ-
ten permission of the publisher (Birkhduser Boston, c/o Springer Science+Business Media Inc., 233
Spring Street, New York, NY 10013, USA), except for brief excerpts in connection with reviews or
scholarly analysis. Use in connection with any form of information storage and retrieval, electronic
adaptation, computer software, or by similar or dissimilar methodology now known or hereafter de-
veloped is forbidden.
The use in this publication of trade names, trademarks, service marks and similar terms, even if they
are not identified as such, is not to be taken as an expression of opinion as to whether or not they are
subject to proprietary rights.

Printed in the United States of America.  (TXQ/EB)

987654321

www.birkhauser.com



Contents

Preface . ... . e ix

PartI Theory

1

Introduction. .. ... .. ... .. . . 3
L1 OVEIVIBW .ottt e e e 3
1.2 Conditional expectations and probabilities .. ...................... 5
Simple and Marked Point Processes . . ............................ 9
2.1 The definition of SPPsand MPPs ............. ... ... ... ........ 9
2.2 Counting processes and counting measures .. ..................... 11
Construction of SPPsand MPPs . . .......... .. ... .. ... ... .. ... ... 17
3.1 Creating SPPs .. ... 17
3.2 Creating MPPS. . ... 21
33 FromMPPstoPDPs ...... ... 25
Compensators and Martingales ................................. 33
4.1 Hazard Mmeasures ... ..........ooeeuruunneetmuine et 33
4.2 Adapted and predictable processes . ............oiiiiiiiiaan.. 41
4.3 Compensators and compensating Measures . ...................... 50
4.4 INEENSILY PrOCESSES . . et vv vttt ettt et e e et e e e et 63
4.5 Thebasicmartingales .......... ..ot iiiiiinneiiiinnneean. 68
4.6 Stochastic integrals and martingales ................. ... ........ 77
47 Ttd’sformulafor MPPs ........ ... .. ... ... . . . ., 85
4.8 Compensators and filtrations ..................... .. ... 94
Likelihood Processes. . . ....... ... . .. i, 103
5.1 The structure of the likelihood . ................................. 103

5.2 Constructing RCMs from martingales ........................... 110



vi

Contents

Independence. . . ... ... ... .. 119
6.1 Independent poINt PrOCESSES. .. ..o vvvviittiiiniiieneeneneenennn. 119
6.2 Independent increments, LEVY processes ...............ccouun.... 123
PDMPS . ..o 143
7.1 Markov ProCesses . . .......uuuie ettt 143
7.2 Markovchains ........ ... 146
7.3 Construction and basic properties of PDMPs...................... 152
74 Examplesof PDMPs....... ... 163

7.4.1 Renewal processes ................. ... 163

7.4.2 Processes derived from homogeneous Poisson measures. . . . . . 165

743 APDMPthatsolvesanSDE............................. 165
7.5 The strong Markov property . ............eeuueeineenneennnann. 167
7.6 1td’s formula for homogeneous PDMPs .......................... 170
7.7 The full infinitesimal generator ............. ... ... oo iuno... 177
7.8 Stationarity . ... ... ...ttt 184
7.9 Likelihood processes for PDMPs .......... .. ... . ... .. ... 203

Part I Applications

8

10

11

Survival Analysis. . ......... .. .. 217
8.1 Independent survival times, right-censoring . ...................... 217
8.2 The Coxregressionmodel .............iiiiiiiiinniinennn... 225
Branching, Ruin, Soccer ............ ... .. .. ... . .. . . ... 231
0.1 A branching process ... .........eeeeuuiineeeeuinneeeennnnn... 231
9.2 Ruin probabilities . ..........ouiiiiiiii i 235
9.3 Thesoccermodel .......... ..ot 243
A Model fromFinance ........... .. .. .. .. . .. .. 247
10.1 Themodel . ... ...t e 247
10.2 Portfolios and self-financing strategies ................c...ccuu.... 251
10.3 Arbitrage and martingale measures . ................ ... ... ... 257
10.4 Contingent claims and pricing . ..., 267
Examples of Queueing Models ............. ... ... ... ... ...... 277
11.1 The GI/G/T qUeUe . . ... e 277
11.2 Network models ....... ... i 287

Part III Appendices

A

B

Differentiation of Cadlag Functions .. ............................ 297

Filtrations, Processes, Martingales . .............................. 301



Contents vii

Bibliographical Notes . .. ....... ... .. ... .. ... .. .. . .. .. .. 309
References . .......... .. e 315
Notation Index. .. ....... ... ... . . 321



Preface

The book aims at presenting a detailed and mathematically rigorous exposition of the
theory and applications of a class of point processes and piecewise deterministic pro-
cesses. The framework is sufficiently general to unify the treatment of several classes
of stochastic phenomena: point processes, Markov chains and other Markov processes
in continuous time, semi-Markov processes, queueing and storage models, and like-
lihood processes. There are applications to finance, insurance and risk, population
models, survival analysis, and congestion models. A major aim has been to show the
versatility of piecewise deterministic Markov processes for applications and to show
how they may also become useful in areas where thus far they have not been much in
evidence.

Originally the plan was to develop a graduate text on marked point processes in-
dexed by time which would focus on probabilistic structure and be essentially self-
contained. However, it soon became apparent that the discussion should naturally
include a traditional class of continuous time stochastic processes constructed from
certain marked point processes. This class consists of ‘piecewise deterministic pro-
cesses’; that is, processes with finitely many jumps on finite time intervals which,
roughly speaking, develop deterministically between the random jump times. The ex-
position starts with the point process theory and then uses this to treat the piecewise
deterministic processes.

Throughout the focus is constructive, emphasizing canonical versions, which often
means that a process is discussed relative to its own filtration, rather than with respect
to a general and larger filtration to which the process may be adapted. Many of the
main results are proved within this canonical setting, which makes it easier to develop
the proofs. But of course these main results then appear only as special cases of well-
established results from ‘the general theory of processes’; even so, we believe that
by treating the canonical setup directly, additional insight into the structure of the
processes is gained.

Among the piecewise deterministic processes those that are Markov are espe-
cially important, and they are also the ones treated most thoroughly in this book.
The pioneering work here was done by Mark Davis and many of his results duly
reappear here—but again, basing everything on marked point process theory leads
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to a somewhat different approach and to a very general construction of not only
time-homogeneous piecewise deterministic Markov processes (the ones considered
by Davis), but also of those that are non-homogeneous.

The text is designed for advanced topics courses or self-study by graduate students
who are at least in the fourth year of a European style degree program or at least in
the second year of an American style Ph.D program. The text will also be useful to
researchers specializing in the use of probabilistic models for point processes and
piecewise deterministic processes. A course can easily be fashioned from selected
parts of the book, and we suggest Chapters 2, 3, 4 and Sections 7.1-Chapter 7. This
material should be supplemented by discussion of some of the models and applications
treated in Part II.

The reader who wishes to master all details of the text will need a background
in measure-theoretic probability theory. Readers with a narrower foundation will also
benefit from reading the book. Short introductions to each chapter, apart from point-
ing to material that is considered essential, also list parts of the text (entire sections,
technical proofs, etc) that may be omitted.
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Introduction

1.1 Overview

While point processes in general describe the random scattering of points in a cer-
tain space, the point processes considered in this book are special in the sense that
the specific points are associated with the times at which certain random events occur.
The resulting stochastic phenomena developing over time then form the main object
of study. Just recording the time occurrences of the events results in a simple point
process (SPP), a marked point process (MPP) is obtained if at each time occurrence
the type or mark of the event is also registered. Apart from discussing the theory of
such processes, one of the main points of the book is to show how certain ‘ordinary’
stochastic processes may be viewed as MPPs, e.g., by considering the time points
at which a given stochastic process jumps, with the type of event or marks associ-
ated with each occurrence some characteristic of the jump. The result is a piecewise
deterministic process (PDP), formally defined as a process adapted to the filtration
generated by the MPP of timepoints of jumps and their characteristics.

In the first chapters, Chapters 2 and 3, the definition and construction of simple and
marked point processes are given together with the equivalent description of, respec-
tively, an SPP as a counting process (CP) and an MPP as a random counting measure
(RCM). It is part of the definition that the processes should be stable, i.e., only finitely
many events are allowed in finite intervals of time, but point processes with explosion,
where infinitely many time points accumulate in finite time, arise naturally and they
are therefore discussed as well, albeit somewhat summarily, at various places in the
text.

The long Chapter 4 contains the basic theory of CPs and RCMs, including the
characterization of their distributions through compensators, compensating measures
and martingale properties. In Chapter 5 likelihood processes (processes of Radon—
Nikodym derivatives) are treated. Chapter 6 treats stochastic dependence between
finitely many RCMs as well as RCMs with independent increments.

One of the most important chapters, Chapter 7, develops the theory of piecewise
deterministic Markov processes (PDMPs) using the theory of RCMs from the earlier
chapters. In particular it investigates the description of general PDPs as MPPs using
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jump times and characteristics of jumps to describe the times when events occur and
their marks.

The theoretical Part I of the book contains a number of examples and exercises,
but the main examples are found in Part II, where it is shown how different aspects
of the theory may be used to discuss models of relevance for topics in statistics and
applied probability: survival analysis, branching processes, ruin probabilities, soccer
(football), mathematical finance and queueing theory.

Part I1I contains two appendices: one on a frequently used differentiation technique
and one on some of the fundamentals from the general theory of stochastic processes
with an introduction to martingales in continuous time.

Each chapter starts with a short introduction in which some of the main references
for the topics covered in the chapter are listed; the reader is alerted as to what material
from the chapter is required reading and what is not. The bibliography with the biblio-
graphical notes are found at the end of the book together with a notation glossary and
subject index.

The emphasis on the time dynamics of the point processes under consideration
already prevalent in the basic construction of SPPs and MPPs from Chapter 3 is not
suited for the discussion of some important topics in the general theory of point pro-
cesses such as palm probabilities, stationarity (although Chapter 7 does contain a sec-
tion on stationarity of homogeneous PDMPs) and thinning of point processes. Also,
as mentioned above, point processes where infinitely many points may accumulate
within small bounded sets are excluded, with the exception of exploding SPPs and
MPPs that allow for exactly one accumulation point.

Some notation: B is the Borel o-algebra on R. The intervals referring to the time
axis are denoted as follows: Rg = [0, 00[, Ry = ]0, oo, Ry = [0, 0], R+ =
10, oo]. The corresponding Borel o-algebras are written 5y, B, Eo, E+. In higher
dimensions, B¢ denotes the d-dimensional Borel o-algebra of subsets of R?.

An abstract probability space is denoted (€2, F,P). The space of marks for a
marked point process is written (E, £), and the state space for a Markov process or
other stochastic process is denoted by (G, G) . Probabilities on these and other con-
crete spaces are usually denoted by roman letters, e.g., P, while the italics Q are re-
served for probabilities on the canonical space of counting processes or the canoni-
cal space of random counting measures. The symbol P arises exclusively in connec-
tion with the basic Markov kernels P describing the conditional distribution of the
(n 4 1)-th jump time given the previous jump times and marks.

If (D;, D;) for i = 1, 2 are measurable spaces and P is a probability on (D1, D;)
and ¥ : (D1, D1) — (D2, Dy) is measurable, we write ¥ (P1) for the probability on
(D>, D») obtained by transformation of Py,

Y () (A) =P (¥~ (42) (A2 €Dy).

The phrases ‘almost surely’, ‘almost all’, ‘almost everywhere’, are abbreviated
a.s., a.a., and a.e., respectively.
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Expectations are written using the same font as the matching probability: E (for P),
E (for P), E (for Q). If it is necessary to emphasize which probability the expectation
refers to, this is done using an index, Ep, Ep, Eg.

If (D, D) is a measurable space, ¢, for x € D denotes the probability measure
degenerate at x,

1 ifxeA,
S’C(A)—{o ifx ¢ A

Integrals are written in the standard form, e.g.,

/f(x)P(dx) or /fdP

but also quite often as
[pan s
in particular this is used in connection with multiple integrals. Often we write
E[U; F] instead of /F U dP.

R-valued functions that are defined for example on Rg and are right-continuous
and have limits from the left play an important role in the book. They are referred to
by the French acronym cadlag (continus a droite avec les /imites a gauche) rather than
the English corlol (continuous on the right with /imits on the left).

Differentiation is denoted by the symbol D: D; f (t) = % f@.

Normally the random variables forming a stochastic process indexed by time ¢ are
denoted as X, while a given function (non-random) of time is written as f (¢).

If a € R we write a™, a~ for the positive and negative part of a: a* = a Vv 0,
a~ = —(a A 0). The same notation is used for R-valued processes and functions.

1.2 Conditional expectations and probabilities

Throughout the book conditional expectations and conditional probabilities are used
in an absolutely essential manner. A short review of the basic definitions and most
relevant results follow below.

Suppose X is an R-valued random variable defined on a probability space (2, F, P)
and let 7' be a sub o-algebra of F. If E | X| < oo, there exists a P-integrable and F'-
measurable random variable E [X |}" ! ] defined on 2, the conditional expectation of
X given F', such that

/,E[X|}"/] dIP:/,XdIP’
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for all F’ € F'. The conditional expectation is uniquely determined P-a.s.

If 7' is the o-algebra o (X’) generated by a random variable X', we write
E[X |X'] instead of E [X |]—'/ﬁ If X' is e.g., R-valued, any R-valued and o (X')-
measurable random variable U has the form g (X ! ) for some measurable g : R — R.
In particular E [X |X'] = g (X’) and we then write

E[X|X =x"] for g(x').

If X is an indicator, X = 1f for some F € F/, E [X |]-'/] is the conditional
probability of F given F' and is denoted P (F | F") .

If (D;, D;) for i = 1,2 are measurable spaces, a Markov kernel or transition
probability from (D1, D) to (D3, Dy) isamap p : D1 x Dy — [0, 1] such that

(i) x1 — p(x1, Ap) is Di-measurable for all A> € D5,
(i) Ay —>p (xl,Ag) is a probability on (D3, D;) for all x; € D;.

Markov kernels in particular serve as regular conditional distributions: if X1, X, are
random variables on (2, F, P) with values in (D1, D) and (D3, D»), respectively,
then a regular conditional distribution of X5, given X1 = x; for all x; € Dy, isa
Markov kernel p from Dj to D; such that

P(X1 € A, X2 € A2) =/ Px, (dx1) p(x1, A2) (A1 € D1, Az € Dy),
Aq

where Py, = X (IP) is the distribution of X;. Such regular conditional distributions
need not exist (see below for conditions for existence), but if they do they may be used
for finding conditional expectations: if ¥ : (Dz, D7) — (R, B) is measurable and
E |y (X3)| < oo, then

Ely (X2) | X1 = x11] =/D ¥ (x2) p(x1,dx2)
2
for Px,-a.a. x; € D and
E [y (X2) [X1] =/D ¥ (x2) p (X1, dx2)
2

P-a.s.

More generally, if X is a (D, D)-valued random variable on (2, F, P) and F is
a sub o-algebra of F, a regular conditional distribution of X given F' is a Markov
kernel p’ from (2, ') to (D, D) such that

P((X e ANF)= / P(do) p (0, A)
F/

forall A € D, F' € F'.Then,if  : (D, D) — (R, B) is measurable and E |/ (X)| <
oo,
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B[y 0|7 )@ = [ v @.an
D

for P-a.a. w. If, in particular, X1and X, are as above and p is a regular conditional
distribution of X, given X| = x; for all x, then p’ (w, A2) = p (X1 (), A3) defines
a regular conditional distribution of X, given X (given 7' = o (X1)).

A regular conditional distribution of X given F’ always exists if the space (D, D)
is a Borel space, i.e., there is a bijection ¢ : D — By, a Borel subset of R, such that
¢ and (! are measurable when the o-algebra D is used on D and the trace B N By
of the Borel o-algebra is used on By. In particular, D is then countably generated and
all singletons {x} for x € D are measurable. Recall that R4 (with the d-dimensional
Borel o-algebra BY) and the sequence space RY (equipped with the o-algebra B>®
generated by the projection maps (x,),cN > Xn, for ng € N) are Borel spaces. Also a
host of function spaces are Borel spaces, e.g., the space of functions @ : Ry — R that
are cadlag (right-continuous with left limits) equipped with the o-algebra generated
by the projection maps (W (t)),cg, + w(to) for #p € Ro.






2

Simple and Marked Point Processes

This chapter contains the definitions of simple and marked point processes (SPPs and
MPPs, respectively) recording the random occurrences over time of random events
and shows how to identify the point processes with counting processes (CPs) and
random counting measures (RCMs). The canonical spaces K, and Kg of sequences
of timepoints of events and their marks are introduced together with the space W of
counting process paths and the space M of discrete counting measures, counting time-
points and marks. It is demonstrated how SPPs and MPPs may be viewed as random
variables with values in the sequence spaces K and Kg respectively, while CPs are
W-valued and RCMs are M-valued random variables. The definitions and notation
given in the chapter are fundamental for everything that follows.

Reference. The definitions given here are standard, see e.g., Last and Brandt [81],
Sections 1.2 and 1.3.

2.1 The definition of SPPs and MPPs

In general, point processes are probabilistic models for the random scatterings of
points on some space (often a subset of RY). In this book we shall exclusively be
concerned with point processes describing the occurrence over time of random events
in which the occurrences are revealed one-by-one as time evolves. If only the occur-
rences of events are recorded, the space is always the time axis Ry = [0, oo[, and we
shall determine the random points in Rg by referring to the time of the 1st occurrence,
2nd occurrence, and so on. If, in addition, there are different types or marks of events,
then the state space has the form Ry x E where E is the mark space. For the nth oc-
currence, together with the time at which it occurs, there is also the nth mark. Thus,
for the processes we consider, time is an essential characteristic.

Let (2, F, P) be a probability space with the sample space €2 a non-empty set, F
a o-algebra of subsets of €2, and P a probability measure on F.

Definition 2.1.1 A simple point process (SPP for short) is a sequence 7 = (7;,),>;
of @o-valued random variables defined on (€2, F, IP) such that
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ODPO<Th=Th<---)=1,
) P(T, < Th4+1, T, <00) =P (T, <o0) (n=1),
(iii) P (limy—ooTy, = 00) = 1.

Thus, an SPP is an almost surely increasing sequence of strictly positive, possibly
infinite random variables, strictly increasing as long as they are finite and with almost
sure limit co. The interpretation of 7, is that, if finite, it is the timepoint at which
the nth recording of an event takes place with less than n events occurring altogether
(on the time axis Rq) if 7,, = oo. By the definition, no event can happen at time 0;
nevertheless we shall mostly use Ry (rather than R ) as the time axis.

The condition (iii) in Definition 2.1.1 is important. It is equivalent to the statement
that only finitely many events can occur in any finite time interval. The more general
class of SPPs obtained by retaining only (i) and (ii) from Definition 2.1.1 is the class
of simple point processes with explosion. It will be denoted SPP¢x and together with
its MPP counterpart is discussed below and at various points in the text.

Introducing the sequence space

K={(u=1 e Ry in st =01 00, 1y < sy if 1y < 00
together with the o-algebra /C generated by the coordinate projections
T (i n,..)=1t (n=1),

we may view the SPP 7 as a (K, K)-valued random variable, defined P-a.s. The dis-
tribution of T is the probability 7 (P) on (K, K) obtained by transformation,

TP (B)=Plw:T (w)e B} (Bek).

Similarly, introducing
= =N .
K= {(tn)nzl ER, ==, th <ty iffy < oo}

with K as the o-algebra generated by the coordinate projections on K (as those on K,
also denoted 7,;), an SPPex may be viewed as a random variable T= (T,) with values
in (K, E), and the distribution of the SPP¢y is the transformed probability T (P). Note
that K = {(#,) € K : limy— ooty = 00} .

Now suppose we are also given a measurable space (E, £) called the mark space.
Adjoin to E the irrelevant mark V, to be used for describing the mark of an event
that never occurs, write E = E U {V} and let £ = o (€, {V}) denote the o -algebra of
subsets of E generated by the measurable subsets of E and the singleton {V} .

Definition 2.1.2 A marked point process (MPP for short) with mark space E is a
double sequence (7,)) = ((T,,)nzl s (Yn)ps> 1) of R, -valued random variables T},

and E-valued random variables Y,, defined on (2, F, P) such that 7 = (T},) is an SPP
and

D) PYn€eE T, <00)=P(T, <00) (nz=1),
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) PY,=V, T, =00)=P (T, =00) (n>1).

Thus, as in Definition 2.1.1 we have a sequence of timepoints marking the occur-
rence of events, but now these events may be of different types, with the type (or name
or label or mark) of the nth event denoted by Y,,. Note that the use of the irrelevant
mark permits the definition of Y, for all n, even if the nth event never occurs, i.e.,
when 7T,, = oo.

An MPP (7', )) may be viewed as a (Kg, Kg)-valued random variable, where

=N =N .
Ke =], 0n) e B x E' £ (1) €K, yo € Eiffs, < o0]
with g the o-algebra of subsets of Kg generated by the coordinate projections

T, (), k) =tn, Y, (1), (VK)) = i

The distribution of (7, ) is then the transformed probability (7", ) (P) on (Kg ,_IC E).
MPPs with explosion, MPPg, are introduced in the obvious manner as (I_{E, K E)-

valued random variables (?, 5), where
= N =N — .
KEZ{((tn)s(yn))€R+XE ((ty) €K, y, € Eiff 1, <oo}

with K the o-algebra generated by the projections on Kg. The distribution of an
MPP¢ is of course the probability (?, @ (P) on (KE, EE) .

It was only assumed above that (E, £) be a measurable space, but from now on
we shall impose more structure and assume that (E, £) be sufficiently ‘nice’: in the
remainder of this book we shall simply require the following:

Assumption The mark space (E, £) is a Borel space.

Borel spaces were introduced on p. 7. There might be other choices for ‘nice’
spaces as well, but Borel spaces have at least three properties that will prove to be
useful:

(i) Singletons are measurable, {y} € £ for all y € E, so that in particular £ sepa-
rates points, i.e., forany y # y’ € E there exists A € £ such that y € A and
y' € A°.
(i) The o-algebra £ is countably generated.
(iii)) If Y is an (E, £)-valued random variable defined on a probability space
(Q,F,P) and F' C F is a sub-o-algebra, there always exists a regular con-
ditional distribution of Y given F.

2.2 Counting processes and counting measures

Let 7 = (T),>; be an SPP and define the counting process (CP) associated with T
as N = (N;);>o , where
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o0
Ne=) 1= @1
n=1

Thus N; counts the number of events in the time interval [0, ¢] with Ng = 0. Clearly
each N; is an Np-valued random variable. Also, for P-a.a. w € Q2 the sample path
t — N; (w) belongs to the space W of counting process paths,

W={we N(Hfo : w(0) = 0, w is right-continuous, increasing,
Aw(t) = 0 or 1 for all t}.

Notation. Ny denotes the non-negative integers N U {0}, while Np = Ng U {o0}.
Ift — f(¢) is a cadlag function, Af is the function t — f(t) = f(t) — f(t—).

Note that the assumption that the 7}, be strictly increasing as long as they are finite
(Definition 2.1.1 (ii)) ensures that # — N; increases only in jumps of size 1.
Define on W the canonical counting process N°© = (Nto) by N7 (w) = w(?),

>0
(so N°: W — W is just the identity), and let

H=0(N),2g (2.2)

the smallest o-algebra of subsets of W such that all N/ are measurable. Then we
may view N defined by (2.1) as a (W, H)-valued random variable with distribution
O = N(P), the probability on (W, H) obtained by transformation of IP.

The sequence 7 is easily recovered from N since P-a.s. (consider @ € €2 such that
T (w) € K only)

T, =inf{t > 0: N, =n},
(T, =t) = (Ny 2 ),

(2.3)

where here as elsewhere we define inf # = co. Thus we have shown that any SPP may
be identified with its associated CP. Later it will be the probability Q rather than 7 (P)
that will serve as the basic description of the distribution of an SPP.

The discussion above could also be carried out for 7 as an SPPe, only now
N; = oo can occur with probability > 0, and W may be replaced by the space W of
exploding counting process paths, CPex, w € NE)RO, which otherwise satisfy the condi-
tions already imposed on w € W. On W we use the o -algebra H defined analogously
to H in (2.2).

We have seen that an SPP can be identified with a counting process. In a similar
fashion, an MPP (7,)) = ((T,), (Y,)) can be identified with a random counting
measure (RCM) u, viz.

= Z E(Ty.Yn) 2.4

neN:T, <oco

Here (7;,.v,) (®0) = &(T;, (), Y, (w)) 1S the measure on the product space (Ro x E, By® &)
attaching unit mass to the point (7, (w), Y5 (®)) and identically O elsewhere, i.e.,
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T,y (C,w) =1c (T (), Y, (w) (CeBy®E).

Thus, for P-a.a. w, u (w) is a discrete counting measure on (Rg x E, By ® £), and
satisfies in particular that x (w) be a positive o-finite measure m such that

m(C)eNy (CeBy®E),
m ({0} x E) =0,
m{t}xE)<1 (=0),
m([0,1]x E) <oo (t>0).

2.5)

The identity

w(C€ = 1c(T,Yy) (CeBy®E)

n=1

shows that for all measurable C, 1 (C) is an No—valued random variable.
We denote by M the space of discrete counting measures on (Rg x E, By ® &),
i.e., measues m of the form

m= Z S(tns}’n) (26)

n:ty <00

for some sequence ((t,), (y,)) € Kg. Elements in M are denoted m and we write (£°
for the identity map on M. For C € By ® &, u°(C) denotes the function m + m(C)
from M to Ny.

On M we use the o -algebra

H =0 (1(O) cepyoe @)

the smallest o-algebra such that all ©°(C) are measurable. Thus, with u the RCM
from (2.4) above, u becomes an a.s. defined (M, H)-valued random variable. Its dis-
tribution is the probability Q = w(P) on (M, H).

Remark 2.2.1 With the mark space (E, £) a Borel space, any measure m satisfy-
ing the four conditions (2.5) will be a discrete counting measure: defining #, =
inf{t : m ([0, ] x E) = n} it is not difficult to verify that (z,) € K, so the problem
is to extract the sequence of marks (y,) from m and then to verify that m is given by
(2.6). For the recipe for obtaining (y,) from m, see (2.9) and (3.7) below.

Instead of using an RCM, it is also possible to describe (7, ) through a family
of counting processes; for A € £ define N(A) = (N;(A)),>¢ by

o0
Ni(A) =D L@, <tv,em)
n=l1

so N;(A) counts the number of events on [0, ] matching a mark belonging to the set
A. Note that
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Ni(A) = u ([0,1] x A).

The total number of events on [0, 7] is denoted N,,
. o
Ni=Ni(E) =) 1@z,
n=1

(cf. (2.1)) and N is the counting process (ﬁ’)po .

On the space M, the counting processes corresponding to N (A) and N are denoted
N°(A) and N ° and defined by

N7 (A) = pu® (10,11 x A), N, =pu°([0,1] x E).

Exercise 2.2.1 Show that H = o (N (A)) -0 ack -

We shall now show how the 7}, and Y,, may be recovered in a measurable fashion
from p (or rather, the counting processes N (A)). Clearly, P-almost surely,

T, =inf{t >0: N, =n},
(T, <t)= (ﬁ, > n); (2.8)

cf. (2.3). It is trickier to find the Y,,; however it holds for any A € £ that P-a.s.

oo o o0
Yued=J [ UWaiox =n— 1Nk (A) = Ny_y0x (A) = 1),
K'=1 K=K’ k=1
(2.9)

showing that if u is a random variable, then so is Y,.

The identity (2.9) is important, so we shall give a detailed argument based on a
device to be used also in the sequel, which consists in subdividing the time axis R
into intervals of length 2~ X for an arbitrary K € N,

®Tk—1 k
R+ = U ]Z—K, Z—K] .
k=1

In order to prove (2.9) we shall simply show that any w € €2 such that (7 (w) , Y (w)) €
KEg (which by Definition 2.1.2 amounts to P-a.a. ) belongs to the set (¥,, € A) on the
left of (2.9) iff it belongs to the set on the right.

With w as above, suppose first that ¥, (w) € A (with A € &), so that in particular
T, (v) < oo, and determine for every K € N the unique k = kx (w) € N such that
(k—1) /ZK < T, (w) < k/2K. Because the sequence (7, (w)),/> belongs to K, we
have that 7,_; (w) < T, () < T,+1 (w), and therefore also for K sufficiently large
that 7,1 () < (k — 1) /2K < T, (0) < k/2X < T,1 (w) which is precisely to say
that w belongs to the set on the right of (2.9). If conversely w belongs to that set, by
assumption it holds for K sufficiently large that there exists k = kg (w) such that the
interval Iy g = ](k —1) /2K, k/2K] contains at least one of the jump times 7,/ (w)
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with n’ > n and precisely one with Y, (w) € A, while also T, (w) > (k — 1) /2K.
In particular I g is that interval in the K'th partitioning of R that contains 7, (w);
hence k is uniquely determined and as argued above, T, (»), for K sufficiently large,
will be the only 7, (w) inside I k; it follows that necessarily Y, (w) € A.

Note that even though (2.9) always holds, without assuming that (E, &) is a Borel
space (as we are assuming throughout, cf. p. 11) it may not be possible to compute
Y, (w) from p(w): here it is at least required that £ separate points as described in (i),
p. 11). But when (E, £) is a Borel space, we have now seen that any MPP may be
identified with its associated RCM.

If E (and &) is uncountable, it is much more convenient to identify (7, ))) with
the RCM p rather than with the collection (N (A))acg - If, however, E is at most
countably infinite with £ comprising all subsets of E, it is enough to keep track of just
N := NW forall y € E since N(A) = Z},EA NY.

It is of course possible to identify MPPcxs with suitable exploding RCMs where
N; = oo is possible. Such RCMs are random variables with values in a space of
discrete counting measures m, which are not required to be o -finite, i.e., it is allowed
that m ([0,¢] x E) = oo for t € R;. We denote the space of these RCM¢y’s by
(/\_/l ﬁ) with the o-algebra 7 defined in the obvious way, in complete analogy with
the definition (2.7) of H above.






3

Construction of SPPs and MPPs

This chapter contains the fundamental construction of canonical point processes (i.e.,
probabilities on the sequence spaces K and Kg), canonical counting processes (prob-
abilities on the space W) and canonical random counting measures (probabilities on
the space M). The construction is performed using successive regular conditional dis-
tributions. The chapter also has a section on how to view certain types of continuous
time stochastic processes as MPPs, an approach examined in detail in Chapters 6 and
7. Finally, a number of basic examples that will reappear at various points in the text
are presented.

Reference. The construction of canonical point processes given here is the same as
that used in Jacobsen [53].

3.1 Creating SPPs

The probabilistic properties of an SPP 7 = (T},) are captured by the distribution of
7. As we saw in Chapter 2, this distribution is the probability 7 () on the sequence
space (K, K). In general we shall call a probability measure R on (K, K) a canonical
SPP; and these are the ‘processes’ (i.e., probability measures) we shall now proceed
to construct. Through the bimeasurable bijection (i.e., a map which is one-to-one and
onto with the map and its inverse both measurable) ¢ : (K, K) — (W, H) given by
(cf. (2.1), (2.3))

NP (@ () =Y 1.a(ta)  ((t) €K, 1> 0),

n=1

T ((p_l(w)> —inf{t>0:w(t)=n} weW), 3.1

at the same time we then obtain a construction of canonical counting processes, i.e.,
probabilities on (W, H) .
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The idea underlying the construction of the distribution of an SPP 7 = (T}) is
to start by specifying the marginal distribution of 7 and then, successively for each
n € N, the conditional distribution of 7,11 given Z,, := (11, ..., T;) . More precisely,
let

K® ={(t;,... 1)) :0 <1 <--- <1, <00, fx < 1 if fx < 00}

be the space of n-sequences that can appear as the first n-coordinates of an element

in K, equipped with the o-algebra IC" spanned by the coordinate projections Ty for

1 <k < n, (equivalently, the trace on K of the n-dimensional Borel o -algebra).
We assume we are given a probability P(? on R, and also for every n € N, a

Markov kernel P from (K(”), IC(”)) to (ﬁ+, 54_) .

Notatio_n. XVrite z, foratypical point z,, = (¢1, ... , 1) € K™ and Z,, for the mapping
from (K, IC) to (K(”), IC(”)) given by Z7 ((#)) = (t1,... ,t,), equivalently Z, =
(Tlo, e Tno) . For an SPP 7 = (T,) defined on an arbitrary probability space, we
write Z,, = (T, ..., Ty,).

Theorem 3.1.1 (a) For every choice of the probability P©) and the Markov kernels
P forn > 1 satisfying

PO (Jty.00l) =1 (20 € KM, 1, < 00)

2
P (foo}) = 1 (z0 € K™, 1, = 00), (3.2)

there is a unique probability R on the sequence space (K K) allowing explosions,
such that Ty (R) = PO and for every n > 1, the probability PZ(:) () is a regular
conditional distribution of T, | given Z,) = z, for all z,.
(b) R defines a canonical SPP R, i.e., R (K) = 1 with R the restriction to K of R, if
and only if
E( lim T = oo) —1. (3.3)
n— o0
We shall not give the proof here. The theorem follows easily from the Kolmogorov
consistency theorem by showing consistency of the finite-dimensional distributions

(distributions of Z;, for all n € N), which have the following structure: for B ) ¢
Ko,

E(z;; c B<">) =ﬁ PO () ﬁ PV (dir) /ﬁ PV (dty) 1gan (2n) -
R, R, R,
(3.4)

Remark 3.1.1 It should be clear that (3.2) ensures that the sequence (Tno) is increas-
ing a.s., strictly increasing as long as 7, is finite. And it is also clear that (3.3) is
exactly the condition ensuring that no explosion occurs. In the sequel the Markov ker-
nels Pz(f) will only be specified for z, = (¢1,... ,t;) € K® with 1,, < oo; due to the
second condition in (3.2) this is of course sufficient.
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Note that several choices of Markov kernels may lead to the same R or R: subject
only to the measurability conditions, Pz(f ) may be changed arbitrarily for z, € B™ e
K™ provided R (Z; € B™) = 0.

While arbitrary choices of P™ for n > 0 lead to possibly exploding SPPs, there
is no simple characterization of the P that results in genuine SPPs. Indeed, it may
be extremely difficult to decide whether or not a canonical SPPey is a true SPP. This
stability problem will be discussed on various occasions later in this book, see p. 61
for example.

If 7 = (T,) is an SPP defined on an arbitrary probability space, then the regular
conditional distribution of 7,4 given Z, = (T1, ..., T,) = z, for all z,, always exist
(cf. p. 7), and the corresponding Markov kernels for n arbitrary satisfy (3.2).

Notation. For z,, € K™ with 1, < oo, we shall often describe the Pz(f) through their
survivor functions FZ),

POy = P (11, 00]).
By (3.2), P.”

imposing the value 1 fort =1, < oo.

(t)y = 1fort <1t,ift, < oo, so it suffices to give FSZ)(I) fort > t,,

n

Example 3.1.1 The dead process is the canonical SPP with no jumps in finite time:
R (T} = 00) = 1. Itis completely specified by the requirement that P® = &, while
the choice of P™ for n > 1 (subject to (3.2)) is irrelevant; cf. Remark 3.1.1.

Example 3.1.2 The canonical homogeneous Poisson process (SPP version) is the
probability R on (K, K) that makes the waiting times V,” := T,) — T,” | forn > 1
(with T = 0) independent and identically distributed (iid), exponential with some
rate A > 0. Thus

—(0) —At

P (t)=e (t=0),

—(n) ot —
Py =e M (n> 1,1 >1).

The corresponding probability O = ¢(R) on (W, H) makes N° into a homogen-
eous Poisson process (in the traditional sense) with parameter X, meaning that N° has
stationary, independent increments that follow Poisson distributions, i.e., for s < f,
Ny — Ny is independent of (Ny), _ and

_ (At =s)" o Mi=9)

O (N; — Ny =n) py

(n € Np)

with the Poisson distribution depending on s and ¢ through ¢ —s only. This familiar fact,
which is not so easy to prove from the properties of R, will appear as a consequence
of Example 4.7.1 and Proposition 4.7.2 below. At this stage we shall be satisfied with
just determining the distribution of N/ directly: for r > O trivially
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Q(Ny =0)=R(T{ >t) =e",
while forn e N,
QN =n) =R(T;) =t < T/,

=Er[R(Ty,, >1]Z;): T <1t]

n

= Er [F(an) t); Ty < t]

= Er I:e_}"(t_T"O); T, < t] .
But under R, 7,7 follows a I'-distribution with density

A" n—1_—As
(n— 1!

for s > 0, and therefore

' A" Ar)"
0 (Nto = n) = / e Mt=s) snflef)hs ds = (A1) e,)\t’
0 n—1! n!

as desired.
The dead process may be viewed as the Poisson process with parameter A = 0.
That Poisson processes are stable is argued in Example 3.1.3.

Exercise 3.1.1 Try to give a direct proof that if R is Poisson (1), then under Q =
¢ (R), N° has stationary and independent Poisson distributed increments as asserted
in Example 3.1.2.

Example 3.1.3 A canonical renewal process is a canonical SPP such that the waiting
times V,’ are iid and finite. If G is the survivor function for the waiting time distribu-
tion, then

% =Gw) =0,

PP =G —1) (>t

Zn

The Poisson process is in particular a renewal process. That renewal processes do not
explode (are stable) is of course a consequence of the simple fact that if U,, > 0 for
n > 1 are iid random variables, then Y  U,, = oo a.s.

The renewal processes defined here are 0-delayed. It is customary in the renewal
process literature to consider the first event (renewal) of a 0-delayed renewal process
to always occur at time 0, but in the SPP theory that occurrence is of course ignored.

Example 3.1.4 Suppose the waiting times V, are independent, V, exponential at rate
Ap—1 > 0forn > 1. Thus

PP = 20,
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—(n _ _
P, (t)=e M=) (g > 1,1 > 1),

If &, = 0 for some n > 0 and ng is the smallest such n, precisely ng jumps occur and
TnOOJrl = o0 a.s.
With this example explosion may be possible and either happens with probability
0 (and we have an SPP) or with probability 1 (and we have a genuine SPP,,). Stability
(no explosion) occurs iff Y, ERV, = 00, i.e.,iff Y, oA, ! = oo (with 1/0 = 0).
The canonical counting process corresponding to an SPP or SPP,, as described
here is a continuous time, homogeneous Markov chain, moving from state O to state
1, from 1 to 2 etc. The process N° 4 1 is what is commonly called a birth process.
(For a general construction of time-homogeneous Markov chains, see Example

3.3.1 below).

Exercise 3.1.2 In Example 3.1.4, show that explosion occurs with probability 1 if
ZA;I < 00 (easy), and that the process is stable if ZA;‘ = 0o (compute and
analyze ER exp (— lim;,— oo Tno)).

3.2 Creating MPPs

In complete analogy with the construction of SPPs, the construction of MPPs (7', )
with a mark space (E, &) that is a Borel space space (cf. p. 11), consists in the con-
struction of canonical MPPs, i.e., probabilities R on the sequence space (Kg, Kg);
cf. Section 2.1. Furthermore, since (E, £) is a Borel space there is a bimeasurable bi-
jection ¢ : (Kg, Kg) = (M, 'H), the space of discrete counting measures defined on
p. 13, given by

@ (1), ) =Y & (3.5)

n:t, <oo
with the inverse ¢! determined by (cf. (2.8) and (2.9)),

T o0g~! =inf{tzﬁf=n} (neN), (3.6)

n

(Y op~! € A) 3.7)
= Ur=1 Nik=x Uk (N(k—l)/ZK =n =1 Nk (A) = Ng ) o (A) = 1)

forn € N, A € £, (where asin Section 2.1, Ny (A) = u° ([0, ] x A), N? = N{(E)).
Using ¢ one then obtains a construction of a canonical random counting measure by
transformation, viz. the probability ¢(R) on (M, H) .

Note. There are some subtleties involved in using (3.7) to actually define the Y,
not only is it (obviously) needed that £ separates points, but it is certainly also helpful
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that £ is countably generated, and the assumption that (E, £) is a Borel space there-
fore comes in handy. Suppose for simplicity that (E,£) = (R, B). Taking A = R
in (3.7) one verifies that the set given by the expression on the bottom line equals
(T;7 0 ™! < 00) asit should. Now consider a nested sequence of partitions (J, ) Ko>1
of R into intervals of length 2~ Ko and such that each interval from J Ko+1 1 contained
in one from Jg,. Consider an arbitrary m € M such that (TnO o go_l) (m) < oo. The
properties of RCMs listed in (2.5) imply that for each K there is precisely one interval
I € Jk, such that with A = I the set in the second line of (3.7) contains m. With Ik,
as this interval, it also holds that /x,+1 C Ik, and therefore ) Ko I, = {y} for some

y € R and of course (Y,f o <p_1) (m) = y.

The idea behind the construction of an MPP is to start with the marginal distribu-
tion of the first jump time 77 and then successively specify the conditional distribu-

tion of 7,41 given (T, ..., T,; Yy, ..., Y,) and of Y, 41 given (11, ..., Ty, T41;
Y1,...,Y,). Formally, let
K(I?)Z{(tl’-“ R T ,y,,)e@ixf": (t1, ..., t;) € K®

and y; € E iff t; < oo}

denote the space of finite sequences of n timepoints and » marks that form the be-
ginning of sequences in Kg or Kg, equipped with the o-algebra IC%") spanned by

the coordinate projections (equivalently the trace on Kg) of the product o-algebra
B" ® £™). Similarly, for n € Ny define

IWEY = {(t1, oo st £ V10 e ¥0) 5 s eee st V1o s ya) € KY,
t, <twitht, <trift, < oo}

equipped with the obvious o -algebra 7, é”).
Assume there is a given probability P(¥ on R and, for every n € N, a Markov

kernel P™ from (Kg’) ICg')) to (E.h E+> , as well as, for every n € Np, a Markov
kernel 7™ from (Jg’), jé")) to (F E) .

Notation. Write z,, for a typical point z, = (¢1,... .t V1,---,Yn) € Kg) and
(zn, t) or z,,t for a typical point (z,,¢) = (t1, ... s tu, t; Y15+ , Vn) € ng). Also
we write Z, for the mapping from Kz to Kg') given by Z, ((t) , (yx)) = (t1, ..., ta;
Y1, ... s Yu), equivalently Z, = (T, ..., T, Y/, ..., Y;). For an MPP (7,)) =
((Ty) , (Yp,)) defined on an arbitrary probability space, we write Z,, = (11, ..., T,;
Yi,..., Y.

Theorem 3.2.1 (a) Given a probability P©) and Markov kernels P™ forn > 1 and
7™ forn > 0 satisfying
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P (Jty,00) =1 ifty < 00

PP (foo) =1 ift, = oo,

(3.8)
7 (E) =1 ift < oo,
T (Vh=1  ift =00,

there is a unique probability R on the sequence space (KE, KE) allowing explo-
sions, such that Tlo(ﬁ) = PO and for everyn > 1, z, € Kg’), the probability
Pz(,’:) () is a regular conditional distribution of T, | given Z,) = z, for all z,, and
for everyn > 0, (z,,t) € J("), the probability nz(f?t -) is a regular conditional
distribution of er+1 given (Zfl, T,,O_H) = (zn, t) forall (zy,1) .

(b) R defines a canonical MPP R, i.e., R (Kg) = 1 with R the restriction to Kg of R,
if and only if

R lim 7 =o00) = 1. (3.9)
n—o00

In the sequel, when describing the Markov kernels, it obviously suffices to consider
PZ(:L) and nz(:) for z, € Kg) with #,, < oo only.

Similar remarks apply to this result as those given after Theorem 3.1.1. The proof
can be based on the Kolmogorov consistency theorem if, as we are assuming, the mark
space (E, &) is a Borel space, but the theorem holds in fact with (E, £) as an arbi-
trary measurable space and is then a consequence of the result known as the Ionescu—
Tulcea theorem. The finite-dimensional distributions have the following appearance
(cf. (3.4)): forn e N,C™ e KW,

R (z;; ec™) (3.10)

0 — —1
= f, PO w@n) 7" @y - f, P () 78 (@dya) Tem () -
Ry xE Ry xE

It should be noted that if (7, ))) is an MPP defined on some probability space and
the mark space (E, &) is a Borel space (cf. p.7), the regular conditional distributions
of V41 given Z, = (T, ..., T3 Y1, ... Y,) = z, and T, = ¢t for all (z,, t) exist.
The resulting Markov kernels together with those describing the regular conditional
distributions of 7,41 given Z, = z, for all z,, (that always do exist) will satisfy (3.8).
Notation. As in the SPP case we shall write Fij)(t) = PZ(:) (¢, oo)); cf. p. 19.
Example 3.2.1 Let (E, £) be an arbitrary mark space, let A > 0 and let ¥ be a prob-
ability measure on (E, ). Write p = Ak, a bounded positive measure on E. The
canonical homogeneous Poisson process with mark space E and intensity measure p
is the MPP determined by the Markov kernels
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PP = 120, Pl =eMW =10z,

(n)

T =k (=0,1>1).

It follows that the waiting times V) = T, — T, are iid exponential with rate
A, in particular the canonical process R is stable and the SPP ( . ) of jump times is a
Poisson process (1); cf. Example 3.1.2. Furthermore, it is also seen that under R the
Y, are iid with distribution « and that the sequence (Yno) is stochastically independent
of the sequence (7}) .

Let O = ¢(R) be the corresponding canonical RCM, the homogeneous Pois-
son random measure with intensity measure p. Then the following is true: under
Q, for each A € &, the counting process N°(A) is a homogeneous Poisson pro-
cess (p(A)), and for Af,..., A, € & mutually disjoint, the counting processes
N° (A1), ..., N°(A,) are stochastically independent. These (non-trivial) properties
of O will be established in Proposition 4.7.2. But similar to what was done in Example
3.1.2 we can at least find the distribution of N (A) for¢ > O and A € & directly: from
the earlier example we know that N;} follows a Poisson distribution with parameter Af,
and using this and the independence under R between the sequences (7;) and (Y,
it follows that for n € Ny,

Q(NO(A)_n =ZQ(NIO = ;)=7’l/)
= ZR(Zl(Y"GA) =n, T <t< T’+l)
n'=n k=1
= Z R (Z 1(Y"eA) = n) R(Tif’ =t < Tno’+1)
n'=n k=1
_ = n n'—n (* )n —M
= Z (ke (A))" (1 =k (A))
1 n _— - 1 n'—n
= — (e (A)"e Man—;,( o (A (1 = k (A)))
— l (l‘)\l( (A))n e—tkK(A)’
n!
as desired.

Exercise 3.2.1 If you have solved Exercise 3.1.1, now try to establish the properties
of the homogeneous Poisson measure asserted in Example 3.2.1! (This is not supposed
to be easy).

Example 3.2.2 Suppose (Xp),en, is a stochastic process in discrete time with state
space (G, G) (each X, is a (G, G)-valued random variable). The distribution of (X,)
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conditionally on Xo = xq for an arbitrary xo € G may be viewed as the MPP with
mark space (G, G), given by T, = n and ¥, = X,, and generated by the probability

Plgc?)) = &1 and the Markov kernels P;:l)x() = gp+1 and
7 (A) =P (X1 € AlXo=x0, (X1-.. . Xp) = (1o oyw) (3D
where only z, = (t1, ... ,ty; Y1, ..., yn) and t with #;y = k and ¢ = n+ 1 are relevant.

If in particular (X,,) is a Markov chain in discrete time, (3.11) simplifies to

nz(:,)t\xo (A) = pn (yn, A)

(with yg = x¢ if n = 0), where p,, is the transition probability of the chain from time
n to time n + 1. The chain is homogeneous if all the transition probabilities p,, for
n > 0 are the same.

Note that the identification of (X,) with the MPP ((T},), (¥;,)) is possible only
after assuming the value of X to be known.

3.3 From MPPs to PDPs

One of the main purposes of this book is to construct piecewise deterministic processes
(PDPs) from MPPs and to use MPP theory to discuss the properties of the PDPs. We
now briefly outline how the connection arises.

Suppose X = (X;);>¢ is a stochastic process defined on some probability space
with a state space (G, G) which is a topological space equipped with its Borel o-
algebra. Assume further that X is right-continuous and piecewise continuous with
only finitely many discontinuities (jumps) on any finite time interval. Then an MPP
is easily constructed from X by letting 7, be the time of the nth jump, and defining
Y, = X7, (f T, < o0) to be the state reached by X at the time of the nth jump.
In general it is of course not possible to reconstruct X from the MPP, but if further
structure is imposed, the reconstruction can be done in a natural way, i.e., such that
knowledge about the MPP on [0, ] yields (X)o<s<, for any #; suppose that the initial
value xo = X of X is non-random and that for every n € Ny there is a measurable
G-valued function fz(:l)x() (1) of z,, (with t, < o0) and ¢t > 1, and the initial state xq
such that

X, = fz(ﬁ) () (3.12)

t
%o

where
Zoy = (T T Y Yy ).

Thus, until the time of the first jump (where the MPP contains no information about
X), X; = fli(())) () is a given, deterministic function of xg and ¢, between the first and

second jump, X; is a function of xg, ¢ and T1, Y;, etc. The functions f () provide
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algorithms for computing X between jumps, based on the past history of the process.
Note that the fact that Y,, = X7, on (7, < oo) translates into the boundary condition

fZ(:BYO (ty) = yn

for all z,, with #, < oo, in particular

) (0) = xo.

We shall more formally call a process X of the form (3.12) piecewise deterministic.
It is a step process (or piecewise constant process) if fz(:)(t) =y,and, if G = R, a
piecewise linear process with slope « if fz(:') (t) = yn +a(t —t,) for some constant «
not depending on 7.

Notation. In the sequel, whenever N, appears as an upper or lower index, we shall
write (z) as short for N; to simplify the notation. Always, (z) will refer to the total
number of jumps on [0, #] whether we are dealing with an MPP or RCM or just an
SPP or a CP, and whether the process in question is defined on an abstract probability
space or on one of the canonical spaces. Thus, on (W, H), (t) will be short for N/
and on (M, H), (¢) will be the notation used for N:.

With this notational convention, (3.12) becomes when also preferring the notation
(t) for ({¢)) in the upper index,

(t)
X = fZ(t)\XO ) (3.13)
where
Zyy = (T],... Ty Yo, e ,Y(t)).

__ In analogy with (r), we shall also use the notation (f—) for e.g., the left limit
N, = lims?t,s<l N;.

The identification of X with an MPP need not refer exclusively to jump times,
but could be based on other selected time points and marks. Between these selected
time points, the computation rule (3.12) should still apply. We then call X piecewise

continuous if all t +— fz(f)(t) are continuous on [#,, co[ . For the general piecewise

deterministic processes, and even for all step processes, it is not required that G be a
topological space.

Above we used as marks Y, = Xr,, the states X arives at at the selected time
points. Other choices are possible, e.g., if G = R (or just some topological vector
space) and X is cadlag (right-continuous with left limits) it is sometimes relevant to
use Y, = AX7, = X1, — X1,—, the size of the jump X makes at time T},.
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Example 3.3.1 We shall outline the MPP description of time-homogeneous Markov
chains in continuous time. That what follows is a construction of such chains is stan-
dard (although a rigorous proof is not always given); see Example 4.3.6 below for a
detailed argument.

Let G be the at most countably infinite state space with G the o-algebra of all
subsets. G will be the mark space, but in agreement with standard Markov chain no-
tation we write i, i, for elements in G rather than y, y,. Next, let A; > Ofori € G
and let 0 < m;; < 1fori # j € G be parameters such that ) ;..; wi; = 1 for
all i; consider also an MPP,, (7,)) = ((T,,), (Y,,)) defined on some measurable
space (€2, F) equipped with a Markov family of probabilities (IP)“O )ioe c (e.g., use
(Q,F) = (Kg, Kg) and define P|;, using the Markov kernels (3.14) and (3.15)) such

that the IP);, -distribution of (7, ) for an arbitrary iy € G is generated by the Markov
kernels

Py =e0' Pl ) =0 (12 g), (3.14)
2 (A=Y ), (3.15)
JE€A\in
where of course z, = (f1,...,%;11,...,i). Assuming that the process is stable

(which may be non-trivial to verify in concrete cases), define for a given ip the step
process

Xi = Xujip =Y

with initial state X¢g = Yy = iy corresponding to taking fz(:‘i.o (t) = i,. Thus the wait-
ing times between jumps are exponential given the past determined by the last state
reached by the chain; this last state also governs the destination of the jumps. It now
holds that there are fransition probabilities p;;(t) := Pj; (X;; = j) not depending

on ig such that
pij ) =Pliy KXoy = j1Xs =i) =Pjiy (Xs4s = Jj |Xio<us - Xs =i) (3.16)

foralli, j € Gandalls, ¢ > 0. Here Z/’ pij(t) = 1foralli and ¢ (because the MPP is
assumed to be stable). Furthermore the transition probabilities satisfy the Chapman—
Kolmogorov equations,

pij (s +1) =Y pir(s)pij (1)

keG
foralli, j € G, s,t > 0 with p;;(0) = §;;, and the transition intensities
qij = limo+ (pij (1) — 8ij)

exist for all i, j, and are given by ¢g;; = —A;, while fori # j, g;; = Aimij, in
particular g;; <Oand }_; g;; = 0 for all i.
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Note that if A; = 0, the state i is absorbing, as is seen from (3.14): once the chain
enters state i it remains there forever and consequently the 7r;; for j # i are irrelevant
for the description of the chain.

If the MPP is not stable, defining X;;, = V for ¢t > lim,_ o 7, with V an
additional state not in G, the conclusions above about the properties of X are still
valid. The resulting Markov chain is the so-called minimal jump chain determined
by the transition intensities g;;, with substochastic transition probabilities on G, i.e.,
> jec Pij(t) < lis possible.

For a proof of the properties of X given above and a stronger form of the Markov
property (3.16), see Example 4.3.6 below and also, for Markov chains on general state
spaces; see Section 7.2. At this stage, just note that one way of showing (3.16) is to
show that

Plio (th = ila yan = ln) ZP“‘O (Xfl = i], ’th—l = infl)Pinflin (tn —l‘n,])
foralln > 1landallO=1 <t; <--- <ty,i0,i1,...,ip €G.

Example 3.3.2 Let G be a finite set, and G the o-algebra of all subsets. A step
process X = (Xt|,-0 )is a semi-Markov process or Markov renewal process in con-
tinuous time with initial state iy € G, provided it is determined from an MPP
(T,Y) = (T, (Yn)) by X4y, = Yy (just as in Example 3.3.1 and still using
Yo = ip), but where now the sequence (V,, ¥),>;, where V, = T,, — T, 1, is a
discrete time-homogeneous Markov chain with transition probabilities of the form

]PHO(Yn—i-l = ja Vn+1 € B|Yn =1, Vn)
= Pliy (Va1 = J, Vur1 € Bl(Vi, Y)1<k<n—1, Yo =1, V) (3.17)
= P;; (B)

forn > 0,i,j € G and B € B,. Here each P; ;j 1s a non-negative finite measure (of
total mass < 1) on R4 such that all P;; = O and ) i P;; is a probability measure for
alli € G,ie., Zhéi mwij = 1 where m;; =P;; (Ry).

From (3.17) one finds that

Plio Ypy1 =7 Y, =1, V) = TTij,

and since this does not depend on V/, it follows that (¥,), > is a homogeneous Markov
chain with initial state iy and transition probabilities (m j) . It is then also clear from
(3.17) that the Markov kernels generating the jump times 7, for (7, )) are determined
by

- 5 - () 5
P )= Pyj), Plum=) P it—t) (xltxt),
JFio JFin

with z, = (t1,...  tas i1, ... ,in), writing P;; @) = P;; (Qu,o0[). To find the
Markov kernels generating the marks Y, is more complicated, but using (3.17) to find
the conditional distribution of Y, given (Z,, T,+1) one eventually arrives at
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(n) _ in] _ . .
7 i (D = 05,0 Py (t—tn) (t>ty,j#in).

Here the Radon—Nikodym derivatives are determined by

dP;; —
—(v) Pijr (dv) = Pij (@)

for any u > 0, i # j. If in particular there are probability measures P; on Ry and
constants c;j such that P;j; = ¢;P; for j’ # i, then necessarily c;;» = m;; and it is
immediately verified that

Z(n)”,o i) = mi,j-

If Ej (n) = mje’kl'” for all i # j for some A; > 0, then X becomes a homo-
geneous Markov chain as in Example 3.3.1. If all P;; = n;;P fori # j with P a
probability on R, then the SPP (7,),>; is a 0-delayed renewal process, as in Exam-
ple 3.1.3, with iid waiting times V,, that have distribution P.

The final example we shall present, like the two preceding examples, gives an
MPP construction of a certain type of stochastic process in continuous time but it
is more advanced in two respects: the obtained process is not a PDP, but it is more
complicated, and the mark space required is much larger than the ones encountered
so far. The example is included mainly to illustrate that it is relevant to allow marks
that are functions rather than just points in R? or some countable set; but since this is
outside the main scope of this book, the example is not reused or referred to later.

Example 3.3.3 We shall construct a simple example of a so-called branching diffu-
sion where particles or individuals are born and die and during their lifetime, moving
randomly through space (in this case R) following the sample path of a Brownian mo-
tion. To this end, let G be the space of all continuous functions w : Ry — R and
define G as the smallest o -algebra of subsets of G that makes all the projection maps

j.[O
w — w(r) measurable. Furthermore, let Pg|x be the probability on (G, G) such that
under Pg|, the process (rrf’) >0 is a standard Brownian motion on R, starting from
x:Ppy Xo=x) = 1;andforalln € N,0 =1y < 11 < --- < t,, the increments

. — ”ti_1> are independent with w7 — 7y for s < ¢ Gaussian with mean 0

. 1<k<n
and variance t — s.

Forr > 1, let {G}" denote the set of all sets {wy, ... , w,} consisting of r elements
of G. As a mark space we shall use

]
(

= u Gy
r=1

with the understanding that if the mark 0 occurs, the branching diffusion has become
extinct, while if the mark {wy, ..., w,} € {G}" results, then the branching diffusion
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has reached a population size r and the locations in R of the r individuals at any (!)
future point in time are specified by the collection {wy, ..., w,} of Brownian paths
(for technical reasons to be used though only until the time of the next jump for the
MPP).

In order to describe the MPP we finally need a birth rate § > 0 at which new
individuals are born, and a death rate § > 0 at which individuals die.

Write y = (r, {w1, ... , w,}) for the elements of E, (just y = 0 if » = 0) and let
yo = (ro, {wi, ..., wy}) be a given but arbitrarily chosen initial state with ro > 1.
Then define the Markov kernels P(nl)y0 generating the jump times (7},) by

PO (1) = g0 B+ PO (1) = e B (> 1 >
[¥0 > znlyo = n=bLt=1,
writing z,, = (1, .-+ , Iy Y1y - - , Yn) With y, = (r,,, {wl, e, w,n}) .
Note that if r, = 0, P(") = &0, then the population has become extinct and the

(n + 1)th jump never occurs. So in order to define the kernel T[z(:)tl 0
consider the case r,, > 1 and in that case we describe n( ) , a8 follows: just before
the time ¢ of the (n + 1)th jump the r,, individuals in the populatlon are located at the

positions wy (t — ), ... , wy, (t —t,) . Now, with probability

_h
ru (B +9)

choose any one of these positions, w; (f — 1,,), and then generate Y11 as the collec-
tion of r, + 1 Brownian paths chosen independently according to the distributions
PBjw;(1—1,) for 1 <i <r, and an extra Py, ;-

Similarly, with probability

we need only

_ %
(B +6)

choose any of the positions w; (¢ — t,) and let Y,, 1 consist of the collection of r,, — 1
Brownian paths chosen independently according to the distributions Pgjy,(—s,) for
1 <i<r,withi # j.

Thus, at each finite jump time 7,, a new individual is born with probability
B/ (B + 8) and starts moving from the same location as its parent, with all individuals
following independent Brownian motions, by construction made continuous across the
jump times Ty,. Similarly, with probability 6/ (8 4 ) , one of the existing individuals
dies and is removed from the population, the remaining individuals still moving as
independent Brownian motions.

Having constructed the MPP ((7},) , (Y,,)) it is a simple matter to define the branch-
ing diffusion p = (o;),> itself: p; is the random variable

ot =Yy

where
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Yiyi (@) ={wi ¢ =T, (@), ..., wy, ¢ — T ()}

when N, (w) = n and Y, (@) = (rp, {wi, ..., wy, }) . Here the definition of Y ; ()
as a collection of locations should allow for repetitions: it will happen once in a while
that two of the different Brownian motions meet, and also, if at time 7,, (w) a birth
occurs, two of the locations describing Y ;) 7, (w) (@) are certainly the same.

In the construction above new Brownian motions are generated at each jump time
T, for all individuals surviving immediately after 7,. It is not necessary to do this.
One might just as well have continued using the Brownian paths already in place for
the individuals in the population immediately before 7,, and then generate just one
new Brownian motion for the newborn individual if a birth takes place at 7;,. By the
Markov property of Brownian motion this alternative branching diffusion will have the
same distribution as the one we have constructed — even though the resulting MPP is
certainly different from the one defined above. The construction with new Brownian
motions for all individuals at each jump time was chosen because it appears simpler
to describe.

We have defined p as a process with a state space which is the set of all finite
subsets of R, when allowing for repetitions. An equivalent definition allows one to
view a branching diffusion as a process p = (;),>( with values in the space of discrete
counting measures on R, viz. by letting p; (B) be the number of elements of Yy,
(when counting repetitions of course) that belong to the Borel set B.

A final comment on the branching diffusion is that the MPP involved is in fact
stable. It is easily seen from the description of the Markov kernels when referring
back to Example 3.3.1 that the process (p; (R)),~( is a homogeneous Markov chain
on Ny with transition intensities g;; given by ¢g;; = —i (8 + d), while for i # j the
only non-zero intensities are g; ;11 = i and g; ;1 = i for i > 1. Intuitively this
implies that p (R) jumps more slowly than the birth process from Example 3.1.4 with
Ai =i (B + 3), and since by Exercise 3.1.2 that birth process is stable, so is o (R) . A
formal proof may be given using Corollary 4.4.4.
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Compensators and Martingales

This chapter contains the basic theory of probability measures on the space W of
counting process paths and the space M of discrete counting measures. Compensators
and compensating measures are defined using hazard measures, and by exploring the
structure of adapted and predictable processes on W and M (a structure that is dis-
cussed in detail), it is shown how the various forms of compensators characterize prob-
abilities on canonical spaces. Also, these probabilities are described by the structure of
basic martingales. Stochastic integrals (all elementary) are discussed and the martin-
gale representation theorem is established. It is shown (It6’s formula) how processes
adapted to the filtration generated by an RCM may be decomposed into a predictable
process and a local martingale. Finally, there is a discussion of compensators and com-
pensating measures for counting processes and random counting measures defined on
arbitrary filtered probability spaces.

Much of the material presented in this chapter is essential for what follows and
complete proofs are given for the main results. Some of these proofs are quite long and
technical and rely on techniques familiar only to readers well acquainted with measure
theory and integration. It should be reasonably safe to omit reading the proofs of e.g.,
the following results: Theorem 4.1.1 (the proof of the last assertion), Proposition 4.2.1,
Theorem 4.3.2, Proposition 4.3.5, Proposition 4.5.1 (although it is useful to understand
why (4.65) implies that f is constant) and Theorem 4.6.1.

References. Hazard measures (Section 4.1) are treated in Jacod [60] and Appendix
A5 in Last and Brandt [81]. Other than these, everything in this chapter apart from
Section 4.8 refers to canonical SPPs, CPs, MPPs and RCMs. The corresponding theory
for processes on general filtered spaces was initiated by Jacod [60]; a nice survey is
given in Chapter 2 of Last and Brandt [81].

4.1 Hazard measures

Let P be a probability on (EJF, B+) with survivor function P. Thus P(t) = P (]z, 0o])

with P(0) = 1 and P(t—) = P ([r, oc]) . Also write AP(z) := P ({r}) with AP(c0) :=
P ({o0}).
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Define
t':=inf{t > 0:P(t) =0}, 4.1

the termination point for P. Note that 17 > 0 because P(0) = 1 and P is right-con-
tinuous. Further, t" = oo iff P(r) > O forall 7 € R4 and if 1 < oo, then P(r7) =
0 always; in addition either AP (ZT) > 0 and P(IT—) > 0, or AP (tT) = 0 and
P(tT —e) > 0forall0 <e <.

Definition 4.1.1 The hazard measure for P is the Ro-valued measure v on (R, B;)
with v <« P and, forr € R,

1/P(t—) ifP(t—) > 0,

D= 42
dP( )= 0 otherwise. *2)

Formally, the Radon—Nikodym derivative is with respect to the restriction to R
of P rather than P itself. By the definition of v,

1
B=[——p s
v = [ s pay (43)

for all B € B, as follows from the observation that
P({t e Ry : P(r—) =0}) =0, (4.4)

i.e., the definition of dv/dP(t) when P(t—) = 0 is irrelevant. (For us v (7, co[) = 0
because of (4.2) — but that need of course not hold with other definitions of v beyond
t7). To argue that (4.4) holds, just note that the set appearing in (4.4) is = @ if 17 = oo,
= [T, o0[ if t" < 0o and AP (t7) = 0, = |¢7, co[ if t7 < co and AP (t7) > 0).

It will be clear from Theorem 4.1.1 below that hazard measures are not in general
o -finite; it is possible that v ([s, t]) = oo for some 0 < s < ¢ < o0.

The reader is reminded of the standard more informal definition of hazard mea-
sure: namely, if U is a R, -valued random variable, then the hazard measure for the
distribution of U is given by

v(t,t+dt) =Pt <U <t+dt|lU >1),

i.e., if U is the timepoint at which some event occurs, v measures the risk of that event
happening now or in the immediate future given that it has not yet occurred.

There are two particularly important structures for P, where the hazard measure v
has a nice form, and where it is easy to recover P from v.

Suppose first that P has a density f with respect to Lebesgue measure. Then v has
density u where u(t) = f(t) /1_3(t) ift < 7, and the function u is called the hazard
function of P. If in addition f, and therefore also u, is continuous on ]O, tT[, u is
found by differentiation,

u(t) = —D; log P(1)
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for t < ¢7, and since P(0) = 1 it also follows that

t
P(1) = exp (— / u(s)ds). 4.5)
0

For the second structure, suppose that there is a finite or infinite sequence () in
R4+ with0 < #; < < - - - such that P is concentrated on the #; and, possibly, co with
all 7 atoms for P: P(R4\ {(#x)}) = 0 and AP(#;) > O for all k. Then v is concentrated
on {(x)}. Writing Av(¢) := v ({t}), we have that

AP(n) | P(1)

Av (ty) = = —1-=
V=50 Pe_1)
(with to = 0if k = 1) so that
k
P(t) = ]_[ (1—Av()). (4.6)

Jj=l
The basic properties of hazard measures are summarized in the next result.

Theorem 4.1.1 Let v be the hazard measure for some probability P on (R+, E+) .
Then

i) v0,1]) <ooift <ti;
() Av(t) <1forallt € Ry, Av(t) < 1forallt <t';
(i) ift’T < oo, then Av (t7) = 1iff AP (") > 0;
(iv) if AP (tT) > 0, then v (]0, IT]) <ooift’ <ooandv(Ry) < oo ift’ = oo;
(v) if AP (tT) =0, thenv (]0, tT[) = oo whether or not t is finite.

If. conversely, v is a Ro-valued measure on (R, By), and locally finite at O so
that v (0, t]) < oo fort > O sufficiently small, and with Av (t) < 1 forallt € Ry,

then v is the hazard measure for a uniquely determined probability P on (@_,_, B+) in

the following sense: the termination point t' for P is

t'=inf{tr >0:v(0,7]) = oc0or Av (t) = 1}, 4.7
the survivor function P for P is given by the product integral

l_[0<s§t (I—vds) ift< H-,

0 ot (4.8)

P@t) = {

and the hazard measure for P agrees with v on {t eR, :P(t—) > O} .

Note. The product integral (4.8) reduces to (4.5) and (4.6) in the special cases where
either v (dt) = u(t) dt or where v is concentrated on {(#)}; cf. the two special struc-
tures for P used to arrive at (4.5) and (4.6). To define the product integral for general
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v, define ¢T as in (4.7) and restrict v to ]0, tT] iftt < o0, v (]0 t*[) < oo and (neces-
sarily) Av (tT) = 1, and restrict v to ]0, t*[ otherwise. The restriction is denoted by v
as well.

Now split the restricted v into its discrete part v¢ and its continuous part v°, i.e.,
v =1+ v, where

vi(By=v(BNA,) (BebBy)

with A, = {t € R} : Av(z) > 0}, at most the countably infinite set of atoms for v.
(The definition of ¢! implies that v (]0, t]) < oo for any 7 < t7, hence on each 10, 7]
with 7 < 7, v can have at most countably many atoms). Then define for r < ¢

[T (= vis) =exp (- q0.1D) ] (1 — Avd(s)>. (4.9)

O<s<t O<s<t
(The continuous product extends of course only over s such that s < ¢ with s € A,).
Proof. IfP (t—) > 0, then v (10, t]) < Jon1 /P(t—) P(ds) < oo, proving (i) and (iv).
(ii) and (iii) follow from Av(r) = AP(t)/P(t—) if P(t—) > 0. To prove (v), note that
0 <P([t.t7]) 4 Oast 1 ¢ witht < ¢7; then define #p = 0 and recursively choose
fr 1 t7 such that 0 < P ([1, t[) < %P ([te=1.¢7[) - Then

(o=

v ({11, 1)

P
/[lk Al P(?— (@)
P ([te=1. t])

P

([r-1.47])

where the assumption AP(") = 0 has been used in the last step. But the series in the
last line diverges since each term is > %
For the proof of the last part of the theorem, let 7 be given by (4.7), restrict v to
10, 7] or J0, #7[ as described in the note above, and let v now denote this restriction.
Consider the function

P(1) = exp (—v° 10.1D) [] (1 - Avd(s)> (4.10)

O<s<t

v

[ EP”18 gl

w-
Il

1

defined by the right-hand side of (4.9). The basic structure of the product integral that
we shall explore is that (obviously) for0 <s <t < tf,

P(1) = P(s) exp (—v° (s.1)) [ <1—Avd(u)). 4.11)

s<u<t

By the elementary inequality 1 —x < e~ for x > 0 it follows that for 0 < s <
t <t
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I1 (1 — Avd(u)) <exp (—vd (s, z])) (4.12)

s<u<t
implying that
P(t) < P(s)exp (—v (Is, 1])) . (4.13)

Also, for fixed 1y < 1, since by the definition of tF, Aavd (t) < 1fort < ty, and since
on ]0, #p] there can be at most finitely many ¢ with Av(#) > € for any given € > 0, it
follows that

sup Avd(t) <co<l1;
0<t<tg

determining yp > 1 to be so large that 1 — x > ¢77* for 0 < x < ¢y, it follows that

I1 (1 - Avd(u)> > exp (—yovd (s. t])) (4.14)

S<u<t

and so
P(1) = P(s) exp (=0 (Is, 1)) = yov* (1 1]))
> P(s) exp (—yov (s, 11) - (4.15)

Letting t | s with ¢ > s in (4.13) and (4.15) it follows that P is right-continuous on
10, 7o[ for any 7y < ¢¥, and so, trivially, Pis right-continuous on R.. Since 5(0) =1
and P is decreasing, P is the survivor function for a (uniquely determined) probability
PonR,.

We now proceed to show that P has termination point t7(P) = ¢, and that P has
hazard measure v. Since by the definition (4.10) of P, PatH = 0if 17 < oo, we see
that 77 (P) < ¢7. On the other hand, for 7y < ¢, (4.15) gives

P(t9) > exp (—yov (10, 10])) > 0

so that 7 (P) > 1o, forcing tT(P) > ¢T, and we conclude that ¢7(P) = ¢7.

To show that P has hazard measure v, we use the differentiation technique from
Appendix A, and start by showing that on ]O, IT[, v(t) = v (]0,¢]) is pointwise
differentiable with derivative 1 /I_’(t—) with respect to the distribution function Fp =
1 — P for P. This means that

(i) whenever Fp(s) = Fp(¢) for some s < ¢ < ¢', then also v(s) = v(¢);
(i) whenever Av(r) > 0 for some ¢ < ¢7, then also AP(¢) > 0;
(i) limg o0 Fx(t) = 1/P(t—) for P-aat € ]0, [,

where, in (iii), writing Iy x = ]]‘2;1, ZLK] ,

> I
F (1) =211k,,<(t)M (4.16)
k=1

k,
P(th)
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with 0/0 = 0 if the denominator (and by (i), also the numerator) in the kth term
vanishes.

(i) follows directly from (4.11). Letting s 1 ¢ with s < ¢ in (4.11) gives P@t) =
P(r—) (1 — Av(t)) so that

AP@) =P(r=)Av(t) 4.17)

and (ii) follows. Finally, if t < 1, letting Jak, bk ] denote the interval Iy x containing
t, we have

_ v(ak, bk])
P = 5 Qax. bxD
vk (lak, bk])

P (ak) (1 — exp (—v¢ (lag, b D) [Tog <u<py (1 — AvZW))

Since Jag, bg1 1 {t} and P (ax) — P(r—), it is clear from (4.17) that if Av(r) > 0,

Avir) 1
AP(t)  P(t—)’

lim Fk (1) =
K—oo

If Av(r) = 0,, writing v% =4 (lak, bk]), we have inequalities from (4.12) and
(4.14) of the form

ek < T (-avw) <ek (4.18)

ag <u<bg

for y > 1, chosen so that 1 — x > e 7" if 0 < x < cg, where cxy =
sup {Av(u) : ag < u < bg}. Butsince Av(t) = 0, vg := v (Jag, bk]) — 0 and
consequently also cxk — 0 as K — oo. It is clear that for any y > 1, (4.18) holds for
K sufficiently large. Therefore

VK VK

= F =
P (ak) (1 — e77vk) = Fx(@) = P(ag) (1 —e™x)

for y > 1, K sufficiently large, and since the expression on the right converges
to I/F (t—), and on the left to 1/()/F (t—)) as K — o0, the desired conclusion
lim Fk (1) = 1/P (¢t—) follows.

To show that P has hazard measure v it remains to show that v is obtained by
integrating the derivative,

1
= = P(d 4.19
V() /MP s (4.19)

fort < 7. (This must also hold for t = ttif 7 < oo and AP (IT) > 0, but that is
automatic if (4.19) is valid for ¢t < o let s 0 t1 to obtain

v(Jo ) =v () < 13(;1T_) <%0
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and so, by the definition of t, Av (tT) =1, and Av (tT) = AP (tT) /l3 (tT—) follows
since ¢ is the termination point for P).

By Proposition A.0.2, (4.19) will hold if for every #y < ¢ there is a constant ¢
such that for0 <s <t <1y,

v(t) —v(s) < c(Fp(r) — Fp(s)) .
Since by (4.11) and (4.13)

P (Is, 1]) > P(s) (1 — exp (v (Is, 1])))
= P(to)bov (Is, t])

for by >_O chosen so small that 1 — e™ > bgx for 0 < x < v (]0, 1p]) , we may use
c=1/ (P(to)bo) .

The final assertion of the theorem is that there is only one probability that has
a given hazard measure v as its hazard measure, i.e., the probability with survivor
function given by (4.8). So assume that P; # P, are two probabilities with hazard
measure v. Certainly, both probabilities have termination point tT given by (4.7) and
defining 1y = inf{t P () #P; (t)} we must have fg < ¢t'. Fort € [to, tT[ consider

d(t) == Py ([to, t[) — P2 ([to, tD)| = ’ f[ [(131 (s—) =Py (s—)) v (ds)].
19,1

Here by the definition of 7y,
Py (s—) — P2 (s—) = P2 ([t0, sD) — Py ([t0, s]) ,
so it follows that

d(t) < / d(s) v(ds). (4.20)
[70,2[

Choose any t; € ]to, t*[ and put
K =sup{d(s):tp<s <t}.
By (4.20), for t € [10, 1],
d(r) < Kv ([r0, 1[) < Kv ([t0, 1]
and hence
K < Kv ([1o, 1) -

But for #1 | 19, v ([f0, t[) 4 v ({fo}) < 1, by choosing #; > 1, sufficiently close to # it
follows that K :_O, and th_erefore also that d(t) = 0 for t > 19 sufficiently close to #(;
thus, for these ¢, Py (t) = P, (¢), in contradiction with the definition of 7. O
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The following immediate consequence of Theorem 4.1.1 will be used later:

Corollary 4.1.2 If U is a Ry -valued random variable with hazard measure v, then
Pw(0,UINR;) <o0)=1.

Example 4.1.1 (i) v = 0 is the hazard measure for the probability &, with point
mass 1 at oo.

(i) v = A€ where A > 0 and £ denotes Lebesgue measure is the hazard measure for
the exponential distribution with rate A, i.e., P@t) = e ™.

(i) v = Zzil péen where 0 < p < 1 is the hazard measure for the geometric
distribution on N given by AP (n) = p (1 — p)"~! forn € N.

Hazard measures have some further nice properties that we quote, leaving the
proofs as an exercise.

Proposition 4.1.3 (i) If P has hazard measure v and ty > 0 is such that P(ty) >
0, then the hazard measure for the conditional probability P (- |]ty, 00]) is the
restriction to ty, oo[ of v.

@{i) If Uy, Uy are E+-valued and independent random variables with distributions
P1, Py and hazard measures v, vo respectively, then provided AP1(t)AP2(t) =0
for all t > 0, the distribution of U := min (U1, Uy) has hazard measure
v =v1 + vy

The assumption in (ii) that P; and P> do not have atoms in common on Ry is
essential for the assertion to be valid, as is made clear from the following.

Exercise 4.1.1 Show part (i) of Proposition 4.1.3. Also show the following sharp-
ening of part (ii): if Uy, Uy are ﬁJr—valued and independent random variables with
distributions Py, P> and hazard measures vy, v, respectively, then U = min(U;, U3)
has hazard measure v given by

v (0, 1) = v1 (10, £]) + 2 (10, 1) = Y Avi(s)Ava(s).

O<s<t

(Hint: show and use that

1
0,t)=E|=———U <t|).
v [Pl (U—P(U-) } :

For later use we give the following result:

Lemma 4.1.4 There exists a universal constant ¢ < 1 such that for any probability P
on Ry with hazard measure v, it holds that

/ P(ds)e " <,
10,00[

where v (s) := v (]0, s]) .
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Proof. As motivation, suppose first that P has Lebesgue density f. Then the integral
above equals

o0
5 : 1 ()2 o 1 1
/0 FOP@) ds = lim (-3 P0)’+3) <.
For the general case, introduce
1(t) ::/ P(ds) e ",
10,7]
and note that by partial integration

1) =1—-P@)e™ + / P(ds) P(s—)Dpe ™", (4.21)
10,1]
where the differentiation Dp is in the sense described in Appendix A, and where the
formula itself is most easily verified by differentiation with respect to P — it is always
valid for # < ¢' and extends to :_tT in case 1’ < 0o and AP(tT) > 0.
Now, by direct computation if P(s—) > 0,

Dpe—"0) = o) 1 exp(—AP(s)/P(s—)) — 1

P(s—) AP(s)/P(s—)
using the obvious definition (¢™* — 1) /x = —1if x = 0, and so
1

Dpe—v(s) < e—v(s—)

= 4.22
55" (4.22)

where

y:= sup (e —1)/x

0<x<l

is < 0 and > —1. But since also v (s—) < v(s), we may replace v (s—) by v(s) in
(4.22) and from (4.21) we deduce that

11—y 1) <1-Pne™® <1

and the assertion of the proposition follows withc =1/ (1 — y). ]

4.2 Adapted and predictable processes

In most of this chapter we shall deal with canonical counting processes and canonical
random counting measures, i.e., probabilities on the spaces (W, H) and (M, H), re-
spectively; cf. Sections 3.1 and 3.2. Recall that any such probability may be viewed as
an SPP, respectively an MPP through the following definition of the sequence of jump
times (t,) on W:
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Ty =inf{t >0:N/ :n} (n e N),

see (3.1), and the following definition of the sequence of jump times (t,) and marks
(M) on M,

rnzinf{t>0zﬁf=n} (n e N),

[o.SINe o]

o0
(€ A) = U ﬂ U (N(kfl)/ZK =n—1, N]?/zK(A) - N(Okfl)/zl((A) = 1)
K'=1K=K'"k=1
(4.23)

forn e N, A € &, see (3.6), (3.7). Because we have assumed that (E, £) is a Borel
space (see p. 11) we are able to identify the exact value of n, from (4.23) and may
therefore write

K= e,

niTy <00
see (2.4). Other notation used throughout is
N°(w) =w, N;/(w)=w(r) (weW,t>0),
and
u(my=m, p°(C,m)=m(C)
form € M, C € By ® &, while N, : M — Ny and NP (A) : M — Ny (for A € &)
are defined by

o0
N; (m) =", (m)
n=1

o0
NP (A m) =Y L, <tpuea) (m) = p° (10,11 x A, m)

n=1
for m € M, and where we write e.g. N/ (A, m) rather than NS (A)(m). Finally we
define

Sn_{(n’ (T1, ..., Ty) on W, 424)

- T N ee- s Mp)  on M

as well as (cf. p. 26)

Eny = {SN’O’ Ei—y = :SN’O’ (4.25)

Eves &y s
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with the convention that on (N7 = 0), resp. (Nto = 0) , &1 = 0 (the important thing
is that &0y should be something non-informative and if viewed as a random variable,
should generate the trivial o-algebra, o (§(0>) = {0, W} or {0, M}). Note that &,
summarizes the jump times and marks occurring in [0, 7], and &,y summarizes those
occurring in [0, #[ .

The canonical filtration on (W, 'H) is (H;),>o Where

=0 (N9)ozr<) (4.26)

is the smallest o -algebra such that all Ny for s < ¢ are measurable. Similarly, the
canonical filtration on (M, H) is (H;),>¢ where

H, =0 ((N;(A))O - st,Aeé') . (4.27)
For t = 0 we get the trivial o-algebra,

_ . wi
HO_{{(ZJ,M}.

Considering the space (M, H) it should be noted that if &’ C & is a collection of
sets in £ that generates £ (the o-algebra o (E ’) generated by the sets in £’ is £ itself)
such that E € & and &£’ is closed under the formation of finite intersections, i.e.,

AlNAy cEifA, Aye€ then ™, = o ((N;(A))quﬁAeg,
Remark 4.2.1 The filtrations (H;) are defined entirely from the structure of the two
spaces W and M. If, in addition, a probability Q is given on the relevant space, it is
customary in general process theory as part of the so-called usual conditions to enlarge
each H; by including all subsets (7{-measurable or not) of Q-null sets from . In this
book, however, we always use the H as defined originally and the H; as in (4.26) and
(4.27) — no completed o -algebras are ever considered. Keeping to these (restrictive)
definitions is essential for results such as in Proposition 4.2.1 below to be valid! (For
more on the usual conditions and completions, see Appendix B).

A process X = (X;);>o with state space (G, G) defined on W or M is a fam-
ily of G-valued random variables; each X, is a measurable map from (W, H) or
(M, H) to (G, G) . The process is measurable if the mapping (¢, w) r§> X:(w), re-
spectively (¢, m) +§> X, (m) , is measurable from (Rg x W, By ® H) , respectively
Ro x M, By ® H), to (G, G). X is adapted if it is measurable and each X; is H;-
measurable; X is predictable (or previsible ) if X is Ho-measurable (i.e., if G sepa-
rates points, Xo = xo for some x9 € G) and if X restricted to (Ry x W, B, ® H),
or (Ry x M, By ® H), is measurable with respect to the predictable o- algebra P.
Here P is generated by the subsets

Jt,oolxH (t>0,H¢eH,) (4.28)
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of Rt x WorR4 x M.

If (G,G) = (Rd, Bd) , the process X is right-continuous if all sample paths are
right-continuous, i.e., in the case of (M, H) , the map ¢t + X,(im) is right-continuous
on Ry for all m € M; similarly X is left-continuous, continuous, cadlag, increasing
if for all m, ¢t — X;(m) is respectively left-continuous on R, continuous, right-
continuous on Rq with left limits on R, increasing in each of the d coordinates.

Appendix B contains a more general discussion of the concepts from process
theory introduced here.

Example 4.2.1 Let X be an R?-valued process defined on (M, H) (or (W, H)). Then
X is measurable if it is either right-continuous or left-continuous, e.g., if X is right-
continuous this follows from the representation

oo
X,(m) = K]gnooz k—1y2-K kK[ (D) X ok (m)
k=1

where each term in the sum is 3y ® H-measurable since it is a product of a measurable
function of ¢ and a measurable function of m.

The concept of predictability is crucial and therefore deserves some comments.
Note that from (4.28) it follows immediately that all sets of the form ]s, ] x H or
Is,t[ x Hfor0 <s < t and H € H, belong to P; therefore also a process X defined,
for example, on (M, H) of the form

Xt(m) = 1]S0,l‘0] ([) U(m) or 1]5‘0,[0[ (t) U(m)

for some 0 < 59 < fop < oo and some R-valued and H,-measurable random variable
U is predictable. It is critically important in (4.28) that the interval ]z, oo[ is open to
the left!

Intuitively a process X should be understood to be predictable, if for every ¢ > 0 it
is possible to compute the value of X, from everything that has been observed strictly
before time 7, i.e., observations referring to the time interval [0, ¢[ . The prime example
is
Example 4.2.2 An R-valued process X on e.g., (M, H), that is left-continuous with
each X; H;-measurable (i.e., X is left-continuous and adapted), is predictable: just use
the representation

o0
Xl‘ (m) = KIE)HOO Z 1](/{71)2_1(,/(21(] (t)X(k71)2_K (m)
k=1

fort >0, m € M.

The following very useful result characterizes the o-algebras H, (as defined by
(4.26), (4.27)) as well as adapted and predictable processes, and also shows that the
filtration (H;) is right-continuous. (For this the definitions (4.26) and (4.27) of the H;
are essential, cf. Remark 4.2.1). Recall the definitions (4.24), (4.25) of &,, &, and

&y
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Proposition 4.2.1 (a) Consider the space (W, H) .

(i) Aset HC W belongs to H; iff for every n € Ny there exists B, € B N
10, £1* such that

HN (N =n) = (& € By, tay1 > 1). (4.29)

(i) Foreveryt >0, H;y = H; where Hiq = (o0 Hite-
(iii) A real-valued process X = (X;);>¢ is adapted iff for every n € Ny there

exists a measurable function (z,,t) — fz(:l) (1) from R} x R to R such
that identically on W and for all t € Ry,

X = £ ).

(iv) A real-valued process X = (X;),>( is predictable iff for every n € Ny there

exists a measurable function (z,,,t) — fz(n") (1) from R’} x R to R such
that identically on W and for all t € Ry

X = fi7) . (4.30)

(b) Consider the space (M, H) .

(i) A set H C M belongs to H; iff for every n € Ny there exists C, €
B ® &™) NJ0,t]" x E") such that

HN (N;’ - n) — (&) € Cn, Tast > 1). 4.31)

(i) Foreveryt >0, H;y = H; where Hiy := (o0 Hite-
(iii) A real-valued process X = (X;),>q is adapted iff for every n € Ny there
exists a measurable function (z,,t) — fz(nn)(t)from RY x E") xRgtoR

such that identically on M and for all t € Rg
X, = fé(ii (). (4.32)

(iv) A real-valued process X = (Xt),>( is predictable iff for every n € Ny there

exists a measurable function (z,,t) — fzin)(t)from (R} x E") x RotoR
such that identically on M and for all t € Rg

X, = f;(’[j (t). (4.33)

Note. Because H) is the trivial o-algebra, the meaning of (4.29) and (4.31) forn =0
is that H € H iff H N (N; =0), resp. H N (ﬁf = O) , equals either the empty set

n

or the set (1 > t) . Also, for n = 0 the function fz(n )(t) is a function f O 1) of ¢ only.
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Remark 4.2.2 The description of adapted processes merely states (apart from mea-
surability properties) that a process is adapted iff its value at ¢ can be computed
from the number of jumps on [0, #] and the timepoints and marks for these jumps.
In particular, an adapted R-valued process on e.g., (M, H) is piecewise deterministic,
(cf. (3.12)). For a process to be predictable, to find its value at ¢ it suffices to know the
number of jumps on [0, ¢[, their location in time and the marks.

Example 4.2.3 On (W, H), the counting process N° is adapted but not predictable.
Similarly, on (M, H) the counting processes N°(A) are adapted for all A € &, but
not predictable except for A = . To see the latter, fix A # @, ¢+ > 0 and just note
that there is an m € M with N7 (m, A) = 0 and a different m’ with N;_ (m’, A) = 0,
Ny (m’, A) = 1 (the first jump for m’ occurs at time ¢, resulting in a mark in A), but
were N°(A) predictable, by Proposition 4.2.1, N2 (m, A) = N7 (m’, A).

As an example of the representation (4.32), note that on (M, ‘H), N7 (A) has this
representation with

0 =Y "1a 0
k=1

where, as usual, 2, = (f1, ... , bp; V1o oo v 5 Vi) -

Proof of Proposition 4.2.1. We just prove (b).

(i). Note first that since £, € K" (E) always (see p. 22 for the definition of
K™ (E)), in (4.31) it is only the part of C,, inside K" (E) that is relevant: C,, may be
replaced by C,, "N K® (E) .

It is easy to see that the class of sets H € H; that have the representation (4.31)
is a o-algebra (e.g., if (4.31) holds for H, it also holds for H¢, replacing C, by
(]0, t]" x E”) \Cp). It therefore suffices to show that (4.31) holds for the members

of the H;-generating class ((Ng(A) = l))leNo < Ace - But

n
(N;(A) =1, N,/ = n) = (Z Lgzsaper) =1, Ty <1 < Tn+1>

k=1
so (4.31) holds with
n
C, = {Zn : 1]0,s]><A (te, yo) =1, 1, St}a
k=1

where here and below it is notationally convenient to allow z,, — the vector (¢1, .. . , f;;

Y1, ---,Yn) — to vary freely in all of ]0, ¢]* x E”" rather than the part of K™ (E)
with #, < t. Suppose conversely that H C M satisfies (4.31) for all n. Since H =
Unso HN (ﬁf = n) , H € H; follows if we show H N (ﬁ? = n) € H,. But for
that, since the class of sets C,, for which (§, € C,, 7,41 > t) € H, forms a o-algebra
of measurable subsets of 10, t]" x E™, it suffices to consider C,, of the form
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Con ={zn 1tk =5, yx € A} (4.34)

for some k and s with 1 <k <n,s <1, A € £, since these sets generate (B} ® £")N
(10, 11" x E™). But with C, given by (4.34), use a variation of (4.23) to verify that
EeCrtyr1>t)=(k <s,Nk €A, Typ1 > 1)
_ (szk,ﬁf <n+l>ﬂHn

where

oo 2K

o0
Ho={J () U (NGnaar =k =10 N5 o () = Nj_py o () = 1))
K'=1 K=K' j=1

and it is clear that (§, € Cy,, Ty41 > t) € H;.
(i1). We must show that H;+ C H,. So suppose that H € H,, i.e., that

n
H € H, ;1 for all k € N. By (i), for every n, k there is Cp, x C ]O, t+ %] x E"
measurable such that

HN (ﬁ;i - n) - (g,, € Cos Tap1 > 1+ %). (4.35)

Now consider the set of m € M belonging to the set (4.35) for k sufficiently
large. Because ¢t +— ﬁf is right-continuous and piecewise constant and because
m € (rn+1 >t+ k_l) for k sufficiently large iff m € (v,41 > t), this leads to the
identity

HN (ﬁj’ = n) = (gn € KLle kQ Cn,k> N (Tpg1 > 1).

But since C, x is a measurable subset of |0, 7 + k"]" x E", U% =i MNrex Cux is a
measurable subset of 10, t]* x E", hence (4.31) holds and by (i), H € H;.

(iii). Let X be an R-valued, adapted process. Writing X = X+ — X, the difference
between the positive and negative part of X, it is seen that to establish (4.32) it is
enough to consider X > 0. Further, writing

X; (m) = lim i%l s e (8, m)
K—o0 =2 (2K =X<%x )
it is clear that it suffices to consider adapted X of the form
X (m)=1p (t,m) (4.36)
for some D € By ® H, i.e., to ensure adaptedness D has the property that
D; :={m: (t,m) € D} € H;

for all ¢. But by (i), for every n € Ny, t > 0,
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DN (Wf = n) = (& € Cppy Tag1 > 1)
for some measurable C,, ; C 0, t]* x E", and it follows that (4.32) holds with
f00) = 1c,, @)

It remains to show that this £, which is measurable in z,, for each 7, is a measurable
function of (z,,, t) . But since X = 1p is measurable, so is

(t.m) Xe(m)1 () (m) = £ O 1 2y (m),

and hence, so is p o (id, ¢) where (id, ¢) : Ry x K(E) — Ry x M is given by
(1d5 (p) (ta ZOO) = (ta (p (ZOO)) for loo = (t19 t27 cee s y]9 y27 .. ') € K(E)‘ (For the
definition of ¢, see (3.5); the o-algebras on the two product spaces are the obvious
product o -algebras). Since, with obvious notation,

p o (id, @) (1. 200) = () 1y1,00] (tng1)

the assertion follows easily.

For the converse, suppose that X is given by (4.32) with all (z,,t) +— fz(,f')(t)
measurable. It is immediately checked that X is then measurable, and it remains to see
that X, is H,-measurable. But for B € B, n € Ny,

(Xt € B,N; :n> = ( E(:) t)eB, 1, <t < Tn+1)
=¢ €Cptyy1 > 1)

where

Cp = {zn €10, 11" x E": £ (1) B}.

Hence by (i), (X : € B, N? = n) € H, and it follows that X, is H;-measurable.

(iv). Arguing as in the beginning of the proof of (iii), to prove that any predictable
X has the form (4.33), by standard extension arguments it suffices to consider

X;(m) = 1p (t,m)

for D € P. But it is clear that the class of D € P such that X = 1p has the form
(4.33) is closed under the operations \ and 1: if D; D D, belong to the class, so does
Di\Dy, and if D; C D, C --- belong to the class, so does Un D,,. Since the desired
representation holds trivially for D = R4 x M, it therefore suffices to consider D of
the form

D=]s,00[xH (s>0,HeHy), 4.37)

because these sets form a class closed under the formation of finite intersections that
generate P.
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Since H € 'H,, (4.31) holds,
HnN (NE =k) = (b € Ck, Tkt1 > 5)

for some measurable C; C ]0, s]k x EX, and consequently, if D is given by (4.37), for
t>0,

X = lig 00/ 1y

n

00
= 1y, 00[(?) Z 1(ﬁf,=n) Z l(skeCk,rk+|>s)
n=0

k=0

using that when 7 > s, then N,_ > N.,. Thus (4.32) holds with

n—1
L) = 15,000 (Z Lo, @) Disioof (1) + 1, (zn>) .

k=0

Finally, let X be given by (4.33) and let us show that X is predictable. Clearly X
is Ho-measurable. To show that X is 7P-measurable on R, x M, it suffices to consider
£® of the form

fz(:)(t) = lcn (Zn) llsn,OO[(t)

for some C, € B} ® £", s, = 0; in particular X only takes the values 0 and 1. We
need

Dy = {(t,m) 1> 0, X, (m) =1, N;_(m) =n} e P

and find, using s, j k 1=y +Jj 27K to approximate the value of 7 > s, that

oo 0

oo
Dn = U ﬂ U ]Sn,j,K7sn,j+l,K] X (fn c Cn,j,K7 Tn+1 > Sn,j,K)

K'=1 K=K’ j=0
where
Cnjk =Cp (](), sn,j,K]n X E”) )
But this shows that D, € P because by (i) (Sn € Cnj k> Tnt1 > sn,j,K) € Hsn,_/,l( and
the interval ]s,,,j’K, Sn,j+1,K] is open to the left. O

Proposition 4.2.1 has the following intuitively obvious and very useful conse-
quence: conditioning on H; is the same as conditioning on the number of jumps on
[0, £], their location in time and their associated marks. More formally we have

Corollary 4.2.2 If Q is a probability on (M, H) (or (W, H)) and U is an R-valued
random variable with E |U| < o0, then

e8]

EUM =) Hwion) B [U &0, Tut1 > 1]. (4.38)

N
n=0 !
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Note. E = E ¢ denotes Q-expectation. £ [U &0y Tnt1 > t] is the conditional expec-
tation of U given the random variables &, and 1(; ) considered only on the set

(Tht1 > 1),

Proof. By definition E [U |&ny Tug1 > t] is a measurable function of &, and l(fn+1>t)’
evaluated on the set (7,41 > ) only where the indicator is 1 (as displayed in (4.39)
below). Thus we may write for some measurable function p,, that

e E LU Jon vt > 0] =15 o B)

and (4.32) shows that the sum on the right of (4.38) is H;-measurable. Next, let H €
H, and use (4.31) and the definition of E [U |&,, Ty+1 > 1 ] to obtain

/Hzl(N;:,,)E [U |0 T2 > 1] dQ
:Z/ E[U &, tat1 > 1] dQ
n=0 (Snecn,f,1+]>t)

(0.°]
-3/ vdo
n=0 (f;;ECn,rn_H >t)

=f Udo.
H

(That it is permitted to interchange the order of summation and integration in the
second line follows by monotone convergence if U > 0. In particular, therefore, for
U > 0 with EU < oo, the random variable on the right of (4.38) is Q-integrable. For
arbitrary U with E |U| < oo we then have

Zl vy ELU 0 tusr > 1]

n=0

< EZ (fo )E[IUII";‘,Z,I,LH > t] < 0

n=0

and dominated convergence can be used to argue for the interchange). O

Remark 4.2.3 The usefulness of Corollary 4.2.2 comes from the construction of SPPs
and MPPs which makes it natural to work with the conditional expectations on the
right of (4.38). Note that on (7,41 > 1),

E [Ul(fn+1>f) |§n:| 1
Qi > 1l&) — PP(r)

E[U &t > 1] = [Ul(%p,) |sn] . (439)

4.3 Compensators and compensating measures

Let Q be a probability on (W, H) determined by the sequence (P(")) of Markov ker-

nels; see Theorem 3.1.1. If 7, < oo, write vy, (") for the hazard measure for P;n ), cf. Sec-
tion 4.1, so that
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vz(f) 1
w ==&
dPZn Pzn ([_)

when ?Zf)(t—) > 0. Since PZ(:) is concentrated on ]t,, 00], so is vz(;’), wherefore

v (10, 1,]) = 0.

Definition 4.3.1 The compensator for Q is the non-negative process A° = (A;’) >0
on (W, H) given by -

N°

3
Ay =0 (tn. tagr A1]). (4.40)
n=0

The compensator combines the hazard measures vg), following v(® on the inter-

val 10, 71], vg(ll) on |t1, 72] etc. It is critical that the half-open intervals, where each

hazard measure operates, are closed to the right, open to the left.

Note that in (4.40) only for the last term, n = N/, is T,41 At = 1.

Clearly, for all w € W, t — A7(w) is > 0, 0 at time 0, increasing and right-
continuous. The ambiguity in the choice of the Markov kernels (see p.19) translates
into the following ambiguity about the compensator: if (P(”)) is another sequence of
Markov kernels generating Q with resulting compensator A°, then A° and A° are
Q-indistinguishable, i.e.,

o) (A = A7) =1. (4.41)

>0

(For a proof, use that PO = p©O and that for n > 1, we have 132(:) = Pz(f) except for
Zn € By, where Q (§, € B,) = 0. Thus, outside the Q-null set | J,, (§, € B,) we have
that Ay = A} for all 7).

As it stands A; can take the value co. However, by Corollary 4.1.2 it follows that

Qﬂ(Ato<oo)=1.

>0

Another important property of the compensator, see Theorem 4.1.1 (iii), is that

0 ﬂ (AN} < 1) =1. (4.42)

>0

With these properties of A° in place, A° may be identified with a random positive
and o -finite measure on (IRg, Bp) that we also denote by A°: A° ([0,¢]) = A7. In
particular for Q-a.a w € W it holds that A° ({0}) (w) = 0, that A° ([0, ¢]) (w) < oo
for all € R and that A° ({t}) (w) < 1 forallt € Ry.

The definition of what corresponds to the compensator for a probability Q on
(M, H) is more involved.

Let (P(”)) , (rr (")) be the sequences of Markov kernels generating Q, and let vz(:)

denote the hazard measure for PZ(,:’).
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Definition 4.3.2 (i) The rotal compensator for Q is the process A = (Kt> o on
>
(M, H) given by

-0

N

13
A=Y 0 (Jta tagr A1]). (4.43)
n=0

(i) The Q-compensator for the counting process N°(A) is the process A°(A) =
(A;’(A))t20 on (M, H) given by

AY(A) = /] . 78 (AN (@s). (4.44)
N

(iii) The compensating measure for Q is the random, non-negative, Q-a.s. o -finite
measure L° on Ry x E given by

L°(C) = fR /E leGs, Ml (@R (ds) (CeBy®E). (4.45)
0

Part (i) of the definition mimics (4.40) and A~ and all A°(A) have the same
properties as A° in the CP-case as listed above. In particular, for Q-a.a m, the
right-continuous functions ¢ +— A’ (m) and t — A7 (A, m) for arbitrary A € &
define positive measures A*(dt, m), all of which satisfy that A* ({0}, m) = 0,
A*([0,1],m) < oo forall t and A* ({r},m) < 1 forall z.

That L° is a random measure as described in part (iii) of the definition means of
course that for Q-a.a. m, C — L° (C, m) is a positive, o-finite measure on By ® £.

Note that

AS(A) = L°([0,1] x A), A, =L°([0,71]x E).

Also note that if (P and (7)) are a second set of sequences of Markov kernels
that generate Q, and that if L° is the corresponding compensating measure, then

0 [ E©=L@©)=1

CeBy®E

cf. the argument leading to (4.41).
An essential property of compensators is presented in

Proposition 4.3.1 (a) The compensator A° for a probability Q on (W, H) is pre-
dictable.

(b) The compensators A°(A) for the counting processes N°(A) under a probability
Q0 on (M, H) are predictable for all A € £.
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Proof. We prove (a), which is good enough to pinpoint the critical part of the argu-
ment. Keeping Proposition 4.2.1 (aiv) in mind, on (N,O_ = n) where either Ny = n or
Nf =n+1,

n—1
A7 =Yg (o e ]) + v Az, 1D (4.46)
k=0

if N7 =n, and

n
A=Y vg:) (Jmx, w1 ]) + vé’:l) (Jtns1.])
k=0

if N = n+ 1. Butin this latter case, t,41 = ¢ and it is seen that the expression (4.46)
still holds and thus also the representation (4.30). O

It is critically important that it is possible to reconstruct the Markov kernels gen-
erating a probability Q from the compensators: consider first the CP case. Then using
(4.40) one finds that for any n, z, = (t1,... ,1,) € K™,

v (Ot 1]) = A7 (w) — A (w)

for any w € (N7 =n, &, = z,). Similarly, in the MPP case, cf. (4.43), for any n,
n =1, s V1, - - ’yn)a

v (Jty, 11) = A, (m) — &, (m) (4.47)
™ is more elaborate and

based on the fact, obvious from (4.44), that the measure A° (dt, A) on Rg determined
from the right-continuous process 7 > A/ (A) is absolutely continuous with respect
to the measure A" (dr) with the Radon—Nikodym derivative

for any m € (ﬁff =n,& = zn) . To extract the kernels 7

dA°(A) © )
e =T (A),
Thus
(n) dAo(m,A)
7o (A) = ————(1) (4.48)

d A" (m)
foranym € (ﬁi =n§, = zn> . The only problem here is that the Radon—Nikodym

derivative is determined only for A (m, dt)-a.a. ¢, with an exceptionel set depending
on A and m, so care is needed to obtain e.g., that A — ng"), (A) is always a probability
on (E,¢).

Even though the Markov kernels are obtainable from the compensators, it is just
conceivable that two different Q’s might have the same compensators. That this is not
the case follows from the next result which informally stated shows that compensators

characterize probabilities on (W, H) or (M, H) .
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Theorem 4.3.2 (a) Suppose that A° is the compensator for some probability Q on
(W, H) . Then that Q is uniquely determined.

(b) Suppose L° is the compensating measure for some probability Q on (M, H).
Then that Q is uniquely determined.

Proof. We just consider (b). Suppose that O # é are two probabilities on (M, H)
with compensating measures L° and L° determined by (4.45) using a specific but
arbitrary choice of Markov kernels P, 7™ and P™ %™ that generate Q and O
respectively. We shall show that no matter how the kernels are chosen, it holds that

0 (L° #L°) >0, (4.49)

so that L° is not é-indistinguishable from L°, and hence cannot be a compensating
measure for Q, cf. (4.41).

Since QO # Q there is a smallest n € N such that the Q-distribution of &, is
different from the Q-distribution of &,. Define

C,—1 = {zn—1 : the conditional Q-distribution of (z,, n,) given
&,—1 = zu—1 is different from the corresponding
conditional Q-distribution },

and note that for any z,—1 = (f1,... ,t—1; Y1,... , Yn—1) € Cyn—1, necessarily then
th—1 < oo and y,_| € E. Also, by the definition of 7,

Q1 €Cr1) =01 €Chy)>0. (4.50)

Form € (§,_1 € C,,—1), consider the conditional é—distribution of (t,, ny) given
&,_1 evaluated at m,

B (dt, dy) = P=D (ary 771 (dy),

Zn—1 Zn 1!

where z,—1 = &,-1 (m), together with the corresponding Q-conditional distribution
Om # Pm. Introduce o,,_1 (m) as the smallest timepoint > 7,_; (m) such that for
T,—1(m) <t < o,_1(m), P = ppm on all measurable subsets of [t,,_l (m), t] x E,
while for t > 0,1 (m) , P and p,, are not identical on the subsets of [rn_l (m), t] X
E. Then necessarily 0,,—1 (m) < 0o, and since

A7 (m, A) = RSy (m, A) = / - (ds) 71 (A)
]tn l(m) t]
if 7, (m) > t with a similar formula valid for A° (A), we deduce that L° #* L°if

either

(@) 7y (m) > 6,1 (m), or
(1) 7, (m) = op—1 (m) = 1o, and

ATD (1) 7 # A (1) 2 4.51)

T n-1.t0 Zn—1-10
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We now claim that

O (L° # L° |£4—1) (m) > 0 (4.52)

forallm € (§,-1 € C,—1), which will certainly imply (4.49) since then, using (4.50),
O(L°#L°) = E[Q(L° # L° lgn-1) ;601 € Camt] > 0.

To establish (4.52), write ;Z—l (m) for the termination point of Fz(fjll) If
?;—1 (m) > o,—1 (m), (4.52) follows directly since then, by (i) above and the defi-
nition Of;;jfl (m),

O (L° # L° |&1—1) (m) = O (ty > o1 (m) [E4—1) (m) > O.

If ?:Ll (m) = oy—1 (m) = foy, since by the definition of 6,1 (m), P and p,, are

identical strictly before 7y, fp must be an atom for E(:jll)

, and since by assumption
Om has no mass strictly after fy, also (4.51) must hold. Thus for m with tj_l (m) =

op—1(m),

O (L° # L°|a—1) (m) = O (ta = 0t (m) |E0—1) (m) > O,
as desired. O
Note. In the proof it was tacitly assumed that the set (ZO # LO) € 'H and that the
ggndom time o, is measurable. Both facts follow when using that L° = LO iff
A7 (A) = A7 (A) for all rational ¢ > 0 and all A € &, with & a countable collection

of sets from & such that & generates £ and & is closed under the formation of finite
intersections.

Example 4.3.1 Suppose Q on W makes N° Poisson A; see Example 3.1.2. Then the

hazard measure for PZ(:) is the restriction to J#,, oo[ of A times Lebesgue measure.
Thus

A7 = At
in particular the compensator is deterministic.

Example 4.3.2 Suppose O on W makes N° a renewal process with waiting time
distribution with hazard measure v; see Example 3.1.3. Then

NP

A7 = Z v (]0, (Tyr1 A L) — rn]) .

n=0

If in particular the waiting time distribution is absolutely continuous with hazard func-
tion u, then

t
A7 = / u (s - r<s)) ds. (4.53)
0
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Example 4.3.3 Consider the homogeneous Poisson random measure with intensity
measure p = Ak from Example 3.2.1. Then

A, =at,  AY(A) =1p(A)
and
L°=L®p,

where ¢ is Lebesgue measure on Ry. In particular L° is a deterministic product mea-
sure.

Example 4.3.4 Consider the MPP construction from Example 3.3.1 of time-homogen-
eous Markov chains on an at most countably infinite state space G. Thus, assuming
that stability holds, Q is the probability on (M, H) generated by the Markov kernels
(3.14) and (3.15). Consequently, with ig as the initial state for the chain, which itself
is the step process X° = (X;) given by X; = n(,), where no = io,

-0

Nr t
K= oy (st AD — 1) = /0 Axe._ds;
n=0

writing A% = A° ({i}) fori € G so that A°(A) = Y ;.4 A°, we have

t t
A= /O Loy hxy mxginds = /0 Loxg i) ax;_i ds:

We come now to a key lemma that will prove immensely useful in the future. For
s > 0, define the shift 6; mapping W, respectively M, into itself, by

Nf — Ny ift>s

(OsN°), = { 0 ifr <. Ospu® = p°(N(s, 00l x E)). (454

Thus 6, only contains the points from the original process that belong strictly after time
s. Writing (2n.5) - » (7n.5) - for the sequence of jump times and marks determining
s, we have for instance in the MPP case that

Tn,s = Tp © Oy = Titn, Mn,s = MNn © Os = Nkn

O
N

on (N = k) . Note also that

o —
GSM - § : 8(7}1»77)1)'
NS <T, <00

For later use, we also introduce the translated shift 6 : M — M (with the
obvious analogue on W) by

9;“’0 = Z 8(‘[,1—5,7],,) ’ (455)

ns<t, <oo
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equivalently, for C € Bo ® &,
67 1°(C) = B,1° (C +5)

where C + s := {(t +s,y) : (t, ¥) € C}. (Note that for C C Ry x E, 67u°(C) =
u° (C 4+ s)since then C 4+ 5 C ]s, oo x E).

Similar to 6y, for ko € N, define 9k, = 67, as the map Uy, : (thy < 00) — W or
M given by

Nf — N;’ko if 1 > 1y,

0 if t < 1, g™ = 1 ( N (]‘L’ko, OO[ X E)) .

(ﬁkoNO)t = {

Lemma 4.3.3 (Key lemma.) (a) Let Q be a probability on (W, H) with compensator
A°, generated by the Markov kernels (P("))n>O .

(i) Foranys € Ry, the conditional distribution of 6, N° given N{ =k, & = zx

for an arbitrary k € No, zx = (1, ... , ;) € K® with 1y, < s is the proba-

bility é = §|k,z,{ on (W, 'H) generated by the Markov kernels (Flgc"ik )n>0

from K™ to R, given by

~(0
Pt = P Clls.ooD)
B (1) _ plk+n)
Znlk,zg — jOin (2k+Zn) n= 1) ’
where for 7z, = (71, ... ;;1) e K™ witht > s,
join (zx, Zp) = (t1, - stk F1u v s Tn)

(ii) For any ko € N, the conditional distribution of Oy,N° given &, = zx, for
an arbitrary zy, = (tl, ... ,tko) e Ko i ty, < 00 Is the probability

é = é‘k o on (W, 'H) generated by the Markov kernels (ﬁ(") )
02k
n>0

‘ko,ZkO

from K™ to R, given by

50 — pko)
P, =P
ko, 2k, ko
p" = pht >,
Tty join (zky.%)
where for 7, = (t~1, ... ,’t\,;) e KM with7 > [T

join (zky, Zn) = (14 -+ s tegs 1o+ v n) -
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(b) Let Q be a probability on (M, 'H) , generated by the Markov kernels (P(”))n>0
and (n(”))n>0.

(i) Foranys € Ry, the conditional distribution of O3 u° given N, =k, & = 7k

for an arbitrary k € No, k=1, s Vs oo 5 Vi) € Kk) withty < s

is the probability Q Q|k % On (./\/l 'H) generated by the Markov kernels

(P&Zik) from K( " to Ry and ( Tz ) Jfrom Jﬁ?) to E given by

0
Pl( )Zk Pz(lf) (- 115, 00]),
B (n) _ plk+n)
alka = Poinzy @D
~(n) _ _(k+n) ~
Wy = ey (2 0.021)
where for %y = (... T $1. ... . 5a) € K with Ty > s,
jOin (Zk’fzn) = (l‘l,... ,l‘k,?i,... ,?,;;yl,... ,yk,il,... ,5;,1).

(i) For any kg € N, the conditional distribution of Uy,u° given &, = 2k,
for an arbitrary zi, = (tl, RN /O A P ,yko) € K( 0 \pith fry < 00
is the probability Q = Q ‘ koo, O (M, H) generated by the Markov ker-

052kq

nels ( ‘( ") ) from Kg’) to Ry and <77‘(:) ) from Jg) to E given
0:2kg
0 0

kOvZkO
by
»0) (ko)
P = PO,
‘ko’zko %o
A A N =
Zalkozkg  JoOIn (2ky.% )
7~T<n) (ko+n) (n >0.1> ';n)
Jom (zko z,,) t
~ ~ ~ o~ ~ M) g~
where for 'z, = (11, R s P ,yn) € K¢’ witht; > 1,

join (zkgs Zn) = (14 -+« s koo Fl oo s Tns V1 e o s Yhos Vs v s ) -
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Note. By Corollary 4.2.2, the conditional probabilities described in (ai) and (bi) simply
determine the conditional distribution of 65 given H; on the set (NsO =k, & = zk) ,

respectively (ﬁ? =k, & = zk) . Thus, for example, Q (;4° € - |Hy ) is the probabil-

ity on (M, H) generated by the Markov kernels f~’|((’;)> - from Kg’) to R, and ?f|(<"s)> £

from ng) to E.

Proof. We only outline the proof. The expressions for f;|§<0)2k in (ai), (bi) follow imme-
diately from Corollary 4.2.2 and (4.39). The remaining assertions are consequences
of the fact that conditining first on e.g., the first & jump times and marks, and then
within that conditioning, also conditioning on the times and marks for the next n
jumps, is the same as conditioning from the start on the k + n first jump times and
marks: if U, U’ are random variables with values in two arbitrary measurable spaces,
defined on some probability space (€2, F,P), and if P|y—, denotes a regular condi-
tional probability of P given U = u for all u, then for each # one may consider a
regular conditional probability of P|y=, given U’ = u’ for all u’. The result of this
repeated conditioning, (IP’wzu )| U/—u » 18 simply a regular conditional probability of

P given (U, U’) = (u, u'). O

Example 4.3.5 As a first example on how the lemma may be used, consider the
canonical homogeneous Poisson random measure Q (Examples 3.2.1 and 4.3.3), i.e.,
O has compensating measure A¢ ® x and the waiting times 7, — 7, are iid expo-
nential at rate A, while the n,, are iid with distribution « and are independent of the t,,.
But then the conditional distribution of 6;u° given Nj =k, & = zx has

—=(0) e~ M=)

Py, (1) = = e

— _=e¢
e—rs—1k)

for t > s, and after the first jump, 6;° behaves exactly as w°. Shifting back to time
0, it is seen that Q has the lack of memory property

Q0 €-Hs) =0, (4.56)
i.e., 0 u° is independent of H, and has distribution Q.

Exercise 4.3.1 Show that if Q is a probability on (H, M) such that the lack of mem-
ory property (4.56) holds for all s, then Q is a homogeneous Poisson random measure.

Example 4.3.6 We shall illustrate the usefulness of the lemma by establishing the
Markov property in its usual form for the homogeneous Markov chains on at most
countably infinite state spaces, as they were constructed in Example 3.3.1; see also
Example 4.3.4. We assume that stability holds.

For a given initial state ip € G, we let Q|;, denote the distribution of the RCM de-
termined by the MPP from Example 3.3.1, and recall that on M, the Markov chain is

given by X7 = n(). By Lemma 4.3.3, given H; on the set (ﬁz = k) , the conditional
distribution of the first jump time of 65 has survivor function
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—(0)
Py g (1) = e (4.57)

fort > s, while

~(0) .
Teg D) = i Loyt

determines the conditional distribution given H; and 11 5 of the state reached by 6

through its first jump. Both quantities depend on the past & through n; = X7 only;

. .. =(n) ~ .
since it is clear from the lemma that for n > 1 all P;n Ik & and ”Z(,’:)ﬂ k.6 depend neither

on & nor on s (but only on ?y,, the last state listed in Z,,), we have shown the Markov
property,

Qi (6 € -IHs) = Qpiy (6 € - |X7),

i.e., given the past the entire future depends only on the present. Because of the time
homogeneity expressed in (4.57) by the fact that the dependence on s and ¢ is through
t — s only, even more is true: with 6 the translated shift given by (4.55), it is clear
from the above that

iy (67 € - 1Hs) = Q)xs -

This is the homogeneous Markov property which implies in particular that under all
Qliy» the chain X° has the same transition probabilities.

The formulation we have given of Lemma 4.3.3 uses the Markov kernels to de-
scribe the conditional distributions of 6 and ¥, . Alternatively they may be described
using compensators and compensating measures. Here, using Proposition 4.1.3 (i), it
is seen that if Q is a probability on (M, H) with compensating measure L°, then the
conditional distribution of ; given NE = k, & = zx has a compensating measure

L‘ok o which is the restriction of L° to [s, oo[ in the following sense. For any my € M

such that N (mo) = k, & (mo) = z,
Y (m,C)=L°@m,CN(s, oo x E))

[k, zg

for arbitrary m € M, C € By ® £, where m = cross (mg, m) € M is obtained by
using mqo on [0, s] X E, mon]s, o0 x E, i.e.,

cross (mg,m) =mg (-N ([0, s] x E)) +m (- N (Is, o0 X E)).

In particular, with A;’lk o (A) = L?Ik.Zk ([0,7] x A),
o AS (m, A) — AS (m, A) ifr>s,
Afjpzy (m, A) = { ' 0o " fr s (4.58)

For a probability Q on (W, H), the conditional distribution of 6; given N = k,
&k = zx has a compensator Aj, . given by
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o A (w) — AS (w) ift >,
At (W) = { o] ifr <s,

where for any wg € (Nf =k, & = zk), w = cross (wg, w) is given by w(u) =
wo(u) foru < s and = wo(s) + (w(u) — w(s)) foru > s.

We have in this section only discussed compensators for CPs and RCMs that do
not explode (see p. 11). The definitions carry over verbatim to processes with explo-
sion with A° in the CP case and L° in the RCM case now defined on the spaces
allowing explosions, (W, ﬂ) and (./V, ﬁ) respectively, adding e.g., the requirement
that L° ([Too, 00[ X E) = 0 with 7o, = inf {t : N? = oo} the time of explosion. (For
the definitions of (W , ﬂ and (ﬂ, ﬂ) , see p. 12 and p. 15). One may then give the
following characterization of 7,, which is of theoretical interest, but not very useful
in practice.

Proposition 4.3.4 Let Q be a probability on (./V, ﬁ) With A° the total compensator
for Q, it then holds Q-a.s. that

roozinf{t:szoo}.

()

Proof. Define t/, = inf Ht CA, = oo] . We still have from Corollary 4.1.2 that for all

O .
n, ATn < 00 Q-a.s. and hence ‘Céo > T a.S. For the converse, consider
—0
o, = F (e_Afn; T, < oo) .

Conditioning on &,, we get forn > 0,

a1 = E [e‘Ajn / PS(:) (ds) exp (—vg) (T, s])) ;T < oo] .
1Tn,00[

By Lemma 4.1.4 there is a constant ¢ < 1 such that the inner integral is always < c.
Thus o+ < coy, implying that o, < ¢ — 0 as n — oo. But then

E <e—Xm; Too < oo) <E ( lim e A l(fn<oo)) = lim o, =0
n— 00 n— 00

-0 . /
by monotone convergence, and thus A, = 00 a.s. on (7o < 00) forcing 75, < 7o
a.s. (]

Exercise 4.3.2 Let Q be a probability on (M, ). Show that A, = co Q-a.s. on
(M, (t» < 00) . (Hint: find lim,_, » e M 1(z, <o00))-
A more useful criterion for stability in terms of compensators is the following:

let Q be a CP probability on (W, H) (no explosions) and let é be a probability
on W, 'H), the space of possibly exploding discrete counting measures m (i.e.,

N?(n_a) = m ([0,1] x E) = oo is possible). Let Q have total compensator A°, and
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let Q have total compensator XO. Finally, forw € W, m ¢ M C M, write for any
t>0

m =<y w
if for all t' < r, m is delayed relative to w,

N, (m) < N5 (w).

Proposition 4.3.5 Assume that A° and A are continuous. A sufficient condition for
O to be stable (non-exploding) is that there exists a set H € H with Q(H) = 1 such
that

A, (m) — Ay (m) <A, (w) — Ay (w) (4.59)
foralls <s' <tandallm € H,w € W withm =, wandﬁ?(m) = NS/(m) =
NP (w) = Ny (w).

Proof. An outline of the proof: the idea is to construct on the same probability space,
sequences 7 = (7,) and (’T y) (( ,,) ( )) such that the CP determined by 7°

has distribution Q, the RCM,x determined by (T y) has distribution Q and such that

for all n, Tn > T,. Since Q is stable this coupling will force Q to also be stable. The
construction of the coupling is itself based on a simpler and standard coupling. If U
and V are real-valued random variables with survivor functions

Fyx)=PU >x), Fyx)=P(V >x),
and U is stochastically larger than V,
Fy(x) > Fy(x)

for all x, then it is possible to define U’ and V' on the same probability space such that
U’ has the same distribution as U, V' has the same distribution as V, and U" > V.
Now let (") ~(" , denote the Markov kernels generating the jump times and

marks for Q and let Pz(f ) denote the Markov kernels generating the jump times for Q.

Because XO and A° are continuous we have (cf. (4.8) and (4.9))
720 = exp ( 2 t])) . PP =exp ( v (It z])) (4.60)
whereZ, = (1, ... ,1p; Y1, ..., yp) and z, = (1, ... , t,). But since
W (1)) = &, 0m) = K, (m)
for any m € H such that N%, (m) = ﬁf_ (m) = n and &,(m) = Z,,, and since similarly,

VI (Ot 1]) = A7 (w) — A (w)
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for any w € W such that Ny (w) = N_(w) = n and §,(w) = z,, the assumption
(4.59) translates into the inequality

T ([ 1]) < 0 . 11)

foralln > 0, all Z, and z,, such that'tvk >t forl <k <n,andallr > t~n, i.e., because
of (4.60),

-5

(t) =P, (). (4.61)

Using this for n = 0, apply the simple coupling described above to obtain 77 < T1
Then generate Y, 1 using the Markov kernel 7r~) Since T} < T1, use (4.61) forn =1

with?Z] = (Tl, Y1) and z; = T to generate T2 < T2 and 71 G to generate Yz To

T ).
continue, it is clear the desired coupling construction of 7" and (7, ))) results. (]

A simpler and more useful consequence of this result is presented in Corollary
4.4.4 in the next section.

4.4 Intensity processes

‘We shall in this section discuss the case where compensators can be represented using
ordinary Lebesgue integrals.

Definition 4.4.1 (a) Let Q be a probability on (W, H) with compensator A°. A pre-
dictable process A° > 0 is an intensity process for Q if Q-a.s.

t
Af:/ Asds (1 =0).
0

(b) Let Q be a probability on (M, H) with compensating measure L°.

(i) Let A € £. A predictable process A°(A) > 0 is an intensity process for the
counting process N°(A) under Q if Q-a.s.

t
A;’(A):/O Ao(A)ds (1 >0).

(i) If for arbitrary A € £ there is an intensity process A°(A) for N°(A) under Q
such that Q-a.s. A — A7 (A) is a positive measure on (E, £) for all ¢, then
the collection (A°(A)) s¢¢ is an intensity measure for Q.

(iii) If « is a positive, o-finite measure on (E, &) and if A° = (M%), is a
collection of predictable processes A°Y > 0 such that (m, ¢, y) > A, (m) is
measurable and such that Q-a.s.

t
A;’(A):/ /A?yx(dy)ds (t>0,A€f)
0 JA
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or, equivalently,
L° (C):/ / le (s, VA k(dy)ds (CeBy®E),
Ry JE

then A° is a k-intensity process for Q.

The family (A°Y) of processes in (biii) is an example of a predictable field that will
appear in a more general form later, see p. 78.

Note that we have demanded that all intensities be predictable. It is perfectly pos-
sible to work with intensities that are adapted but not predictable and still give pre-
dictable (since adapted and continuous) compensators by integration; cf. Proposition
4.4.2. However, in some contexts (see Proposition 4.4.3 and Theorem 5.1.1 below) it
is essential to have the intensities predictable.

The requirement in (biii) stipulates that Q-a.s. the compensating measure L° for
Q should have a density with respect to the product measure £Q«:

L° (dt,dy) = A} dt k (dy).

Of course if A° is a k-intensity for O, then (A°(A)) 4c¢ is an intensity measure for
0, where

A7 (A) = / A7 Kk (dy),
A

and each A°(A) defined this way is an intensity process for N°(A).
The following result gives sufficient conditions for existence of intensities. Recall
the definition p.34 of hazard functions.

Proposition 4.4.1 (a) Let Q be a probability on (W, H) determined by the Markov
kernels P™ . Assume that Q-a.s. for every n, PS(:) is absolutely continuous with

respect to Lebesgue measure with hazard function ug) Then
22 =ul @) (4.62)
t T T :

is an intensity process for Q.
(b) Let Q be a probability on (M, H) determined by the Markov kernels P™ and
(n)
A

(i) Assume that Q-a.s. for every n, PS(:) is absolutely continuous with respect

to Lebesgue measure with hazard function ug) Then (A°(A)) scg is an in-
tensity measure for Q, where

AO(A) = ugj (t)né(t;:’t(A). (4.63)

(i1) Ifin addition to the assumption in (i), it also holds that there is a positive, o -
finite measure k on (E, £) such that Q-a.s. for every n and Lebesgue-a.a. t,
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”s(:,l,)t is absolutely continuous with respect to k with a density pg’)t such that

(zn, t,y) pg:?l (y) is measurable, then (L) ¢ is a k-intensity for Q,
where

Y =ul " Opl ). (4.64)

(1=

Proof. The predictability of the intensity processes is ensured by the left-limits Nf_,
&(;—) appearing in the expressions. Everything else follows from the definitions of the
compensators; see (4.43) and (4.44), and the fact that

v (dr) = uf” (1) dr. O

Example 4.4.1 The canonical homogeneous Poisson counting process with parameter
A has intensity process

A=A
cf. Example 4.3.1.

Example 4.4.2 For the renewal process (Example 4.3.2), if the waiting time distribu-
tion has hazard function u,

ho=u(t—1im)

is an intensity process. Note that the compensator A; = fé A5 ds is the same as that
given by (4.53), but that the integrand in (4.53) is not predictable.

Example 4.4.3 Consider the homogeneous Poisson random measure from Examples
3.2.1 and 4.3.3 with intensity measure p = Ak, where A > 0 and « is the probability
on E that determines the distribution of the marks. Then

)\.?y =A
for all ¢ and y defines a k-intensity process.

Example 4.4.4 Consider the MPP construction of homogeneous Markov chains from
Example 3.3.1. Letting « denote counting measure on the state space G, it is clear
from Example 4.3.4 that the RCM describing the chain has k-intensity process

M=o e i i) = 49Xl (xp0)
forallt > 0,i € G.

The following description is perhaps the one most often associated with the con-
cept of (non-predictable) intensity processes.
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Proposition 4.4.2 (a) Let Q be a probability on (W, H) and assume that Q has an
intensity process A° given by (4.62) such that Q-a.s. all limits from the right, A{, =

lim A}, exist. Then for all t, Q-a.s.
hi0.h>0" N f o

o : 1
t+=h¢lolgl>on( orn = NP >1|H1)

A

(b) Let Q be a probability on (M, 'H) , let A € £ and assume that N°(A) has intensity
process A°(A) given by (4.63) such that Q-a.s. all limits from the right, 1], (A) =
limy, 10,750 )»;’_Hl (A) exist. Then forallt, Q-a.s.

W)= tim 10 (Wi~ N = Ly e Al ).

/¢0h>oh
Proof. Recall from p. 56 that 1 ; is the mark for the first jump on ]z, 0o] . The proof
is now based on Lemma 4.3.3 and follows by explicit calculations that we show in the
MPP case:

—

- (t+h Nle,m,zeAl’Hz>

S| = S

= —Q(Tl,t <t+hmn:€ AlHt)

1 t+h
= E/, ugf>(s)exp (—/f uE (v)dv) i) (A)ds
—

)"?J,-(A)s
ash | 0. |

Remark 4.4.1 Proposition 4.4.2 shows in what sense it is possible to build a model
(CP or RCM) from intensities of the form that specifies (approximately) the probabil-
ity of a certain event happening in the near future, conditionally on the entire past: as
we have seen, it is sometimes possible to interpret these kind of intensities as genuine
intensity processes, in which case we have a CP or RCM. There is of course always the
usual problem with explosions, but other than that the importance of the result lies in
the fact that from an intuitive understanding of the phenomenon one wants to describe,
one can often argue the form of the intensities given by limits as in Proposition 4.4.2.
That this may lead to a complete specification of the model is certainly a non-trivial
observation!

Warning. In the literature one may often find alternative expressions for e.g., the count-
ing process intensities A;_ such as

o o l o
Eﬂ)‘ Q( Gon = NP =111, ), hth( o = NP 1HL)

Although often valid, these expressions are not valid in general (for the second version,
not even if all EN{ < 00). Something like
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fim 10 (Vi = N7 = 2174,) =0

is required, but this may fail (although the examples may appear artificial).

The right limit intensities in Proposition 4.4.2 are typically not predictable. They
must never be used in expressions such as (5.7) below. Also the next result will not in
general hold for right limit intensities.

Proposition 4.4.3 (a) Let Q be a probability on (W, H) with the intensity process
given by (4.62). Then for alln > 1,

0 (25, > 0,7, <00) = Q (1, < 0).

(b) Let Q be a probability on (M, H) with k-intensity process given by (4.64). Then
foralln > 1,

QA" > 0,17, < 00) = Q (1, < 0).
Proof. (b). By explicit calculation
Q (A" =0, 1, < 00)

=0 (ué:—l ) (Tn) pg,, 1 ) (7711) =017 < oo)

=E[f] [P(”l”wr)/ 7" dy) 1c @, y)}
Tp—1,00

where C is a random set of timepoints and marks, determined by &, _1:

{(t » ul V@ pl T o) =0}.
Since
PI D @ = ul PP @0y dr, 7l @y = pd " () ke (dy)
by assumption, it is clear that
Q()\ig":O,rn<oo):0. O

Exercise 4.4.1 In the same vein as Proposition 4.4.3, show that for any probability O
on (M, H) it holds for all n > 1 that

0 (K:HI = K:ﬂ; Tntl < oo) =0
and more generally that forany A € £

0 (A%, (A) = A5, ()5 Tast < 00, My € A4) =0,
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Let Q be a probability on (W, H) (hence stable), and Q a probability on (/\_/l _)
as in Proposition 4.3.5. Assume that the Markov kernels Pz(n) P generatlng the
jump tlrnes for Q and Q respectively are absolutely continuous W1th hazard functions

ugj) ) . Let also 1°, A denote the intensity processes,

(with £,_y as defined on W in the first case and as defined on M in the second).

Corollary 4.4.4 A sufficient condition for Q 10 be stable is that there exists H € H
with Q(H) = 1 such that

Ry (m) <27 (w)
forallt > 0andallm € H, w € W withm <; w andﬁf_ (m) = N;7_(w).

The proof is obvious (exercise) from Proposition 4.3.5. See p. 62 for the meaning
of the ‘inequality’ m <; w.

Example 445 If Q is such that there exists constants a,, > 0 with ) 1/a, = oo and
)Lt < ay—y everywhere on M for every ¢, then Q is non-exploding; cf. Example 3.1.4.

Exercise 4.4.2 Suppose a, > 0 with ) 1/a, = oo as in the example above and let
o : Ry — Ry be a function such that A(¢) := f(; a(s)ds < oo forall ¢.

(i) Show that the probability Q on (W, H) with intensity process A = a(t)a—
stable. (Hint: one possibility is to consider the stable Q" on (W, H) with inten-
sity process A,° = a(—) and then show that the under Q’ the counting process
(Nu)y>o given by N, = N AG) has distribution Q).

(i) Let Q be a probability on (/\/l, ﬁ) with a total intensity process 7; satisfying
that there is a set H € H with Q(H) = 1 such that

k (m) < a)ag—ym

for all  and all m € H. Show that Q is stable.

4.5 The basic martingales

In this section we shall characterize compensators and compensating measures through
certain martingale properties. The main results provide Doob—Meyer decompositions
of the counting process N° on (W, H) and the counting processes N°(A) on (M, H).
These counting processes are H;-adapted and increasing, hence they are trivially local
submartingales and representable as a local martingale plus an increasing, predictable
process, 0 at time 0. As we shall see, the increasing, predictable process is simply the
compensator.
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The fact that the increasing, predictable process in the Doob—Meyer decomposition
is unique (when assumed to equal O at time 0) in our setup amounts to Proposition 4.5.1
below.

It is important for what follows that we know the filtration to be right-continuous,
‘H; = H;4; see Proposition 4.2.1 (aii) and (bii).

Recall that a Rg-valued map defined on (W, H) or (M, H) is a stopping time
provided (r < t) € H, for all ¢, (equivalently, since the filtration is right-continuous,
(t <t) € H; for all t). The pre-t o-algebra H; is the collection

{HeH:HN(t <t)eH;forallt} ={H e H: HN (t <t) € H, forall t}

of measurable sets. In particular each 7, is a stopping time and H., is the o-algebra
generated by &,:

Exercise 4.5.1 Show that H,, = o (§,), the o-algebra generated by &,. (Consider
the space (M, H) and use Proposition 4.2.1 (b): if H € o (§,), H has the form
(&n € C,) for some set C,,, and from the proposition it follows readily that H € H,.
The converse is more difficult, but if H € H,, it is at least easy to see that H N
(1, = 00) € o (&,) simply because on (7, = 00), &, determines ©°. Then show that
H N (1, < o0) € o (&, by e.g., showing and using that

o o o
- -0
Hn( <oo)= ] ) UHm("z—Kl<rn§2LK,Nk/2K=n)
K'=1 K=K'k=1

together with Proposition 4.2.1 (b)).

Let Q be a probability on (W, H) or (M, H). A local Q-martingale is a real-
valued, H;-adapted process M = (M), such that each M := (M, /), is
a true martingale — still with respect to the filtration (H;) — for some increasing se-
quence (py) of stopping times with p, 1 oo Q-a.s. The sequence (p,) is called a
reducing sequence and we write that M is a local Q-martingale (p,) . By far the most
important reducing sequence is the sequence (t,) of jump times. (See Appendix B
for a general discussion of stopping times, martingales and local martingales and the
optional sampling theorem.)

Proposition 4.5.1 Suppose M is a right-continuous, H;-predictable local Q-martin-
gale on (W, H) or (M, 'H) . Then M is constant,

oYM =0 =1,

t>0
where c is the constant value of the Ho-measurable random variable M.

Proof. Suppose first that M is a right-continuous, predictable martingale. By optional
sampling, which applies only because M is right-continuous, for any ¢,

EM-[I/\[ == EM() =C.
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But since M is predictable and N?ﬁ An— = 0, by Proposition 4.2.1 there is a Borel
function f such that My, = f (t1 A t) and thus ¢ = f£(0) and

O =P + / £(5) PO (ds) | (4.65)
10,¢]

where f]() . | f] dP© < oo because E |M,1A,| < 00. Of course the identity (4.65)
is required only for ¢ such that 0 (t) > 0, i, fort € [0,77] if 0 (t'=) =0or
t7 = oo, and for t € [0, ] if PO (t'—) > 0and 1" < oo with ¢ the termination
point for PO,

If you are lazy, just assume that P©) has a continuous density, deduce from (4.65)
first that f is continuous, then that f is differentiable and differentiate to see that
f' = 0so f is constant. For the general case, (4.65) gives that f is cadlag and finite
on the domain of interest, and that f ?(O) is differentiable with respect to P with

Dpo f PO = f (see Appendix A for a discussion of this form of differentiability).
But it is verified directly that

1 1
Dpo) —5 (1) =
P(O) (0)(t )P(O)(t)
hence by the differentiation rule for products, (A.4) from Appendix A, it follows that
f is differentiable with respect to P© with derivative

Dpo f(t) = Dpo) (fP /P(O)> (t)
= P 1Dpo (1/P )(r) + Dpo) (fP(O)) 0P -
=0 (4.66)

That this implies that f is constant follows from Proposition A.0.2 in Appendix A: we
show that f is constant on [0, #y[ for a fixed 7y < tf by showing that there is a constant
¢’ such that

lf(t) — f(s) < PO (s, 1]) (4.67)
for0 <s <t < ty. But (4.65) gives
£ — f(s)] = ‘( L] )fP“”( P fdP©
% P% P20 S

so (4.67) follows with

/

wp [P+ =5— (0) sup | f1.,

1
(p(o)(t )) [0 fo] (t0) 10.10]

which is finite because f cadlag on [O, tT[ implies that f is bounded on [0, #o][ .
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Thus it has been shown that f is constant on [0, tT[. We need to extend this to
[0, 7] if T < oo and 9% (t"=) > 0, but then f (+") = f (+"—) is immediate from
(4.66).

To proceed beyond 71, by optional sampling forn > 1, E [Mr,, FIAL |H,n A,] =
M- A Butsince (7, < t) € Hq, ar and, as is easily argued (see Exercise 4.5.2 below),
Heone N (Ty < t) = Hy, N (1, < t), this implies

1(rn<t)E [Mr,,HAt |Hr,,] = 1(rn<t)EMr,la (468)

which since M, f(" 11) (ta) and Mc, \nr = fg n) (Th+1 A1) wWhen 1, < t, see
Proposition 4.2. 1 (aiv) and (biv), reduces to the identity

Lapen F (@) = 1<) [f§"><r)P§”)(r)+ /] ]f;f)<s)P;j” (ds)];
Tt

using the argument above, this implies that s f;n")(s) is constant on |7, T,41] and

equal to f (n— l) (tq) = Mq,. Thus, by induction M is constant on each closed interval

[rn, rn+1] and M = M follows.

Now let M be a right-continuous and predictable local Q-martingale with reducing
sequence (p,) . We claim that for each n the martingale M#» is in fact predictable and
from this the assertion that M is constant follows from what has been proved already:
for each n we have MP» = My a.s. and since p, 1 0o a.s. also M = My a.s.

It remains to show that if X is a right-continuous and predictable R-valued process
and p is a stopping time, then X” is predictable. But

X{ = X1z + Xpl(p<n)

and here the first term on the right defines a predictable process since X and the
left-continuous indicator process (1(p=)) ;>0 are predictable. The second term is pre-

dictable since the process (X,1(p<s)),-, is left-continuous and for all 7,

t>0

)
Xplo<n = Kh—I>noo kgl XZLK/\[l(kZ;KIAlf,D<2LKAI)
is ‘H;-measurable. O
Exercise 4.5.2 In the proof of (4.68) it was used that
Hent N (Ty <t) =Hy, N (T, <1).

Show that this is true. (Hint: the inclusion C is obvious. For the converse, use that
since H,, = o (§,), any set H € H, is of the form (§, € C,) for some measurable

Cn CKW).



72 4 Compensators and Martingales

Remark 4.5.1 The result is peculiar to the point process setup: Brownian motion is
the most famous example of a continuous, hence predictable and right-continuous,
martingale which is not constant! The assumption that M be right-continuous is also
vitally important: it is easy to find cadlag (in particular right-continuous) martingales
M that are not constant, and such that Q (M; = M;_) = 1 for all t — a simple ex-
ample is provided by the basic Poisson martingale from Example 4.5.1 below. But
then obviously (M;_) is a left-continuous, hence predictable martingale, which is non-
constant.

Theorem 4.5.2 (a) Let Q be a probability on (W, H) with compensator A°. Then
M° := N°—A°isalocal Q-martingale (t,) and A° is, up to Q-indistinguishabil-
ity, the unique right-continuous ‘H,-predictable process V°, 0 at time 0, such that
M = N° — V°is a Q-local martingale. A sufficient condition for M° to be a
Q-martingale is that EN{ < oo for all t.

(b) Let Q be a probability on (M, H) with compensating measure L° and com-
pensators A°(A), A7(A) = L°([0,t] x A). Then, for any A € €, M°(A) =
N°(A) — A°(A) is a local Q-martingale (t,) and A°(A) is, up to Q-indistin-
guishability, the unique right-continuous H;-predictable process V°, 0 at time 0,
such that M = N°(A) — V° is a Q-local martingale. A sufficient condition for
M°(A) to be a Q-martingale is that EN;S(A) < oo forall t.

Proof. The proof relies on a technique that will be used also on several occasions in
the sequel, and is therefore here presented in detail. We consider the more difficult case
(b) only and will start by showing that M°(A) is a Q-martingale if EN;(A) < oo for
all z.
The idea is to argue that for this it suffices to prove that
EN; (A) = EAZ ,,(A), (4.69)

T

for all probabilities Q on (M, H), where of course A°(A) is the compensator for
the Q considered, and then verify (4.69) by explicit calculation. (Note that since 0 <
N7 A (A) < 1 the expectation on the left is trivially finite for all Q; in particular it
follows from (4.69) that AZ ,,(A) is Q-integrable for all Q and all z and A).

We claim first that from Lemma 4.3.3 (b) and (4.69) it follows that for all n € Ny
andall > 0,

E NG ni ) = N2 (W) I | = E[A5 () = A5, 16 | 470)

This identity is obvious on (7, > t) and on (7, < ¢) is just (4.69) applied to the condi-
tional distribution of the shifted process ¥, u°; see Lemma 4.3.3 and (4.58) (with the
fixed time point s there replaced by t,).
It is an immediate consquence of (4.69) and (4.70) that for all Q, A, and all n and
ty
ENrO,,At(A) = EA:,IM(A)

e}

with both expectations finite since N ,,(A) < n. Let n 1 oo and use monotone
convergence to deduce that for all Q, A, and all ¢,
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EN;(A) = EA;(A), 4.71)

whether the expectatons are finite or not. Finally, assuming that EN;(A) < oo for all
t it follows first for s < ¢t that E (N,O(A) IHS) < 0o Q-as., and then from Lemma
4.3.3 (b) and (4.71) applied to the conditional distribution of 6 ° given H that

E[N7(A) — Nj(A) [Hs | = E [A7(A) — A(A) [H, ],

which by rearrangement of the terms that are all finite results in the desired martingale
property

E [M7(A) M, ] = M{(A).
It remains to establish (4.69). But

EN; (A = Q(t1 1,11 € A)

— / 70A) PO s),
10,71
while
EA ,(A) = E/ 7@ A)v©® (ds)
10,71 A2]

=P%0 | 79O @s) (4.72)
10,7]

+ / (/ n§°)(A)M0>(ds)) PO (du)
10,¢] 10,u]

and (4.69) follows by differentiation with respect to P©: using (A.4) and Proposition
A.0.1, the last expression in (4.72) is easily seen to have derivative ns(o)(A), which

is evidently the derivative of EN, ,,(A). It is also easy to satisfy the conditions of
Proposition A.0.2 (with g constant), hence EN?IM (A) — EA‘;l A;(A) is constant as a
function of 7. Since both expectations are O for t = 0, (4.69) has been proved.

That A°(A) is the only predictable process, 0 at time 0, such that N°(A)—A°(A) is
a local Q-martingale follows immediately from Proposition 4.5.1: if also N°(A) — V°
is a local martingale, where V° is predictable, right-continuous and 0 at time 0, then
A°(A) — V° is a predictable, right-continuous local martingale, O at time 0, hence
identically equal to 0.

The remaining assertion of the theorem, that M°(A) is always a local Q-martingale
(tn) , is easy to verify: the distribution Q, of the stopped RCM p°%™ := u°(- N
[0,77] x E) obviously has compensating measure L°™ = L°(- N [0, 1] x E),
(the Markov kernels P™® 77-®) generating Q,, are those of Q for k < n, while
PH0FD = ¢ ), and since E,N?(A) < n < oo, by what has been proved above,
M°™(A), which is Q,-indistinguishable from M°(A), is a Q,-martingale for all n,
equivalently M°(A) is a local Q-martingale (z,). O
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Example 4.5.1 Let Q be the Poisson A probability on (W, H), where A > 0. Then

M° = (N,o — M) >0 is a Q -martingale, the basic Poisson martingale.

Some of the other important martingales arising directly from the compensators are
presented in the next result. Note that the result does not hold in the form presented
here without the assumption about continuity of A° and A°. (Fora generalization, see
Examples 4.7.3 and 4.7.4 below).

Proposition 4.5.3 (a) Let Q be a probability on (W, 'H) with continuous compensator
A°. Then M°*> — A° is a local Q-martingale (t,), which is a Q-martingale if
EN; < oo forallt.

(b) Let Q be a probability on (M, H) with compensators A°(A) and continuous total
compensator A" .

(i) Forevery A € &, M°% (A)— A°(A) is a local Q-martingale (t,) , whichis a
Q-martingale if EN; (A) < oo for all t. It always holds that EM?",, (A) <
oo for all n and t, while for a given t, EMt02 (A) <0 if ENJ(A) < 00

(ii) For every A,A’ € £ with AN A = §, M°(A)M°(A") is a local Q-
martingale (t,) which is a Q-martingale if ENS(A), ENS(A') < oo for
all t. It always holds that E ’MSHM (A) M7 ., (A’)| < oo forall n and t,
while for a given t, E My (A) My (A')| < oo if EN{(A), ENf(A') < oc.

Proof. We shall just prove (b), and for this assume that EN;(A) < oo in the proof of
(i) and that EN?(A) < oo, EN?S(A’) < oo in the proof of (ii): to obtain in general the
local martingales with reducing sequence (7,) , just consider the distribution Q,, of O
stopped at 7, as was done at the end of the proof of Theorem 4.5.2.

For the proof of (b), note first that all A°(A) are continuous when A’ is. Otherwise
the technique from the proof of Theorem 4.5.2 is used, i.e., for the two parts of the
Proposition it is argued that it suffices to show that for all Q, all A, all A’ disjoint
from A and all ¢,

02 o
EMT1/\t = EA‘ElAt’
EM2 (A) = EAS,  (A), EM,,(AME,,(A) =0, (4.73)

respectively. These identities are then verified directly (see p. 76 below) through
straightforward calculations leading to some not so straightforward partial integra-
tions.

We now discuss the proof of (b) in some detail. The argument requires repeated
use of the fact that if M is a Q-martingale and o < o’ are bounded stopping times,
then if My, M, € L*(Q),

E [(M,,, — M,)> |HU] —E [Mg, — M? |HU] (4.74)
as follows writing

(Myr — Mg)? = M2, — M2 — 2M, (Myr — M)
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and using optional sampling. As a consequence of (4.74) we obtain the orthogonality
relation

E (M, — M,)? = EM?, — EM2. (4.75)

As a first step in the proof, use (4.73) on 9, u° given &, to obtain,

E [(MOHA,(A) ,,,A,<A>) |sn} = E[A5, 0 () = A% (D16, ]

E (M50 (4) = M, 0 () (M, () = M, (A1) [ | =0,

and take expectations, remembering that EAZ ,,(A) = EN; ,,(A) < n, to arrive at

E (Mg p ) = M3, (0) = E (850 (A) = A7, () <00, (476)

E (M5, p () = M5, () (M5, (A = M3 (4)) =

with the integrand in the last expression integrable by (4.76) and the Cauchy—Schwarz
inequality. (4.76) also implies that all M7 ,,(A) € L%(Q), hence by (4.75),

EMon (A) = EAT A, (A)
and, by analogous reasoning,
EM:n/\t (A)M;/\t (A =0. 4.77)

Now, use Fatou’s lemma and monotone convergence to obtain (for any Q such that
EN{(A) < oo forallt)

EM;*(A) = Eliminf MZ%, (A)

< hmmeM? e (A) (4.78)
= Jim EAG

= EA7(A)

= ENZ(A)

< o0.

But with M°(A) a martingale and M;’Q (A) integrable for all r, M °2(A) is a submartin-
gale and in particular, by optional sampling,

EM*(A) > EM?, (A) = EA; ,,
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for all n, t. Letting n 1 oo gives EM tOZ(A) > EA; which combined with the opposite
inequality resulting from (4.78) yields

EMP2(A) = EAS(A). (4.79)

Applying this to f;u° given H together with (4.74) finally shows that M°2(A) —
A°(A) is a Q-martingale whenever EN;(A) < oo for all ¢.

To show similarly that M°(A)M°(A’) is a Q-martingale if ENZ(A) < oo,
EN?(A") < oo for all ¢, the critical step is to deduce from (4.77) that

EM°(A)YM?(A') = 0.

The product is certainly Q-integrable since My (A), MY (A') € L?(Q), so the problem
is to verify that

0= lim EM; ,,(AM; ., (A") = EM;(A)M;(A').
n—o00 n n
As argued above, by (4.75) e.g.,
o (o} 2 O 0.
E (M (A) — M ,,(A))” = EM*(A) — EM?,,(A) — 0,

and similarly for A". Thus My ,,(A) — M;(A) and M; ,,(A") — M7 (A’) in L%(Q)
and consequently
|E (M7 (AYM(A) = M (AM; ,,(A)) |
= |E (M7 (A) = M, (A)) (M (A)) = M, (A)) |

Tn

Nl

o o 2 o o 2
< [E (MP(A) — M2, (M) E (M7 (A)) — M, (A)) ] )
as desired.
The proof of the proposition is completed by the verification of (4.73). For this,
introduce

L(A) = / 7P @ds), 1L(A) = / 70 (A) O @s),
10,u] 10,u]
the (non-random) values of Af(A) and A, (A’) on (11 > u). Then note first that

-

EM® (A)=TP

TNt

() (I;(A))?

+ / 7V (A) (1 = L,(A)* PO (du)
10,1]

+ / (1= 70W) tu(an? PO (duy
10,7]

which by differentiation is seen to equal (4.72) — the proper approach is to use the
method from Appendix A, but if things are smooth enough as functions of ¢, ordinary
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differentiation will do. Similarly, the second claim in (4.73) follows by differentiation
in the expression

(M, (A) =PV D1 (A)

+ / 7{0(A) (1 — 1,(A)) (=1, (A)) PO (du)
10,1]

EM:;

TINE

+ /]0 A ) (1= 1ua)) PO
ot
+/ (1 —7®@u A/)) (—1(A) (=1(4")) PO (du).
0.1

The assumption AN A’ = (@ is used here in an essential manner: the first mark is either
inside A or inside A’ or outside A U A’ with the three possibilities mutually exclusive.
O

Example 4.5.2 Suppose Q is the canonical homogeneous Poisson RCM with com-
pensating measure L° = ¢ ® p, where p = Ak with A > 0 the total intensity for a
jump and « the distribution of the iid marks; cf. Example 4.3.3. From Theorem 4.5.2
it follows that M, (A) = N7 (A) — tp (A) defines a Q-martingale, while Proposition
4.5.3 gives that also M?” (A) — 1p (A) and M (A) My (A) when A N A" = ¢ de-
fine Q-martingales. These facts certainly agree with the assertion that each counting
process N°(A) is homogeneous Poisson with intensity p(A) such that the processes
N°(A) and N°(A’) are independent when A and A’ are disjoint. But it must be remem-
bered that this Poisson process structure is not apparent from the original definition in
Example 3.2.1! The assertion will be firmly established in Proposition 4.7.2 below.

Remark 4.5.2 For (bi) it suffices to assume that A°(A) is continuous, and for (bii)
that A°(A) and A°(A’) are continuous. Without these continuity assumptions it is
still possible to find in (bi) a predictable, increasing process A° such that M (A) —
A° is a local martingale, and in (bii) a predictable process Y, 0 at time 0, such that
M°(AYM°(A’) — Y is a local martingale, see Examples 4.7.3 and 4.7.4 below.

Exercise 4.5.3 Let Q be a probability on (M, H) such that A° is continuous. Show
that for any A, A’ € &, the process M°(A)M°(A’) — A° (AN A') is a local Q-
martingale (t,) always, and a true martingale if EN7(A) < oo and EN;(A)) < oo
for all ¢.

4.6 Stochastic integrals and martingales

Let Q be a probability on (M, H) with compensating measure L° (for the results
in this section it is natural to consider canonical CPs as a special case of canonical
RCMs). We shall first discuss stochastic integrals with respect to «° and L° and then
use them to arrive at the martingale representation theorem, Theorem 4.6.1 below.
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The integrands will be functions of m € M, t > 0and y € E. A typical integrand
is denoted S where (m, t,y) — S,“V (m) is assumed to be R-valued and measurable
(with respect to the Borel o-algebra on R and the product o-algebra H ® By ® £ on
M xRox E). Often we shall think of S as a family (S7) ¢ of processes §* = (5;),.,
and then refer to S as a field of processes. Particularly important are predictable fields
which are fields with each S” predictable.

The stochastic integral

N°(S) = (NZO(S)),>O, N7 (S) := / S5 u° (ds, dy)
= 10,11x E

is always well defined as an R-valued process, and the stochastic integral is just a finite
sum,

N,
NS = > Sim=""sm.
n=1

n:t, <t

If each S is adapted, also N°(S) is adapted.
The stochastic integral A°(S) = (Ato(S))

>0
A= [ sietasan = [ [ stalD an® @
10,1]xE 10,11 JE ‘

is always well defined if S > 0 (or § < 0) as an Rog-valued process (respectively
a process with values in [—o0, 0]) with the integral an ordinary Lebesgue—Stieltjes
integral A7 (S, m) evaluated for each m € M. If S > 0, in order for A°(S) to be
Q-a.s. finite, i.e.,

Q) (A7(S) <o0) =1,

t>0
it suffices that

Qﬂ( sup Ssy<oo>=1.

>0 \S=<t,yeE

For arbitrary S, write § = ST — S~ where ST = S Vv 0, S~ = —S§ A 0 and define
A°(S) = A°(ST)—A°(S™) whenever A°(S™) or A°(S7) is Q-a.s. finite. In particular
A°(S) is well defined with

0N (|A7(9)] < o) =1

t>0

provided

Qﬂ( sup |87 | <oo> =1.
>0 s<t,yeE
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If A°(S) is well defined, it is an adapted process if each S” is adapted and a pre-
dictable process if S is a predictable field.

Note. If discussing counting processes there is of course no need for predictable fields:
S is just a predictable process.

Suppose A°(S) is well defined and then define the process M°(S) by
M7 (S) = N7 (S) — A7 (S). (4.80)

This may also be understood as
M) = [ as.dy)
10,7]

with M° := u°® — L° being the fundamental martingale measure for Q. However, M°
should be used with care: formally it is a random signed measure on Ry x E but need
not be defined on all sets in By ® & since e.g., u° (Ro x E) = L°(Rg x E) = o0
Q-a.s. is perfectly possible. The restriction of M° to [0, ¢] x E for any ¢ € Ry is of
course well defined and bounded Q-a.s.

Theorem 4.6.1 (The martingale representation theorem) Let Q be a probability
on (W, H) or (M, H).

(i) Suppose M is a right-continuous local Q-martingale. Then there exists a pre-
dictable field S = (S”) such that

M; = Mo+ M2 (S). (4.81)

@ii) If S = 0 is a predictable field, then
1) foralln > 1,t >0,

EN; (8) = EA] ,,(S) < o0,
and M°(S) given by (4.80) is a local Q-martingale (t,) if foralln > 1,t > 0,
ENTOHM(S) < 00;
(2) forallt > 0,
EN{(S) = EA](S) < o0,
and M°(S) given by (4.80) is a Q-martingale if for all t > 0,
EN;(S) < oo.

(iii) If S is a predictable field, then
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(1) M°(S) given by (4.80) is a local Q-martingale (t,) if foralln > 1,t > 0,

EN; ., (S]) < oo;

Tn
(2) M°(S) given by (4.80) is a Q-martingale if for all t > 0,
EN{(|S]) < oo. (4.82)

Note. (4.82) is satisfied in particglar if S (as a function of m, s and y) is uniformly
bounded on [0, ¢] for all t and EN? < oo for all ¢.

Proof. We outline the main parts of the proof and note first that (iii) follows trivially
from (ii). We start with the proof of

(i1). By the technique introduced in the proof of Theorem 4.5.2, it suffices to prove
that

E/ Sy u° (ds, dy) = E/ Sy L° (ds, dy) (4.83)
10, T At]IXE 10,1 At]X E

for all ¢ and all Q, with L° the compensating for Q. By Proposition 4.2.1 (biv) there
is a function f (s, y), jointly measurable in s and y, such that S} = f(s,y) on

(No_ = O) . Thus (4.83) reduces to

N

E[f(ti,m);t <t]=E / v (ds) f 7@ dy) f (s, )
10,71 A2] E

or
/ PO (ds) f 7O (dy) f (5. y)
10.1] E

_F0 [ 00 @ / 2O (dy) f (5. y)
10,1 E

+/ PO (du) v (ds) / 7O (dy) f (s, ).
10,¢] 10,u] E

This is verified directly by partial integration or differentiation with respect to P©
(see Appendix A), or by ordinary differentiation if things are smooth and you are lazy.
(An alternative way of proving (ii) is to start with fields S of the form

3 = T 1ys.00f () 14y () (4.84)

where so > 0, Hy € Hy,, Ao € £, and then extend to all S > 0 by standard arguments.
For S of the form (4.84) the (local) martingale property of M° (S) follows from that
of M° (Ap)).

(i). Suppose just that M is a right-continuous true Q-martingale. Because M is
adapted we can write

Mi=f" @ on (N;=n) (4.85)
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for all n, t, cf. Proposition 4.2.1 (biii). By optional sampling

E [MTVH»I/\I - MTn

Hr,,] =F [MrnHAt - Mr,, |§n] =0 on(r, <1),
an identity which using (4.85) we may write

P (£ 0= £ @)

Lo P @) [yl @) (Fole )= £ (@) =0

(4.86)

on (Tn S t) I WherejOin (sna (Sa y)) = (Tl» cee Tn’ S; nl» cee nnv y) .
We want to find S such that (4.81) holds. Since each SY is predictable we may
write

Sy—gs)(s y) on (Nj_:n)

so that on (7, < t) we have that

Mz e (S) — M7 ()
_ _f]rn 1 g) ds) [¢ ”g:l) (dy) 8; " (s, )
- () (n) (n)
g%'n (Tn+15 77n+1) fjfiz fn+1] %‘n (ds) fE 7'[%. s (dy) g (s7y)

with the top expression valid if < 7,41, that on the bottom if > 7,,41. But also on
(tn 1),

£ = 18 (1) i1 < Tugr,
gﬁ”mﬁn—g?m» if 1

v

My, ne — My, = { -
n+1-

It is seen that M° (S) = M if for all n, ¢, y on (7, < t) it holds that

_/] | (n) (ds) / (n) ' (dy) gsn) (s,y) = fg(:) (t) — f;:) (). 4.87)
Tn,t

(n) ® (n) (n) (n+1) (n)
o= [ s [l an ) o=t 05 @

or that (4.87) holds and

(n) (n+1) ()
) = fiine oy @~ Fo O (4.88)

where equation (4.88) defines g(")
It remains to see that gg) satisfies (4.87). But from (4.86) it follows that ¢ +—

f@) = fé(n")(t) is differentiable with respect to P := Pé(:) and by the differentiation
rule
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Dp (F1F2) (1) = (DpF1) (1) F2(t) + Fi(t—) (Dp F2) (1),

(see Appendix A, (A.4)), (4.86) implies that

o n n+1)
—(f ) = f @)+ P =) Dpf(1) =~ /E w0 @) (e gy O = F (@)

or equivalently, using (4.88)
P (t—) Dpf(t) = — fE 7 (dy) g (1. y). (4.89)

Since both sides of (4.87) vanish as ¢ | t,, with the left-hand side obviously differen-
tiable with respect to P, to prove (4.87) it suffices to show that

Dpf(1) = Dp <— f] ]v;y (ds) /E 7" (dy) g (s,y)).
Tyl

But recalling the definition (4.2) of hazard measures, it is seen that this is precisely
(4.89). |

Remark 4.6.1 It is often important to be able to show that a local martingale is a
martingale. The conditions in Theorem 4.6.1 (ii2) and (iii2) are sufficient for this but
far from necessary.

Remark 4.6.2 Suppose M is a right-continuous local Q-martingale. It is important
to note that if the total compensator A’ is continuous, then (4.81) immediately shows
that M is piecewise continuous, i.e., continuous on each interval [rn, T+l [

Example 4.6.1 A particularly simple example of the representation from Theorem
4.6.1 is obtained by considering a sequence (X,),cn of independent (G, G)-valued
random variables and then viewing the sequence as an MPP ((7},), (Y,)) with mark
space (G, G) by taking T,, = n, Y, = X,, as was done in Example 3.2.2. The distribu-
tion Q of this MPP is determined by the Markov kernels (cf. (3.11))

PO =euy, w1 L (A) =P (Xpp1 € A)

Zn

where only z,, of the form (1, ... ,n; yi, ..., y,) have to be considered.

Since vz(:) = &,+1 the compensators for Q are given by

[7]
A/ =0, AA)=) PX,c4) (AcQ),

n=1

[t] denoting the integer part of 7. With (S”),¢¢ a predictable field,

e
7 = fg(<t_)) t, ),



4.6 Stochastic integrals and martingales 83

it therefore follows that the stochastic integral M° (S) becomes

[1]
Mf<S>—Z{f;” Y, nn)—f D y) P(X, edy)}

n=1

By Theorem 4.6.1 all local Q-martingales have this form and a sufficient condition for
M° (S) to be a martingale is that for every n > 1, the function

O1eeyn) = 00 (L yw)

is bounded when z,—; = (1,...,n—1;y1,..., yu—1). Of course the martingale
property can be verified directly from the independence of the X,,: it amounts to the
simple fact that if g : G — R is bounded and measurable, then

E[g(X1.--,Xn)|X1.--,Xn—1]=fg(Xl---,Xn—hy)IP’(XnEdy).
G

We shall conclude this section by quoting some important identities involving the
so-called quadratic characteristics and cross characteristics for (local) martingales.

Suppose M is a Q-martingale with E M,2 < oo for all 7. Then M? is a submartin-
gale and by the Doob—Meyer decomposition theorem,

M? = local martingale + A

where A is predictable, cadlag, increasing, O at time 0. A is in general process theory
called the quadratic characteristic for M and is denoted (M) (not to be confused with
the quadratic variation process [M], see p.84 below).

More generally, if M, M’ are two martingales with second moments, the cross
characteristic between M, M’ is the process

(M. M):=L(M+M)—(M-M)). (4.90)
For us, with Theorem 4.6.1 available, we need only find the quadratic character-
1stlcs for the stochastic integrals M°(S). So let Q be a probability on (M, H) with

A° continuous and let S, S be predictable fields such that the stochastic integrals
A7 (S%), A7 (Sz) are all finite, and define

(Me($)) = A° ().
(M°(S), M°(S)) = A° (SS).
(Note that these definitions conform with (4.90)).

Proposition 4.6.2 Assume that A’ is continuous. Assume also that foralln and t,

ENZ (5*2) < o0 (4.91)
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where S* = S or = S. Then
(M° ($))* = (M°(S)),  M°(S)M° (3) — (M° (S), M° (5)) (4.92)
are local Q-martingales () .
If instead of (4.91)
EN? (5*2) <00 (4.93)

holds for all t, then the local martingales in (4.92) are Q-martingales.

The condition (4.91) is satisfied in particular if for all » and ¢,

sup | 82255 (m)] < oo, (4.94)
s<t,yeE,meM

while for (4.93) it suffices that for all ¢,

EN, < oo, sup |85 (m)| < oo.
s<t,yeE,meM

For the proof, a critical step is to verify by explicit calculation that for all Q,

EM2,(S) = EAS, (52) . EMS (M, (B) = EAS, (S5).  4.95)
Note that Proposition 4.5.3 corresponds to the special case Sty =14(0), gty =14 (y)
when AN A" = 0.

The integrability conditions given in Proposition 4.6.2 are sufficient for the stated
martingale properties, but far from necessary.

Exercise 4.6.1 Show (4.95) by direct calculation.

Apart from quadratic characteristics, in the general theory of processes one also
operates with the quadratic variation process for local martingales M, denoted [M].
For continuous M, [M] = (M) , but for processes with jumps the two processes differ:
assume for simplicity that A° is continuous so that as noted in Remark 4.6.2 above,
M is continuous on each interval [Tn, T+l [, and then define

o

v,
(M) = Y (AM)? =) (AM,,)".
O<s<t n=1

If My = Mo+ M;(S) as in (4.81), it follows that

o

Nt

1, = 3 52 = 7 (57).

n=1

Combining this with Theorem 4.5.2 we see that under suitable boundedness conditions
on S, if A’ is continuous then [M] — (M) is alocal Q-martingale.
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4.7 1to’s formula for MPPs

Let Q be a probability on (M, H) (or (W, H)) and let X be an adapted, piecewise
continuous R-valued process. It holds in great generality that X can be written as the
sum of a predictable process and a stochastic integral M°(S) with S a predictable field.
Uniqueness of this decomposition is achieved when M°(S) is a local Q-martingale;
cf. Theorem 4.6.1. The version of 1t6’s formula in Theorem 4.7.1 below gives the ex-
plicit form of the decomposition under mild smoothness conditions. Examples 4.7.3
and 4.7.4 illustrate how the decomposition may be achieved when some of these con-
ditions do not hold.
By Proposition 4.2.1,

X, = fg((’ti ). (4.96)

Recall that X is piecewise continuous if all fz(:) (1) are continuous functions of t > t,,,
and define X¢, the continuous part of X as

N,
X=X, — Y AXy=X,— )Y AX,
n=1

O<s<t

since X can only have discontinuities at the timepoints t,. For the formulation of the
next result, recall also that

jOin (§<l‘7>7 (t7 )’)) = (Tlv DRI T(l*)at; Niseve s Nt—)s y) .

Theorem 4.7.1 (Ito’s formula.) Suppose that A° is continuous and let X be an
adapted R-valued process which is piecewise continuous. Then provided

/ |S§v| L° (ds,dy) < >
[0,f]xE

Q-a.s. for all t, it holds that
X, =Xo+U +M(S) (r>0), 4.97)

where S = (SY) is the predictable field

Yy _ plio)+ _ e
Si _fjoin(&,_),(t,y)) ) = [, O, (4.98)

and where U defined by
U =X, —Xo— M/ (S)

is continuous and predictable. Furthermore, Uy = 0, MS (S) = 0 and provided the
process M°(S) is a local Q-martingale, this decomposition of X into the sum of its
initial value, a predictable process 0 at time 0 and a local Q-martingale is unique up
to Q-indistinguishability.
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Note. S may also be written }?,} — X;—, where X ,y is the value of X, obtained by
retaining the behaviour of ©° on [0, #[ and pretending that a jump with mark y occurs
at time ¢.

Proof. By (4.96), X is cadlag and the process AX of jumps is well defined. Now
identify AX and AM°(S): since A’ is continuous,

AM?(S) = S AN, (4.99)
while
AX; = AX;AN;
= (o - £ (r))

_ | plto)+1
- (Goin Gy, () - 1, S (t ))
Thus (4.97) holds with

(t—)+1 _
fJOlH(E RS feay ®,

which defines a predictable field, and
U =X — Xo— M (S) = X7 — Xo+ A7(S) (4.100)

which defines a process that is continuous and adapted, hence predictable.
The uniqueness of the representation (4.97) when M°(S) is a local martingale is
immediate from Proposition 4.5.1. U

Remark 4.7.1 There are more general decompositions of adapted processes (see Ex-
amples 4.7.3 and 4.7.4), but in general U will not be continuous.

The proof of the theorem yields the decomposition in explicit form, but this is
typically too unwieldy to use in practice. Instead, with X cadlag and piecewise contin-
uous as required in the theorem, one finds S by directly identifying AX, = S;7 (” AN?;
cf. (4.99), and then use (4.100) to find U.

Example 4.7.1 Let Q be the canonical Poisson process on (W, H) with parameter
A > 0, (Example 3.1.2). Fix ng € Ng and define
X[ = 1(1\/0

t :”0)<

Since

AXe = (10 znom1) = T =) ) AN;
we obtain

X: = Xo+ Us + M (S)
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with
St = 1wz =no-1) = L(N7_=no)

and, since X is a step process with Xy = 0 so that X = 0, by (4.100),

t
U= fo (1vemn0m1) = o)) s

t
= /0 (1(N§’=n071) — 1(N§=n0)) )\,dS
Since |S| < 1, we find EN/(|S]) < EN; = EA] = At < 00 so that by Theorem
4.6.1 (iii2) M°(S) is a Q-martingale and thus

!
Pno () := EX; = 1y} (no) + EU; = 140y (no) +/ (pno_l(s) — pno(s)) rds,
0

(4.101)

a formula valid for nyp > 0, t > 0. For nop = 0 this gives pé(t) = —Apo(t) with
po(0) = 1, ie., po(t) = e~ (which since po(t) = Q (r; > t) is obvious anyway),
and since (4.101) shows that

Pro(®) = A (Pro—1(0) = pug (), Py (0) =0

for np > 1, by induction or otherwise it follows that under Q, N; has a Poisson
distribution with mean At,

()" o

p (t>0,neNp.

pu(t) =
Exercise 4.7.1 Let E be at most countably infinite and let Q; denote the probability
on (M, H) that makes X° given by X; = 1y, a homogeneous Markov chain with in-
tensity matrix (¢;;) and initial state X{ = i, see Examples 3.3.1 and 4.3.6; in particular
the g;; are such that all Q); exist as stable canonical RCMs. Recall that A j = —gq; is
the rate for the exponential waiting time in j, and that 77 = g /A for j # k is the
probability that a jump from j leads to k.

Let j € E, n € Ny. Use 1t6’s formula on the step process

1(X,°:j,ﬁf:n) (= 0)
to show that

Upmimimn) = Sisdon

t
+ /(; Axe <l(xg;éj,1vj=n—1)nx§’s/' - 1<x;>=j,N§=n)) ds + M;(S),

where S is the predictable field
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ST =1y 1/ - .
(Vio=n-1) " (Xp_=).N;_=n)
Show next using Theorem 4.6.1(iii) that M°(S) is a Q); -martingale, and defining
PP =0 (X7 =N =n).

the n-step transition probability from i to j, deduce the formula

t
P (1) = 8ij0n + /0 <Z ri "V ()ay +p§;‘><s>q,j> ds. (4.102)

kikj

(Note that for n = 0 this gives
©) 0!
pi; (1) =3dij +qjj / pi; (s)ds,

ie., p; j)(t) = &) ie?/i! in agreement with the obvious fact

P @) = Qi (X7 =j.1i > 1) =8;Qp (11 > 1)),
From (4.102), deduce that the transition probabilities p;; (1) = Q)i (X7 = j) sat-
isfy the integral equations

t
pis () = 85 + /0 3 pis(s)a; ds,
k

which by formal differentiation with respect to ¢ yield the forward Feller—Kolmogorov
differential equations,

Dy pij(t) = Z Pik(t)qk; -
3

The differentiation is trivially justified if e.g., sup.x ; gkj < oo forall j, in particular
if E is finite, but the differential equations are in fact always valid.

The reference state i singled out above is unimportant: the n-step transition prob-
abilities are the same for all initial states, i.e., for all i, i, j and n and all 5,7 > 0 it
holds that

PP =0 (Xoyy =i N,y = N, =nIH,)

on the set (X5 = i), cf. Example 4.3.6.
Using Lemma 4.3.3, conditioning on &1, show that forn > 1,

P (0 = f Y e pl TV — 5)ds.

kik£i
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From this, deduce that

t
pij(t) = &ije " +/ > qike™ prj(s) ds,
0 kikti

and then derive (without any conditions on the transition intensities) the backward
Feller—Kolmogorov differential equations,

Dy pij(t) = Zt]ikpkj(t).
3

Example 4.7.2 We can use It6’s formula to establish that if Q is a probability on
(M, H) and A° is continuous, then X = M°2(A) — A°(A) is a local Q-martingale
() (Proposition 4.5.3): first, it is easily checked that
AXy = (2M_(A) + 1) 1y ca) AN,
and so (4.97) holds with
S) = (2M;7_(A) + 1) 14(p). (4.103)

To show that X is a local martingale we must first show that U = 0, where, cf. (4.100),
. 4 y < ) —0
U =X+ f / S3 ns(: (dy) A" (ds).
0 JE ’

But if A”(ds) = Xf ds, by differentiation between jumps in the defining expression
for X,

Dy X{ = 2M5 (A) (3 (A)) — 35 (A)

where A°(A) (ds) = A (A)ds = X;’ngfj) (A) ds. Using (4.103) it now follows that the
continuous process U satisfies D;U; = 0, hence U = 0.
Using Theorem 4.6.1 (iiil) it is an easy matter to show that X is a local martingale:

N A (S < / (2(Nop +B50) +1) N” (@)

10,7, At]
< (2 (n —}—Kil/\,) + 1) n
and since EK:HN = EN;M < n < oo it follows that EN_ ,, (IS]) < oo. But the

condition in Theorem 4.6.1 (iii2) is too weak to give that X is a Q-martingale when
Eﬁf < oo for all ¢, as was shown in Proposition 4.5.3.

By similar reasoning one may show that M°(A)M°(A’) is a local martingale when
AN A" = @ (Proposition 4.5.3).

A particularly important application of Itd’s formula yields the basic Poisson point
process structure of homogeneous Poisson random measures. Let Q be such a measure
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(Example 3.2.1) so that the compensating measure is L° = A¢ ® « and the Markov
kernels are given by

(0) (n)

O=e, PO =eMT (n>112>1),

7™M (A)=k(A) (n=0,A€f)

Zn
where A > 0 and « is a probability on (E, &) .

Proposition 4.7.2 Let Q be the homogeneous Poisson random measure described
above. Then under Q, for any r € N, and any Ay, ..., A, € £ mutually disjoint,
the counting processes (N °(A j))1 <j<y are independent, homogeneous Poisson pro-
cesses in the traditional sense with intensities L j := Ak (Aj) for j=1,...,r.

Remark 4.7.2 When saying that each N°(A;) is homogeneous Poisson in the tra-
ditional sense, we mean that N°(A;) has stationary and independent increments
that follow Poisson distributions: we shall show that for any s < ¢, the increments
(NP (Aj) — NJ(Aj))1<j<r are independent of H and also mutually independent with
N7 (Aj) — NJ(Aj) following a Poisson distribution with parameter A (z — ).

Proof. The key step in the proof consists in showing that for » and Ay, ... , A, given
with the A ; mutually disjoint, it holds for all (u1, ... ,u,) € R" that

= exp( Zu,N (Aj) — IZ)‘ (lui _1>> (4.104)

is a C-valued Q-martingale. Once this is established, the martingale property
E (M, |'Hy) = M, gives that for s <,

E |:exp (i D uj (N7(A)) - Nf(A,-))) |Hé}

j=1
r .
— exp ((r —5) Y ay (" = 1)) : (4.105)
j=1
which is precisely to say (when (u1, ... , u,) varies) that the joint characteristic func-

tion of (N,O (Aj) = NJ(A j)) 1<j<r given H; is that of » independent Poisson random

variables with parameters (A j—= s))1 <j<r- (Strictly speaking, the identity (4.105)
only holds Q-a.s. for any given (u j) . But then it also holds Q-a.s. simultaneously for
all vectors (u;) with the u; € Q, and since there is a regular conditional distribution
of (N,O (Aj) — NJ(A j))1<j<r given H; and therefore also a (necessarily continuous)
conditional characteristic function, the latter has indeed been identified by (4.105), at
least Q-a.s.). That the N° (A ) are independent homogeneous Poisson counting pro-
cesses with intensities A ; now follows directly.
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We complete the proof by using Itd’s formula to show that M given by (4.104) is
a martingale. Because

r
AM; = M, _ (Z 1Aj (U(t)) (emj - l)) AN?,
=1

we have the representation
M, =1+U, + M (S)

with U continuous, Uy = 0 and

-
SY =M= Y a0 (¢ = 1))

j=1
We now show that U = 0 by verifying that between jumps D;U; = 0. But clearly,
since N°(S) is constant between jumps,

D[Ut == DlMl + DIA?(S)
By computation, if € 7,1, [ for some n, writing ¢ = PIEYY: (e —1),
Dl‘Ml‘ = —CM[

while
l VA
D,Af(S):D,/ /sgx(dy),\ds
0 JE

=,\/ S) k (dy)
E

r
=1
= CM;

(using that between jumps, M, = M;).

Thus U =0 and M; =1 + M7 (S). It remains to verify that M is a Q-martingale,
and this follows from Theorem 4.6.1 (iii2) if we show that EN; (|S|) < oo for all ¢.
But there are constants ¢y, ¢2 such that

|S7] < e,

so ENy (|S]) < e"ltczEﬁf = eyt < 00, see also the note after Theorem 4.6.1.
O

Exercise 4.7.2 With Q the homogeneous Poisson measure from Proposition 4.7.2, let
Ay, ..., A, € £be mutually disjoint and write
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T, (Aj) = inf{t : Ny (Aj) = n}

for the time of the nth jump for N° (Aj) . Show that the r sequences (rn (Aj))n>l
for j =1, ..., r are stochastically independent and that for each j, the waiting times
T (Aj) =T (A /) are iid exponential at rate A ;. (Please remember that we now know
that a sequence of iid exponential waiting tlmes may be identified with a counting
process that has stationary independent and Poisson distributed increments)!

In the version of 1t6’s formula given above, Theorem 4.7.1, it was assumed in par-
ticular that the total compensator A~ should be continuous. We shall by two examples
show how a martingale decomposition may be obtained when this assumption is not
fulfilled.

Example 4.7.3 Let Q be a probability on (W, H) with compensator A° that need not
be continuous. If A° is continuous, we know from Proposition 4.5.3 that M °2_A°isa
local Q-martingale, but it was also noted that ii A° is not continuous, this is no longer
true. We are thus, for general A°, looking for A right-continuous and predictable, O at
time 0, such that M°% — A is a local martingale, i.e., we also need S predictable such
that

M2 — A = N°(S) — A°(S). (4.106)

In particular X := M°> — N°(S) must be predictable, and this fact is used to identify
S. (It is no longer as in the proof of Theorem 4.7.1 and the preceding examples, a
matter of simply identifying the jumps of M°? occurring when N° jumps, with those
of N°(S). Note that the two processes N° and A° may share discontinuities, but that
it is also possible that either one of them is continuous, the other discontinuous at a
certain point).

If ANy =0 we have

Xi = (M7 = AA7) = NP(S),
while if AN =1,
X, = (M +1—AAY) — N7(S) —
If X is to be predictable the two expressions must be the same, i.e., we must have
Sy =1+2(M_ — AAY).

With S determined, A i is of course found from (4.106), but a simpler expression is
available by showing that A is differentiable with respect to A° and finding D AcA =
Do (X + A°(S)) according to the methods from Appendix A.

We have DAoAO(S) = §. To find Dp- X, fix t and for a given K find k € N such
that rx = "2—,(1 <t < 2—1< = 1. The task is to compute (for A°-a.a. 1),

lim i X

o o
K—o0 At}( — AtK



4.7 1td’s formula for MPPs 93

and there are two cases, (i) AN =0, (ii)) AN, = 1 and AA7 > 0. (Because the limit
is only wanted for A°-a.a. t we may ignore the case AN, = 1 and AA; = 0). In case
(i) one finds that the limit is

i (5, +ma5,) (0 — Ma5,)
K—o00 AZL — AfK B

— (2M7 — AAY)

since for K sufficiently large, M;i = M;’K — (A° (t}() —A° (tK)) . A similar argu-
K

ment in case (ii) results in the same limit and verifying the other requirements for

differentiability, one ends up with

DaoX, = — (2M;_ — AAY).

Thus
DpoAy = Dpo Xy + S
=1—AAY
and
K= [ Drhdal=A7— Y (AAD)°.
10,7] O<s<t

Example 4.7.4 Let Q be a probability on (M, H) with compensating measure L°.
Let A, A’ € £ and look for a decomposition of M°(A)M°(A’), i.e., we want A right-
continuous and predictable, O at time 0, and a predictable field (S¥) such that

MP(AMP (A = A, + NP (S) — AL(S).

From Proposition 4.5.3 we know that if A is contlnuous A= A°(A)if A = A’ and
= 0if AN A’ = (. Here we do not assume that A° is continuous and A and A’ are
arbltrary.
We find S by using that X := M°(A)M°(A") — N°(S) is predictable. If AN: =0,

X = (M{_(A) — AN (A)) (M7_(A") — AAZ(A))) — NE_(S),
while if AN, = 1,
Xi = (M_(A) + 14 (n) = AA7(A)) (M (A) + 1 (1)) — AN (A1)
—NZ(S) -
Predictability of X forces the two expressions to be identical, hence

ST = Lanar () + 14 (M;_(A)) — AAJ(A)) + Lo () (M;_(A) — AAT(A)).
4.107)
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As in the previous Example 4.7.3, we identify A through its derivative DXoT\ =
Do X + Dz L°(S). Here

D L7 (S) = / S 7 (dy), (4.108)
E

)

»t’
Example 4.7.3, treating the cases AN? = 0and AN? =1, AK? > 0 separately one
finds

where m; is short for yré('; and by computations along the same lines as those in

Dy X; = —M;_ (A (A") — M;_(A)m(A) + AN, 7 (A (A').
Thus, recalling (4.107), (4.108)
Dsox, = DyoX; + Do L7(S) = m (AN A') — AR, (A7, (A')

so finally,

A, :/ DyoRydAy = A7 (ANA) = > AAJ(A)AA(A).
10,1

O<s<t

Exercise 4.7.3 Let Q be a probability on (M, H) with compensating measure L°.
Let S, S’ be predictable fields such that A7(]S]) and Af(|S") < oo for all ¢, and find
a decomposition of M°(S)M°(S), i.e., show that there is a predictable field (S) such
that

MA(SYMP(S) = A, + M2 (5),
where

Ar =AY (SS)) - D AN (S) AN (S).

O<s<t

Show in particular that A is increasing if § = §’.
The result is the easy to guess at generalization of the decomposition in Example
4.7.4.

4.8 Compensators and filtrations

We have so far exclusively discussed compensators and compensating measures for
canonical CPs and RCMs, i.e., probabilities on (W, H) and (M, H) respectively. Both
concepts make perfect sense for CPs and RCMs defined on arbitrary filtered spaces,
but they are defined through martingale properties rather than using quantities directly
related to the distribution of the process. Working on canonical spaces it is the prob-
ability Q that decides the structure of the compensators, hence the terminology ‘Q-
compensator’ used earlier. On general spaces it is the filtration that matters, hence we
shall write ‘F;-compensator’ below.
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Let (2, F, F;,P) be a filtered probability space, i.e., (2, F, P) is a probability
space and (F;),>( is an increasing family of sub o -algebras of F. Since the discussion
below focuses on right-continuous martingales, we may and shall assume that the
filtration is right-continuous, F;4+ = F; for all # > 0, cf. Corollary B.0.9.

Let X = (X;);>0 be a stochastic process with state space (G,§), defined
on (2, F, F;,P). Recall that X is measurable, if the map (¢, w) — X,;(w) from
Ry x 2,8y ® F) to (G, G) is measurable and that X is adapted to the filtration
(F) if it is measurable and each X, : (2, F) — (G, G) is F;-measurable. Also recall
(cf. p.302) that X is predictable if X is Fp-measurable and the map (¢, w) > X;(w)
from (R4 x 2,581 ® F) to (G, G) is P-measurable, where P is the o-algebra of
predictable sets, i.e., the sub o-algebra of B; ® F generated by the subsets of the
form

Is,00[ x F (s € Ry, F € Fy).

We denote by (F¥);>¢ the filtration generated by X, FX = o(X;)o<s<:. (For
more on concepts and results from the general theory of processes used here and below,
see Appendix B).

If N is a counting process, i.e., a (W, H)-valued random variable defined on
(R, F, F;,P), it is always assumed without further comment that N is F;-adapted.
We write 7 = (T,),,>1 = (14 o N),>| for the SPP determined by N, with T}, the time
of the nth jump for N, cf. Section 2.2, and (F}"),_, for the filtration generated by N,

]—"tN = 0 (Ny)p<s< (so that .7-",N C F; since N is adapted). Recalling the definition of
‘H,, it is clear that

FN=N""(Hp. (4.109)

Similarly, if u is a random counting measure, i.e., a (M, H)-valued random vari-
able on (2, F,P), for A € £ we define the counting process N(A) by N;(A) =
wu ([0, t] x A) and always assume that u is F;-adapted, i.e., that N;(A) is F;-measur-
able for all ¢+ and all A. We write (7,)) = (T,), ¥))ps1 = ((Taop),
(M © u)),>1 for the MPP determined by ., and (f,” ) ;>0 for the filtration generated
byu, Fl'=0 (Ns(A))o<s<r. Ace (so that FI* C F, for all t). In analogy with (4.109)
we have

Fl=u " (Hy). (4.110)

Note that if N is a CP, then each T, is an F;-stopping time. Similarly, if u is an
Fi-adapted RCM, then each T, is an F;-stopping time and Y, is Fr,-measurable.

Suppose now e.g., that u is an RCM. Write Q = w(P) for the distribution of u
and L° for the compensating measure for Q. The initial important point to make is
that all results about Q and L° carry over to results about s, the filtration (7;*) and
the positive random measure L* := L° o u. Thus e.g., A*(A) = (Afl(A))t>0 is
ft“-predictable for all A € &, where Af‘(A) = L*([0,] x A) = A7(A) o p, and
also
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() forall A e &, M(A) := N(A) — A*(A) is an F!*-local martingale (7,);

(i) up to P-indistinguishability, A*(A) is the unique right-continuous and Fl-
predictable process A, 0 at time O, such that N(A) — A is an J—'l"-local mar-
tingale.

Note also that any F/-predictable, right-continuous F/*-local martingale is con-
stant.

The proof of (i) above involves nothing more than transformation of integrals: for
anynandanys <t, F € F! . it must be shown that

fMT"N(A)d]P’zf M, ns(A) dP.
F F

But M7, Ay (A) = M;’"Au (A) o u for any u, and since by (4.110) F = [,L_l(H) for
some H € H; this identity is equivalent to the basic local martingale property

f M, (A)dQ = / M2, (4)dO.
H H

We shall now discuss compensators and compensating measures for CPs and
RCMs defined on general filtered probability spaces.

Let N be an adapted counting process defined on (2, F, F;, P) . We shall call
A the F;-compensator for N if Ay = 0 P-a.s., A is increasing, right-continuous, F;-
predictable and satisfies that M := N — A is an F;-local martingale. This compensator
exists and is unique by the Doob—Meyer decomposition theorem, see Theorem B.0.10.
Note that by the preceding discussion the }"tN -compensator for N, as just defined
for arbitrary filtrations, is A° o N, where A° is the compensator for the distribution
QO =N((P)of N.

Similarly, if x is an adapted random counting measure on (2, F, F;, P), the F;-
compensating measure for | is the positive random measure L with L ({0} x E) =
0 P-a.s. such that for all A € £, A(A), where A;(A) = L ([0,¢] x A), defines a
right-continuous F/*-predictable process, necessarily increasing, such that M(A) :=
N(A) — A(A) is an F;-local martingale. Thus, as a special case of this definition,
the F/*-compensating measure is L° o u with L° the compensating measure for Q =
w(P). (About the existence of L: by the Doob—Meyer decomposition theorem each
compensator A(A) exists and is unique up to indistinguishability. Some care is needed
to fit the compensators together to arrive at the compensating measure, but with (E, &)
a Borel space, L always exists).

Note. If L is a positive random measure such that all A(A) are F;-predictable we shall
say that L is F;-predictable.

In general compensators and compensating measures depend of course on the fil-
tration. Furthermore, and this is an important point, while e.g., we know that the .7-',“-
compensating measure for an RCM p determines the distribution Q of u, it is not in
general true that the F;-compensating measure for | determines Q (and of course,
much less will it determine IP). This also applies to canonical processes: if Q is a
probability on (M, H) with compensating measure L°, the H;-compensator for the
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counting process N°(A) is A°(A), but A°(A) does not determine the distribution of
N°(A) — marginals of compensating measures do not determine the distribution of the
corresponding marginals of the RCM.

To elaborate further on this point, let Q be a probability on (M, H) w1th compen-
sating measure L°. The H;-compensator for the counting process N isA°,

o

N,

A = Z vg:) (Jtn: T A 1))

n=0

while the H,N -compensator for N* is

N
Afv = Zig’l (]‘L’n, Tntl A t])
n=0

where £, = (11,...,7,) and igl) is the hazard measure for the conditional Q-

Sn

distribution of 7, given £,, a conditional distribution typically different from PS(”)
And typlcally it is impossible to obtain AN (and the distribution of N°) from knowl-
edge of A~ alone — to achieve this complete knowledge of L° may be required.

In one fairly obvious, but very important case, one can say that an J;-compensating
measure determines the distribution of an RCM w.

Theorem 4.8.1 Let (v be an RCM on (2, F, F;, P) with F;-compensating measure
L. If L is F!"-predictable, then L = L° o  up to P-indistinguishability, where L° is
the compensating measure for the distribution Q = w(P) of i.

Proof. By definition, for all A, M(A) = N(A) — A(A) is an F;-local martingale. If
we can show that in fact M (A) is an F;-local martingale (7},), since each T}, is an
F!*-stopping time, we have that M(A) is an F/*-local martingale and the assertion
follows from the discussion at the beginning of this section. (See Appendix B for the
general definition of local martingales, and the notation used for stopped processes).
Thus, let ( ) be a reducing sequence for M (A) (so each T, is an F;- stoppmg

time) and note that since each T} is an JF;-stopping time, for every n and k, M *» LATi i
an F-martingale. Since My, .7, ()] = B[Nz, .70, (4) = A7 g0, ()] < 00
forallf and 0 < Ni,ATk/\l (A) <k, we see that IEA'T*MTMI (A) < oo for all ¢ and thus,
fors <t, F € F;,

/I; (NﬁlATkAt(A) - Nﬁ,/\Tk/\s(A)) dP = /; (Aﬁ,ATk/\t(A) - Aﬁl/\TkAS(A)> dp,
4.111)

as is seen writing down the martingale property for M7k (A) and rearranging the
terms. Now let n 1 0o and use monotone convergence to obtain
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/F (Nins (A) — Npps(A)) dP = fF (Afn(A) — Aqas(A) dP. (4.112)

Since N7 A:(A) < k, this equation for s = 0, FF = €2 shows that all A7 A;(A) are
integrable. It is therefore safe to rearrange the terms in (4.112) and it is then clear that
MTk(A) is an F;-martingale for all k. O

Using Theorem 4.8.1 and Example 3.2.1 we immediately get

Corollary 4.8.2 Let u be an RCM with a deterministic (non-random) F;-compen-
sating measure L = M & k, where .. > 0 is a constant and « is a probability on
(E,E). Then p is a homogeneous Poisson random measure with intensity measure
P = AK.

Example 4.8.1 Deterministic time change. Let Q be a probability on (M, H) (or
(W, ’H)) and let ® : Ry — Rg be a continuous and i 1ncreas1ng (not necessarlly strlctly
increasing) function with ®(0) = 0. Defining N = (N ) by N, = Ny ()

it follows from the continuity of & that N is a counting process. With 7, =
inf {u : N, =n}, by looking closely one finds that 7, = inf{u : ®(u) = 1,}, in
particular ® (7,,) = 1, whenever T,, < oo. Letting ¥,, := n,, consider the RCM
= )T, <00 &(T;.Y,)» the RCM obtained from ° through the deterministic time
change .
For any A € &, it is clear that N,(A) := n ([0, u] x A) = Ng (u)(A) hence it

follows that F' C Ha () for all u. We now claim that the Fif-compensator for N (A)
is the process A(A) := ( CD(u)(A)) 0 : we have

Now)

o k ’

Agqy(A) = Z/ vl (ds) 7 ()
=0 Y]t 1 AP W)

Ny
:Z/ o ) (ds )n“‘) (A)

=0 12(T), D (Ti 1 1)AD ()]

where Z}: =(®(T1),...,d(Ty); Y1,...,Yr), which is enough to show that A(A)
is i -predictable. It remains to argue that M(A) := N(A) — A(A) is an F -local
martingale, but for u < vand H € Fi C How),

/ My, (A)dQ = / My roizsy (A)dQ
H H
~ /H Mg uyne, (A dO,

and since (M;(A))

assertion follows.
We have thus determined the F/*-compensating  measure for 4 and hence, accord-

ing to Theorem 4.8.1, determined the distribution Q of the time changed RCM p. It

150 is a Q-local martingale (7,), v can be replaced by u and the
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R0
Zn
where 7, = (1, ..., uu; y1, ..., yn), then

is seen in particular that if and 7?2(")” denote the Markov kernels generating é ,

pm

Zn

has hazard measure

5 (un, ) = v (10 (), D@D,

n

writing 2% = (P (uy), ..., Pwn); y1, ..., yn), while

~(n) (n)
”Zn,u(A) = nzz!q)(”)(A).

Example 4.8.2 As a special case of the preceding example, consider the probability
Q on (W, ’H) that makes N° a homogeneous Markov chain with intensity process

A% = a(s—) with the a, constants > 0 such that " a;! = oo, see Example 3.1.4.

Consider the time change ® (1) = fou a(s) ds where o > 0 is measurable with all the
integrals finite and define N, = Ng W By the previous example, the f,ﬁv -compensator

for N is
& (u)
Aoy = /O ags-) ds

Now

= Z ay (‘L’n+1 AN (D(U) - Tn)

n=0

Nu
= Zan (D (Tpy1 Au) — D (Ty))
n=0

:/ a(v)ay, dv.
0

It follows that the distribution é = N(Q) of N has intensity process XZ =a(u)ay_).

Example 4.8.3 Let N be a counting process on (2, F,P) and let U > 0 be an F-
measurable random variable. N is a Cox process if conditionally on U = X, N is
homogeneous Poisson (1) . The distribution of N is thus a mixture of Poisson process

distributions and by explicit calculation of the Markov kernels Pz(f) generating the
distribution of N, one finds that the F -compensator is AN = fé AN ds with FN-
predictable intensity process

v Jr,P@n) e AN
)\' —

= 4.113
! fRO P(d)) e~ \Ni- ( )

with P the distribution of U. This not-so-lovely expression for A" of course serves to
describe the not-so-lovely distribution of N. By contrast, defining 7; = o (U, F}Y)
(in particular U is Fp-measurable) the F;-compensator A for N is

A[=Ut
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which describes the conditional distribution of N given U only, and does not contain
any information at all about the distribution of U.

The Cox process is a simple example of a doubly stochastic Poisson process, see
Example 6.2.1.

Exercise 4.8.1 In Example 4.8.3, show that AV is given by the expression (4.113).
(Hint: somewhat informally, for alln € Npand 0 < #; < --- <, < t, calculate the
numerator and denominator in

P(Ty edt;,... , T, €dty, Ty+1 > 1)
P(Topr > 1 |T1 =1 Ty =tn) = ——p : T"EC’;”
R ) n n

by conditioning on U).

Even though there is no general mechanism for determining compensators using
Markov kernels as we did in the canonical case, it is possible to give a prescription
for certain filtrations: let . be an RCM and let 0 = ap < a1 < a» < --- be given
timepoints with a; 1 0o and a; = oo allowed. Let Ay, for k > 1 be given o-algebras,
increasing with k, and consider the filtration (F;) given by

f;ZU(Ak,f#) (te[ak,ak+1[, kGNo).

Then the restriction to any interval [ak, ap+1 [ of the F;-compensating measure for p
is found as the restriction to [ak, ag+1 [ of the F!*-compensating measure with respect
to the conditional probability P ( |]-'ak ) .

We shall conclude this section with a discussion of how compensators in general
change with filtrations.

Consider a filtered probability space (€2, F, F;,P) and suppose A = (A;),>¢ is
an F;-adapted and non-negative process. Define A; = fot Asds and assume that
EA; < oo for all ¢t. Let (G;) be a sub-filtration of (f,l, i.e., a filtration such that
G; C F; for all t. Now consider for each ¢ a version A; of E[X;|G;] and assume
that the Sonditional expectatiogs combfivne to define a measurable, hence G,-adapted,
process A > 0. Finally, define A; = fot Asds.

Lemma 4.8.3 Forall0 <s <t, G € Gy, it holds that
/ (Ar — Ay) dIP:/ (A — A;) dP. (4.114)
G G

Proof. By calculation,

t
/(At—AS) dIP’:/dIP’/ du
G G K
t ~
=/ du dP A,
K G
t
:/ du/deu
K G

Z/ (A; — Ay) dP. u
G
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Based on this lemma it is easy to prove

Proposition 4.8.4 Let U be an F;-adapted process with E |U;| < oo for all t. Suppose
that M := U — A is an F;-adapted martingale, where A; = fot Asds with A > 0 F;-
adapted and EA; < oo for all 1. Let (NQI) be a suli-ﬁltration of (Fr) agd assume that
there are Gy-adapted processes U and ) such that Uy = E [U; |G; 1 and Ay = E[A; |G/ ]
a.s. for every t. _ o ~ _

Then the process M := U — A is a G,-martingale, where A, = fé Asds.

Proof. For0 <s <t, G € G,
/1\71th=/ (U; — Ay) dP
G G
=/ U, — Ay) dIP—i—/ (Ar — A;) dP.
G G

Here one can replace ¢ by s in the first term because M is an J;-martingale, and in the
second because of (4.114). O

Now consider a G;-adapted counting process N with EN; < oo for all ¢, and let
A be the F;-compensator for N, assumed to be of the form A, = fé Asds, as in
Proposition 4.8.4. Also define A, F):, A as it was done there. Since E [N; |G: ] = N; we
immediately get

Corollary 4.8.5 With (G;) a sub-filtration of (F;), if N is G;-adapted with F; -
compensator A, and N — A is a true F; -martingale, then the G;-compensator for
N is A and N — A is a true G;-martingale.

One of course calls A the F;-intensity process for N, and X is then the G;-intensity.
The relationship

o =E[ 1G]

between the two intensities is known in the literature as the innovation theorem.

We conclude with another interesting consequence of Lemma 4.8.3. Here we say
that a well behaved (e.g., cadlag) R-valued process U is of finite variation on finite
intervals if for all ¢,

n
supz |U,k - U,,H| <00 as.,
k=1

where the sup extends over all n € N and all subdivisions 0 =7y <t < --- <t, =t
of [0, #]. The condition simply stipulates that almost all sample paths of the process
U must be of finite variation on any interval [0, ] .

Corollary 4.8.6 Ler A, A be as in Lemma 4.8.3. Then the process defined by
E[A 1G] — Ay for all t, is a G-martingale. In particular; if a.s. t +— E[A;|G]
is continuous and of finite variation on finite intervals, then a.s. E[A; |G/] = A
simultaneously for all t.
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Proof. The first assertion follows directly from (4.114), rearranging the terms and
using e.g., that f; A; dP = [;E[A;|G;] dP when G € G;. For the second assertion
one uses the well-known result from process theory which states that any continuous
martingale of finite variation on finite intervals is constant. Since the martingale we
consider here has value 0 at time 0, the constant is 0. |

It should be noted that even though A is continuous, ¢ + E[A; |G, ] need not be:
take G; = {Q2, P} fort < 1, = F; fort > 1 to get easy examples. Quite possibly also,
even though A is increasing, t — E[A; |G, ] may not have finite variation.
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Likelihood Processes

In this chapter the structure of the likelihood process (process of Radon—-Nikodym
derivatives) is derived when considering two probability measures on the canonical
spaces W and M, assuming that one of the probabilities is locally absolutely contin-
uous with respect to the other. Also, it is shown how to change measure using martin-
gales or just local martingales.

It is important to understand the contents of Theorem 5.1.1, but not necessary to
read the proof in detail. Also, Section 5.2 may be omitted on a first reading.

References. For likelihood processes for MPPs and RCMs, see Boel et al [12] and
Jacod [60]. For general likelihood processes, see e.g., Jacod and Shiryaev [65], Section
I1.5.

5.1 The structure of the likelihood

In this section we derive the likelihood function corresponding to observing a CP or
RCM completely on a finite time interval [0, ¢]. In statistical terms, one would sup-
pose given a family of distributions for the point process, choose a reference measure
from the family and define the likelihood function as the Radon—Nikodym derivative
between the distribution of the process observed on [0, 7] under an arbitrary measure
from the family and under the reference measure. The essence is therefore to be able
to find the relevant Radon—-Nikodym derivatives between two different distributions of
the process on [0, 7].

Recall that if P, P are probabilities on a measurable space (2, F) , Pis absolutely
continuous with respect to P (written P <« P) if IP’(F ) = 0 whenever P(F) = 0, and
that in that case

P(F) —/ dﬁd]‘? (F € F)
~ JpdP
with dIP’/dIP’ the Radon—Nikodym derivative of P with respect to IP. Recall also that

]P’ and P are singular (written P L P) if there exists F € F with P(F) = 1 and
P (F)=0.
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Let O, Q be two probability measures on (W, H) or (M, H), and let for 7 > 0,
0O;, O, denote the restrictions of Q, Q to H;.

Definition 5.1.1 Q is locally absolutely continuous with respect to Q if ét & Qy for
allt € Ry.

If é is locally absolutely continuous with respect to Q, we write é Kloc Q and
define the likelihood process L = (L;),>¢ by

do,
do;’

Since H is the trivial o-algebra, £y = 1. Otherwise each L; is H;-measurable,
>0 Q-a.s. and

L= 5.1

O(H) = §t<H)=fH£tdQ,=/H£,dQ GeRo,HeH). (52

With E denoting expectation with respect to Q, it follows in particular that
EQ[,, =1 (reRy).

Ifs <tand H € Hy C H,, it follows from (5.2) that

/CsdQ=/‘£dev
H H

in other words, £ is a Q-martingale which, since the filtration () is right-continuous,
has a cadlag version, (Theorem B.0.8 in Appendix B). In the sequel we shall always
assume L to be cadlag.

Since £ > 0, Lo 1= lim;—  £; exists Q-a.s. and by Fatou’s lemma Eg Lo < 1
The reader is reminded that the Lebesgue decomposition of Q with respect to Q (on
all of H) is

O0=Ls-0+0"

where Lo - Q is the bounded measure (L - Q) (H) = fH LoodQ on H, and where
0+ is a bounded positive measure on H with Q0+ L Q. In particular, é 1L Qiff
QL =0) =1, and Q0 K Qiff EgL = 1, this latter condition also being
equivalent to the condition that £ be uniformly integrable with respect to Q.

Before stating the main result, we need one more concept: if P and P are probabil-
ities on RJF, we write P <o P if

@) f’R . K Pg_, the subscript denoting restriction to R (from Ry);
@ii) P (J¢, oo]) > 0 whenever P (J¢, oo]) > 0.

Note that if 7, 77 are the termmatlon points for P, P (see p.34) the last condition is
equivalent to the condition 7' th < t7. Note also that P Koc Pif | P«P (on all of Ry)
while it is possible to have PR < Pg, without P Kloc P:if P= £00, PR . < PR,
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for any P since ﬁR . 1s the null measure, but P Kloc Piff P(Jt, o0]) > O forall r € Ry.
The same example also shows that it is possible to have P Kloc P without P« P:
oo K Piff P ({oo}) > 0, a condition not implied by the condition for exc Ko P-

If P <joc P, we write

dP =) (teRy).

We shall as usual denote by P™, 7 the Markov kernels generating Q and of

~ ~ . ~  — w(ﬂ) .
course write P, 7 for those generating Q. Pi:) and P, are the survivor func-

tions for PZ(:’ ) and I?Z(: ). Theorem 5.1.1 is formulated in as general a version as pos-
sible, allowing for certain exceptional sets denoted by the superscript "', A simpler
version of the theorem is obtained by ignoring these exceptional sets, i.e., assuming
that they are empty.

Theorem 5.1.1 (a) Let Q, Q be probabilities on (W, 'H) . In order that Q KLloc Q it
is sufficient that PO Zioe PO and that for every n € N there exists an excep-
tional set B™! € B with Q (&, € B™!) = 0 such that PZ(:) Lloc P z(,':) Sfor all
Zn=C(t1,...,ty) & B;ull with) <t <--- <t < o0.

If this condition for Q <joc Q is satisfied, the cadlag Q-martingale L is up to
Q-indistinguishability given by
()
p(n—1)
" dP P, (@)

Sn 1
Et = p ( n)
ﬂd oD 2480

(t € Ry).

t

(b) Ler Q, Q be probabilities on (M, H) . In order that Q Lloe O, it is suffi-
cient that P© Kloc PO and (i) for every n € N, there exists an exceptional
set CMI e BT ® " with Q (§, € CM) = 0 such that PZ(:) Kloc PZ(”) Sfor
all zp = (1, ooty Vs yn) & CPMwith 0 < 1) < -+ < 1, < oo,
and (ii) for every n € Ny there exists an exceptional set Drlull € Bi’H ® &
with Q ((6n, tat1) € D) = 0 such thar 7", < n§”>, for all (z, 1)
(T 0 5 I T O K DSuHthhO < <- <t <t
If this condition for Q <ijoc Q is satisfied, the cadlag Q-martingale L is up to
Q-indistinguishability given by

N, gpo-h gz 34

T e RS Pe, (@)

L = (tn) (M) (t € Ryp).
(n—1) (n—1) ( )

n=1 dPS:il dné: 1:Tn St ( )

Proof. We just give the proof of (b). Forn € N, let Rn, R, denote the distribution of &,
under Q and Q respectively, restricted to (7, < o0) so thate.g., R is a subprobability
on R with

Ry(Co) = O (6 € Coy 1y < 0)  (Cy € BL®EM).
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~(n) (n)

(") and 7, L m,  (for almost all z, and (z,, 1)) it follows

Because P( )R < P
thatR < R and

k—1 ~(k—1)
- dPZ(k 1 : ank Lk
=T == —=on (5.3)
dPZk 1 d Zk—1,tk

forR,-a.a. z, € R x E” (A little care is needed here: (5.3) is automatic if P( R, <

P;"Z)R and nz(”)t < yrz t for all z,, and ¢t. With exceptional sets appearing, one may

proceed by induction: by assumption P]l(%(? < Plgl)’ hence if Ry (C;) = 0, where
CieBL®¢E,
5 5 ~(0
Ri(C) = fR PO (dry / 7% dy) 1e, (¢, y)
+

JFO

N dP
zf r© (dt)/ @@y 1¢, @, 7 (0>()
R+

) ) aP©  daz"
= P™ (dt) / o dy) Ie, (8, y) —= () 6]
/]R+ E : dPO " 47O

=0,

where for the second but last equality it is used exactly that for P(©-a.a r we have
J:T'}(O) < 71,(0). Thus R; « R; and similar reasoning yields that if R, <« R,, also

Ru+1 € Ry41)-
We want to show that fort € Ry, H € H;,

o = [ £id0.
H
Recalling the representation of sets in H;, Proposition 4.2.1 (bi), and writing H =

UnoHN (ﬁf = n) , this follows if we show that

é(énecnsfn-i-l >t)=f L:dQ,

(snecllstn+1 >t)

where H N (ﬁf = n) — (&, € Cy, Tas1 > 1) with C, C 10, 1]" x E”. But

~ w(l’l) ~
G (& € Ctar > 1) =/ B (1ydo

(6n€Cn)

= / P. (OR.(dzy)
Cn

2/ (t n(dZn)

C)l

- / ?; ) dO.
(£neCy)
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Define H,, = (Ps,, (t) > 0). Then the last integral above is the same as the in-
tegral over the set (§, € C,) N Hy; since by the assumption ﬁg(:) Kloc PS(:) we
have Fg) (t) > 0 on H,, then the domain of integration may be replaced by
(é}n e Cy, Fg) (t) > 0) N H,, and the integral may be written

—~(n) ~
P (1) dR,
/( & &) dO

S,,GC,I,I,H..>t,?éz)(t)>())ﬂH,, Fé")(r) dR,
as is seen by conditioning on &, in this last integral. But by the definition of H, and
the appearance of the factor P, (7) in the integrand, this is the same as the integral

over (én € Cy, Thy1 > t, Fé:)(t) > 0). Finally, because
0 (tas1 > 1. PL (1) =0) = Eg [P 0: Py (1) = 0] =0,

we may as well integrate over (§, € C,, Tp41 > 1) = HN (ﬁf = n), and we have
arrived at the identity

—(n) ~
L 1) dR,
0 (10 (¥, =n)) = /H ) %Zﬁ &) dO.

Using (5.3), the assertion of the theorem follows immediately. U

Remark 5.1.1 It may be shown that the sufficient conditions for é Kloc Q as given
in (a), (b) are in fact also necessary. The perhaps most peculiar condition, viz. that

Fz(: ) Koe Pz(f ) rather than just IAJ"Z(’I)RJr < Pz(n)lR+ was certainly used in the proof,

and that it is necessary may be seen from the following CP example: suppose é is the

distribution of the dead process while under Q, 7 is bounded by, say, 1. Then ﬁﬂ({(i) <

Pﬂgl) trivially since ﬁﬂgl) is the null measure, PO Koe P© does not hold, and for
t > 1~it does not hold either that @, K Qssince Q; (11 <1t) =1, ét (1 <1t) =0,
ie., Q; L Q; fort > 1. (See also Example 5.1.1 below).

In general it is possible to express the formula for £; in terms of compensators or
compensating measures. We shall see how this may be done in some special cases.

Consider first the CP case and assume that the compensators A°, A° under Q, and
Q have predictable intensities,

t 1
Af:/ Ao ds, Af:/ 20 ds
0 0

with
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To _ ~(s—) o _  {s=)
Ay = g, (), A, = g, (s)

where uzn) (ugi) ) is the hazard function for PZ(:‘) (Pz(:l)) cf. Proposition 4.4.1 (a). If
Q Kloc O (e.g.,ifall u(n) > 0 with ft uZ") (s) ds < oo fort > t,) we have

ap{? il @oexp (= S, T () ds)

k—1

1 p&D (T) = (k_) oG] , (5.4
Bt i (Tk)eXp< ffk Mgy (s) ds)

—(t)
Py (1) !
Lk =exp<—/ (@@ -uf @) d ) (5.5)
Pém(t) ()
It follows that

N;? 'Xo

L =exp(—A7+ A7) [] = (5.6)

o
n=1"T

Similarly, if Q O have compensating measures L°, L° with k-intensities (Propo-
sition 4.4.1 (bii), the same « for Q and Q),

W= op o, W =ulT ol )

we still have the analogues of (5.4) and (5.5), and in addition
~(k=1) ~(k—1)

T[Sklfk(k_péklfk(nk)
*k—1) (k—1) ’
Tt Pg_yn (k)
It follows that
-0 NIO ONn
. o
L = exp ( A+ At) L[l o (5.7)

The derivation of (5.6) and (5.7) shows that it is the predictable intensities that
must enter into the expressions: it is the preceding intensity that fires the next jump.
Using the right-continuous intensities of Proposition 4.4.2 would drastically change
the expressions and yield non-sensical results! _

We quote a particular case of (5.7), important for statistical applications. Here QO
is the important measure, while the particular Q displayed serves only as a convenient
reference. Recall Example 3.2.1.

Corollary 5.1.2 On (M, H), let Q be the homogeneous Poisson random measure
with intensity measure p = Ak, where . > 0 is a constant and « is a probability
measure on (E, £). If Q has predictable k-intensity (y ;). then Q Kloc O and

=5°
N, on,

L = exp (—X; —|—kt> 1_[ ;:’ .




5.1 The structure of the likelihood 109

Proof. With Q Poisson, all Pz(f ) have Lebesgue densities that are > 0 on ]¢,, co[
and have termination point co. By assumption also all Pz(f) have Lebesgue densities
and hence P(") Kloc Pz(:) Because Q has k-intensity process kfy = A forallt,y,

the assumptions about Q imply also that nz("), < JTZ("), always. Thus é Kloc Q by

Theorem 5.1.1 and the expression for £; emerges as a special case of (5.7). ]
Example 5.1.1 Let Q be an arbitrary probability on (W, H) and let @ be the canon-
ical dead process. Then é Kloc Q if (and only if) F(O) (t) > 0 for all t (P© has
termination point co), and in this case

1
70 )1(/\’ =0): (5-8)

Example 5.1.2 If Q, and g are probabilities on (W, H), and _Q is homogeneous
Poisson ().) where A > 0, Q is homogeneous Poisson (X) , then Q <Kjoc Q and

Lt = e_(X_)L)t (z\j)
A

Note that on 'H, é L Ooif Py # A since by the strong law of large numbers
0 (anoo Ine = X) =1land Q (nm,%o Ine = A) =1

L=

NP

Example 5.1.3 Recall the description in Examples 3.3.1 and 4.3.6 of time-homogen-
eous Markov chains on an at most countably infinite state space E. On (M, H) the
chain X° is defined by

X =nq

with Xg = i, a given state in E. Suppose that under Q, X° is Markov with transition
intensities (q[ j) and that under Q, X° is Markov with transition intensities (q~, j) . Then
0 <ioc Q if whenever g;; > 0 for i # j also g;; > 0. In this case

t ~ N\ N
L; =exp <—/ (X;@ — Axg) ds) 1_[ <qi>
0 Gjyizj N

where A; = —g;j, Xi = —g;; and

oij _ _ oj
N = 3 ke ixem)) —/]0 tll(xzzi) dNy

O<s<t

fori # j is the number of jumps from i to j on [0, ¢], writing N/ = N° ({j}) for the
number of jumps with mark j, i.e., the number of jumps X° makes into the state j.

Exercise 5.1.1 Consider the statistical model for observation of a counting process N,
specifying that N is homogeneous Poisson with unknown parameter A. Suppose N is
observed completely on the interval [0, ¢]. Find the maximum-likelihood estimator
for A.
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Exercise 5.1.2 Let G be a finite state space and consider the statistical model for ob-
serving a homogeneous Markov chain X with state space G, given the initial state
Xo = ip and unknown transition intensities g;; fori # j € G. Suppose that X is ob-
served completely on the interval [0, ] . Show that the maximum-likelihood estimator
for g;; is the occurrence-exposure rate

N/

iy =
Jo Lix,=iy ds

for i # j, where Ntij is the number of jumps from i to j made by X on [0, ¢].

If Q Kloc O, L is a Q-martingale, hence it has a representation
Ly =1+ M (S);

cf. Theorem 4.6.1. If £ is of the form (5.7), identifying the jumps of £ one finds that
the predictable field S is given by

%
y _ t
st = (35 -1)-

Suppose Q and é are as in Example 5.1.1. If, say, P©) has termination point 1,
with the convention % -0 = 0, the expression (5.8) for £; still makes sense Q-a.s. for

all 7: with Q-probability one, PV (r1—) > 0, and at the timepoint t; < 1, £ jumps
from the value 1 /F(O)(rl—) to 0, where it remains forever since 1 Ne=0) = 0 for
=1 Thus (£;);.1 is a Q-martingale on the time interval [0, 1[ but for z > 1 we
have Q; L Q; and L is certainly not a Q-martingale since for t > 1, EgL; = 0 #
EgLo = 1.1f AP©(1) > 0, then £ is uniformly bounded (by 1/P* (1-)) and is
therefore not even a local martingale. Indeed, suppose L is a local Q-martingale with
reducing sequence (p,) . Then EgL,, r; = 1 forall n and ¢, but for t =1,

1
EQAC,O,,AI = EQ [Ep,l; Pn < 1] =< _—Q(Pn <1
(©)
P (1-)
which — 0 as n — oo and we have a contradiction.
There are also expressions of the analytical form (5.7) that are Q-local martingales
but not O-martingales. They typically arise if Q corresponds to an exploding RCM;

see Theorem 5.2.1(ii) below.
5.2 Constructing RCMs from martingales
In the previous section we saw that if 0, and é are probabilities on (M, H) such

that O <oc Q, then the likelihood process L is a non-negative Q-martingale with
EoL; = 1forall ¢, in particular Lo = 1. In this section we start instead just with the
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probability O and a non-negative cadlag Q-martingale M with Mo = 1 — so that also
EM; = EgM, = 1 for all t — and we wish to construct a probability Q such that for
all ¢, (5.12) below holds. As Theorem 5.2.1 will sllow this is in fact possible, and it
is even possible to construct a possibly exploding Q if M is just a Q-local martingale
with (7,,) as a reducing sequence.

Suppose that M > 0 is a cadlag Q-martingale with Mo = 1. For each 7, define a
probability Q; on H; by

0, (H>=fHM,dQ (HeH,), (5.9)

as in Theorem 5.2.1 below, see (5.12). The martingale property of M ensures precisely
that foralls <1, Qt = Q s on H. Hence (5.9) may be used to define a set function
O on the algebra ;. H; of subsets of M with restriction 0, to H, for every t.
The problem is then to extend this set function to all of  so that it is o-additive and
therefore a probability. For this it is enough to show that Q is o -additive on the algebra,
but doing this directly does not appear easy, so instead we use a consistency argument
by presenting the candidates for the Q-distribution of &, for every n. This approach has
the advantage that it becomes possible to handle also the local martingales described
above, where the end result is a probability O on the space M of possibly exploding
RCMs that may of course but need not be concentrated on M; i.e., starting with a
probability on M it is possible to construct a probability on the larger space M in a
non-trivial manner.

Consider again a martingale M as above. With M in particular non-negative,
Moo = lim,_, oo M; exists Q-a.s. by the martingale convergence theorem. By Fatou’s
lemma, EMy, < 1, and if EM,, = 1, the construction of Q is trivial: define

Q’(H):/ MsdQ (He™H). (5.10)
H

If, by contrast EM« = 0, as is entirely possible, this identity is of course useless
and the Q to be obtained from Theorem 5.2.1 will then in fact be singular with re-
spectto O, O L Q. (Note that if EMy, = 1 it follows from (5.10) that necessarily
E[Mx |H; 1 = M, for all ¢ so that (5.9) holds: for any H € H,, by Fatou’s lemma

/Moonslim inf / MudQ=/ M, dQ
H u—>0o0 H H

so that E [Ms |H; ] < M,. But then Q (Hp) = 0, where Hy = (E [Moo |H; ] < My),
since

1= EMs

:/ +/ E[Ms[H,]1dO
s Jmy

=EM, + i (E[Mx [Hi 1 — M) dQ
0
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so the integral is 0).
If M is a Q-local martingale with some reducing sequence (p,), non-negative
with My = 1, then M is a Q-supermartingale: by Fatou’s lemma,

EM, = E lim M <lim inf EM =1
n—>oo n—o0

so that M, is Q-integrable, and then by the same reasoning applied to conditional
expectations (understood as integrals with respect to a regular conditional probability
of Q given Hj),

E[M;|H,] <lim inf E[M/"|H;]= lim M’ = M. (5.11)
n—oo n—oo

Again, My, = lim,_, o M; exists Q-a.s. (because M > 0 is a supermartingale) with
now EMs, < infi>0 EM; = lim;_, o0 EM;.

If M > 0is a cadlag Q-local martingale with My = 1, then M is a true martingale
iff EM; = 1 for all ¢: one way is trivial so suppose that all EM; = 1 and consider for
given 0 < s < t the difference

0=EM; — EM; = E[M; — E [M; |Hy]]

and conclude from (5.11) that My, = E [M, |H,] Q-a.s. .

We shall recapitulate the notation to be used: on the space (JV, ﬁ) of RCMs al-
lowing explosions, the time of explosion is 7o = lim;, o T, < 00 — we retain the
notations ﬁo, Tn, 1n, &, also when working with M instead of M (of course on M,
N? = 00 is possible).

We shall also use the sequence spaces Kpg, K%") and Ky introduced in Sec-

tion 2.1 and here we will use the notation Z; = (Tlo, LT Y Yko) on all
three spaces to denote the coordinate projections taking an infinite or finite sequence
(t1,t2, oo 3 Y1, Y2, ...)into z = (1, -+« 5tk V1, - .- 5, Vi) . (On K(En), Z]? is defined

only for k < n). The special notation
(00.V), =(0,...,00;V,...,V)

is used for the sequence of n co’s and n V’s.
Finally, we shall use the notation

¢ =inf{n: 1, = oo}

for the number of the last jump plus one (finite iff the RCM has only finitely many
jumps altogether) on the spaces M or M and, correspondingly,

§° =inf{k : T} = oo}

on the spaces Kg, K%") and K. (On Kg'), S¢ will be used only on the subset
Uiz (T = oo)).
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Theorem 5.2.1 (i) Let Q be a probability on (M, H) and let M = (M)~ be a non-
negative cadlag Q-martingale with Mo = 1. Then there exists a uniquely defined
probability Q on (M, 'H) such that for all t > 0,

é(H):/HM,dQ (H € H,). (5.12)

Foranyn € N, the é-distribution of &, is determined by
~ ~ n ~
QEneC)=06 et >n)+ZQ($n€Cn,§=k) (5.13)
k=1
for C,, an arbitrary measurable subset of Ri x E", where
0 (&, € Cy, ¢ >n) = lim M, dQ, (5.14)
=00 n€Cp,ty<t)

Q(En € Cp. g =k) = lim B M, dQ.  (5.15)
1200 J (6161 Ny =k1)

and in (5.15), Cy x—1 for 1 < k < n is the set
Cokot = ot € R B oin (i1, (00, 9), 4y ) €Ca) - (516)

(ii) Let Q be a probability on (M, H) and let M = (M;),>( be a non-negative cadlag
Q-local martingale with reduczng sequence (t,) and My = 1. Then there exists a
uniquely defined probability Q on the space (./\/l _) of RCMs allowing explosions
such that for all t > 0,

O (HN (1o > 1)) =/ M,dQ (HeH,). (5.17)

HNM

The probability é is concentrated on M, the space of stable RCMs, if and only if
M is a Q-martingale.
For any n € N, the Q-distribution of &, is determined by

0 €eC)=0E€C,t>m+Y 0E eCni=k (518
k=1

for Cy, an arbitrary measurable subset of Er_:_ x E", where

O (&, € Cy ¢ >n) = lim M™dQ, (5.19)

—
=00 En€Cntn<t)

O (En€Cut =k = lim _ MPdQ, (5.20)
1200 J(g-1€Cy 1. N, =k~1)

and Cy x—1 for 1 <k < n is defined as in (5.16).
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Note. Note that while C,, in (5.13) and (5.18) is a subset of Ei x E" allowing for
infinite timepoints, C, k—1, as given by (5.16), involves only finite timepoints. It is
clear from (5.14), (5.15), (5.19) and (5.20) that throughout C, may be replaced by
C, NKg. (5.14) and (5.19) involve only the part of C,, comprising finite timepoints
with the part involving infinite timepoints appearing in (5.15) and (5.20). Finally note
that for k = 1, the set C, o given by (5.16) should be understood as ‘everything’ if
(@, Z)n € C, and as ‘nothing’ otherwise, so that e.g.,

0 €Cpt =1)= lim M, dQ

t—00 (Nf:O)
if (00, V), € C, while if (00, V) ¢ C,, the probability = 0.

Pr00£ (i) The basic idea is to construct é by using (5.13), (5.14) and (5.15) to define
the Q-distribution of &, for any n, show that the results form a consistent family
of finite-dimensional distributions and then use Kolmogorov’s consistency theorem

to obtain a uniquely defined probability R on the product space @T X FN with the
correct finite-dimensional distributions. It is obvious that R is concentrated on the set
K(E) of possible sequences of jump times and marks allowing explosion; hence by
transformation from R we obtain a probability O = ¢ (R) on (M, H) with ¢ the
basic bimeasurable bijection between K(E) and M from Section 3.2. We then finally
show that Q is concentrated on the space M of stable RCMs and satisfies (5.12),
an equation that as noted above in the introduction to this section determines Q on
the algebra | J,.( H; of subsets of M, which is enough to see that Q is uniquely
determined when extending to the full o-algebra H.

Let M be a non-negative Q-martingale with My = 1. For n given, define a set
function R™ on Ei QE" using the recipes (5.14) and (5.15), i.e.,

n
R™ (Z, € C,) =R™ (Z; € C\, T, < o0) + Y _R™ (Z; € C,, 8°=k) (521)
k=1

with

R™ (Zy € C,, T < 00) = lim M,dQ, (5.22)

=00 (ne€Cn,tn<t)

(n) (70 °—k)= 1l
R™ (Z; € Cp, §° = k) = lim (ek,lecn.k,l,ﬁ;:kfl)MtdQ‘ (5.23)

Here we first note that the limit in (5.22) exists because the integrals increase with 7:
fort < u,

/ My dQ = M, dQ
6n€Cp,tn<t) (n€Cn,tu=<t)

<[ M dQ
(6n€Cn,tn=<u)
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using that (&, € Cy, 1, <t) € H; and that M is a martingale. Since (ﬁf =k— 1) =
(tk—1 < 1)\ (7x < t), the integral in (5.23) may be written as the difference between
two integrals, both of the form considered in (5.22), hence the limit in (5.23) also
exists.

Because the limit in (5.22) is increasing it follows by monotone convergence that
R (Z,f €eCy, T, < oo) is o-additive as a function of C,. Furthermore, if C; , for
J € N are mutually disjoint sets in B'®&", for each k, the sets C j.n.k—1 are mutually
disjoint sets in B¥~!1 @ £¥~1. Writing the integral in (5.23) as the difference between
two integrals as was done above, it follows that also R™ (Zg € C,, S° = k) is o-
additive in C,, foreach k, 1 < k < n.

Thus R™ defined by (5.21) is o-additive on B' ® £". Of course R™ @ =0,
R™ > 0, hence R™ is a probability if the total mass is 1. But since (7, <t) =

(Nf > n) . using (5.22) and (5.23) with C, = R, x E" gives

(n) --n —-—n — . 1
R (R+ x E ) Jm (f(Nfzn) +,;f(1v;’=k1) MtdQ)

—>00

=1

The next step is to show consistency of the family (R®) _. of probabilities, i.e.,
. n>1
it must be shown that

ROV (72, € Cur1) =R™ (Z2 € Cy) (5.24)

for all n and all C,, € B' ® £" with Cht1 € B”H ® EHI the set of all z;,41 such

that Z, (z,41) = z» € C,. But using (5.21), (5.22) and (5.23) with n replaced by
n + 1 and C, replaced by C,,41, since clearly Cy,41 -1 = Cpx—1 for 1 <k < n and
Cu+1.n = Cp, it follows that

n
R™D (z°, € Cpyr) = lim / + / M;dQ
( ntl " ) t—>00 (EnECn,TnJrlSt) ]; (Ek*lecﬂ,kfl’ﬁf:kil)

M;d .
+/(S,1EC,,,N;)=n) ' Q)

The limit of the sum over k is recognized from (5.23) as R™ (Z; € C,, $° < n) and
since

fim / n / M,dO
=00 (Enecn,fn+1§t) (Snecn,ﬁf:n>

= lim M,dQ

1700 J(geChitast)

=R™ (Z; € C,. Ty < 0)
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by (5.22), (5.24) follows.
By Kolmogorov’s consistency theorem there is therefore a unique probability R on

RT X FN such that R (Z,‘zJ € C,,) =R® (Z,‘j € Cn) foralln and all C,, € B' ®§n. By
the construction through (5.21), (5.22) and (5.23) it is clear that R™ is concentrated
on Kg); hence R is concentrated on Kz and é = ¢(R) with ¢ given by (3.5) (used on
all of K) is well defined as a probability on W , ﬂ) , the space of RCMs allowing
explosion. ~

It remains to show that Q is concentrated on M C M and satisfies (5.12). Let
H C M be such that H € H;. For every n, by (4.31),

n (ﬁf = n) — (& € Cy, Tus1 > 1) (5.25)
=& eCI\CE €eCy,tuyr1 <1)
= eCnt>m\E eChur1 <, >n+1)

for some measurable C,, C 0, ¢]" x E". But then by (5.14),

Q(Hm(ﬁfzn))=nm / —/ M, dO
u—00 (£neCp,tn=<u) (E}lecn»rn+lftsfn+l§'4)

which, since C,, C 10, #]" x E" so that the sets of integration are in H,, and because
M is a martingale, reduces to

fim / —/ M,dO =/ M,dQ
u—00 (n€Cy) (éfnecnafn-#lft) (Snecnvfn+l>t)

MldQ

fotren)

Thus, summing over finite n and using that H C M, we get
O (H) = ZQ(HO N _n /M,dQ

proving (5.12). Taking H = M finally shows that Q (M)y=EM, =1.

(ii) Let M be a Q-local martingale (7,), non-negative with My = 1. Applying
(i) to the stopped martingale M ™, we obtain for each n a probability Q™ on (M, H)
such that for ¢ > 0,

0™ (H) =/HM,’"dQ (H € Hy). (5.26)

Here éf" = ¢ (R™) where R™ is the uniquely determined probability on RT X EN
satisfying that

k

R™ € C¢) = lim / +
( k) tﬁoo( (6keCy, Tk =1) JZ:;

M dQ) (5.27)

~/&§/—|€Ck.j—1,1\’?—j—1)
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for all k, all C, € Eljr ® Ek. But all sets of integration belong to H;, A;; hence by
optional sampling applied to the bounded stopping times t; A t and t, A f, one may
replace the integrand M, by M,* provided n > k. For each k € N we can therefore

- =k —k
define a probability R® on R} x E" by
R® (27 € C) =R™ (23 € Cy)

for an arbitrary n > k. It is then clear that the R®) are consistent: with Cy, € Ei ®gk,
define as in the proof of (i), Cx+1 = {zk+1 : zx € Ci} and note that forn > k + 1,

RO (Zp, ) € Cuqt) =R™ (23, € Cop1) =R™ (27 € C) =RV (23 € Cy) .

By the consistency theorem there is a unique probability R on KT X EN, by its
construction concentrated on K (E), such that for all k and all C; € Ei ® Ek,
R(Z; € Cx) =R® (Z € Cx) . We of course now define Q = ¢ (R) as a probability
on (M ﬂ) and note that e.g., for any Cy € Ei ® Ek, writing C,’( =CrN (]R]fF X Ek)
and using (5.27) and the fact that Cl/w'*l =@ forl < j <k, it follows that
O (& € Cr. ¢ > k) =R(Z} € Cr. T < o)

RO (7 e )

=R" (Z; € C})

= lim M dQ (5.28)

=00 Jgeck,u=n
for any n > k. Taking n = k yields (5.19), and (5.20) is then shown similarly, using
that for j <k,
Q& eCt=j)=0(E1€Crj0=))
=01 €Crjo1,0>j—1)=0(-1 € Crjm1. ¢ > j)
and evaluating both terms using (5.28).
Finally, for H C M with H € H,, we may still represent H N (ﬁf = n) as in

(5.25) with C,, € 10, ¢]" x E", and then get

O(HN (N, =n)) =R(Z; € C) ~R(Z € Co. Ty, < 1)
=R™! (Z; € C;,) —R™!' (Z; € C, Ty, <1).

Here, by (5.27) and optional sampling,

R™+ (Z7 € Cy, Ty <t) = lim M dQ

n
[N
u—00 (gilecnvfn+lftsrn+1§“)

— / MtTn-H dQ,
(&n€CnyTay1<1)
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and similarly (because 7, < ¢ on (§, € Cy)),

R‘L’n+| (Z; c Cn) :/ MtrrH»l dQ
(n€Ch)

Thus

3 (10 (5 =)

f _/ Mtthrl dQ
(6n€Cy) (fnecmfnJrl St)

/ M'L'n+1/\ldQ
(SnECn,Tn+1>l)

M;dQ.

fintimy

Summing on n € N we finally get, using that Q viewed as a probability on M is
concentrated on M C (Nto < oo) for all ¢,

Q(Hm(roo>t)):§(ﬂm<ﬁ,°<oo))

M, dQ

/Hm(Nf’<oo)

= / MIdQ7
HNM

which proves (5.17). Taking H = M gives
0 (1o > 1) = EM,
and therefore
QM) =0 (1o = 00) = lim 0 (100 > 1) = lim EM,
which equals 1 iff M is a true martingale: all EM; = 1 (cf. p. 112). ([l

Remark 5.2.1 In (5.17) only subsets H of M such that H € H, are allowed. It is
tempting, but wrong — and certainly gives a non-sensical result — to use the formula
with H = M: as a subset of M, M does not belong to H,!
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Independence

In the first part of this chapter it is shown how stochastic independence between finitely
many marked point processes may be characterized in terms of the structure of the
compensating measures. The last part of the chapter is devoted to the study of CPs and
RCMs with independent increments (stationary or not), which are characterized as
those having deterministic compensating measures, and of other stochastic processes
with independent increments, with, in particular, a discussion of compound Poisson
processes and more general Lévy processes.

The discussion of general Lévy processes at the end of the chapter is intended for
information only and is not required reading. One may also omit reading the technical
parts of the proof of Theorem 6.2.1(i) and the proof of Proposition 6.2.3(i).

References. Two main references on Lévy processes are the books by Bertoin [8]
and Sato [108].

6.1 Independent point processes

Let r € N with r > 2 and consider r given MPPs, each viewed as an RCM p.i with
mark space (E i Si), 1 <i <, all defined on the same probability space (2, F, P).
In particular ' may correspond to an SPP, in which case E' is a one-point set and
may be thought of as a counting process.

Let (T,f)nzl denote the sequence of jump times for p/ and (Y,i)nzl the sequence

of marks, so ¥} € E' = E' U {V}, where V is the irrelevant mark, common to all !

Now define £ = {(i, yi) 1 <i<r y[ S Ei}, the disjoint union of the Ei, and
let £ be the o-algebra of subsets of E generated by all sets of the form {i} x A’ where
1<i<r Al €& Thus any A € £ has the form

A= U{i} x Al
i=1

where A’ € & for each i (A is the disjoint union of the A%, and then
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Al = {yl’ cE (i,y") eA}.

Next put

r

-5

i=1 n
T

]2

E(Ti (1,Y])) (6.1)

1
00

Al

Clearly u is a random, No—valued measure such that
w(0,t] x A) <oo (teRg, A€f). (6.2)

However, for u to be an RCM (with mark space E), we need (p.12) u({t} x E) < 1
for all ¢, at least P-almost surely; and for this to hold, it is necessary to assume that no
two finite jump times for different ;' can agree, i.e.,

r o

Pl U (T,;':T,J><oo=0. (6.3)
ij=1kn=1
oy

If (6.3) holds, u is an RCM, and the corresponding MPP has mark space E and is the
aggregate of all the u': u consists of all the points determined from the ', 1 <i <
r.

Remark 6.1.1 If all E' = E’ and (6.3) is satisfied one can also define the super-
position of the u' as the RCM u’ with mark space E’ given by

r r o
=YW=Y S o
i=1 i=1 n=1
T; <00
The difference from the corresponding aggregate u given by (6.1) is of course that u
keeps track of which of the original 1’ a mark came from, while p’ does not.

Remark 6.1.2 Even if (6.3) does not hold it is possible to define an aggregate of the
u' using a larger mark space than E above, viz. the new marks should be objects of

the form
((llv si}”); (yilvn- syir/)>

forr’ >1,1<i; <--- <ipn <randy’ € E'ifor1 < j </, this mark designating
that precisely the ' singled out in the set D = {iy, ... , i/} jump simultaneously with
marks y* fori € D.

From now on assume that (6.3) holds, and even, after discarding a P-null set, that
forall w € Q

T (@) # T (@) 6.5)
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for (i, k) # (j, n) whenever T,f (w) or Tnj (w) is finite.
Note that with this assumption, if

NI (A = i ([0,1] x AT) (1 <i<r, A" e&), (6.6)

then N;(A) = ([0, ¢] x A) for A € £ is given by
Ni(A) =) Ni(A, (6.7)
i=1

with A’ := {y’ € E' : (i, y') € A} as above.
It is immediately verified that for all 7,

F=a(A) . (68)

1<i<r
For1 <i <r,let L' denote the F!* "_compensating measure for x! and let
ANAY = L'([0,1] x A) (teRg, A" € &) (6.9)

denote the corresponding F/* -compensator for the counting process N’ (A).

Theo_rem 6.1.1 Let ', ..., u" be RCMs satisfying (6.5) and for each i and A* € &',
let AL (A") be given by (6.9).

G) Ifu', ..., w" are stochastically independent, then the F!*-compensating measure
L for the aggregate jof ', ... , " is given by
r . .
AA) =Y Al (A’) (teRp, A€E), (6.10)
i=1

with A = {yi 2,y e A}, where
A(A) =L ([0,t] x A). (6.11)

(ii) If conversely (6.10) holds and in addition (6.3) holds for Zl, ..., " when the i
are stochastically independent with each ' having the same marginal distribution
as ', then ,ul, ..., U are independent.

Proof. Assume first that the 11/ are independent. By Theorem 4.5.2 and the discussion
in Section 4.8, we must show that A(A) given by (6.10) is F!*-predictable (which is

obvious since the ith term in the sum on the right is F/* ’ -predictable and F/* c Fi
and that M (A) := N(A) — A(A) is alocal ﬁ“-mgtingale.

To prove this last assertion, suppose first that EN; < oo for all 7. Then by Theorem
452, for all i, M! (Ai) = NI (Ai) — Al (Ai) is an ]—"tul -martingale and further, the
M! (Ai) are independent since the ,ui are. We want to show that for s < ¢, F € FF¥,
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/ M, (A)dP = / M, (A) dP. (6.12)
F F

Now M(A) = Y_, M (A"), soif F = (_, F' where F' € F/*, using the inde-
pendence and the martingale property of each M’ (A') , it follows that

fFM,(A)dpziZ;:/FM; (Af) dP
:Xr:P(ﬂ FJ‘)/FI_M;'(AI‘) dP

i=1 Jij#i

zi]}»(ﬂ Fj>/1:iM£<Ai) dP

i=1  \jij#i

- / M, (A) dP.
F

This proves (6.12) for F € F! of the form F = N F! with F! € f#[. But the class
of sets F € F!* for which (6.12) holds is closed under the formation of set differences
and increasing limits of sets. Since the collection of sets F = ﬂi F! generates FH,
cf. (6.8), contains 2 and is closed under the formation of finite intersections, (6.12)
holds for all F € FF.

Suppose now that the assumption EN, < oo for all ¢ does not hold. For any € N,

I <i < r the stopped process MTi (AT is an F" -martingale; see Theorem 4.5.2. But

the processes M7n (A’) are independent, and repeating the argument above one finds
that

i M (Ai>
i=1

is an ]—",“-martingale for each n. With 7,, = inf{t >0: ﬁ, = n} ,foralli, T, < Tn",
so by optional sampling (see p. 308 for general remarks concerning stopped martin-
gales), MTn(A) = (Z?:l M (A’))Tn is an F*-martingale, i.e., M(A) is an F!'-
local martingale.

Now suppose conversely that the compensator A(A) is the sum of the compen-
sators A’ (Ai ) as in (6.10). From the first part of the proof and the assumption that
independent i’ with each ji’ having the same law as ' satisfy (6.3), we know (6.10)
to be true if the ui are independent, and from Theorem 4.3.2 and the fact that the dis-
tribution of & determines the joint distribution of the u! (simply because the u' are
functions of ), it now follows that if (6.10) holds, the ui are indeed independent. [J

Remark 6.1.3 More informally the theorem could be stated as follows: if the u' and
the independent copies i’ both satisfy (6.5) (or just (6.3)), the ' are independent iff
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the compensating measure of the aggregate y is the sum of the compensating measures
for the u'. The precise meaning of this phrase is provided by (6.11) and (6.10).

Remark 6.1.4 Note that if the ' are independent, (6.3) is satisfied if the restriction
to R of the distribution of each 7}; is continuous, but not if e.g., there exists a #y and
i # i’ such that both x/ and ,uf have probability > 0 of performing a jump at time #y.

Example 6.1.1 Suppose the u' are independent, and each w' has an F¥ l -predictable
intensity process (A’ (Al))Aiegi ,s0 Al (AT) = fol AL (A") ds. Then (6.3) is satisfied
and the aggregate 1 has an F/*-predictable intensity process (A(A)) sc¢ given by

M (A) = i,\;' (Af)
i=1

with A" = {y’ : (i, ') € A}.

Example 6.1.2 Suppose the i/ are independent with each 11/ a homogeneous Poisson
random measure. Then (6.3) is satisfied and the aggregate w is also a homogeneous

Poisson random measure: if the Fl I -compensating measure for ' is the deterministic
product measure £ @ p' (cf. Example 4.3.3), then y has F!*-compensating measure
L®p, where p (A) =D, p' (Al) with A’ determined from A as above. If all E! = E’,

. !
the superposition u’ = ) ; u' is also homogeneous Poisson with F!* -compensating
measure { ® p’, where p’ =), p'.

6.2 Independent increments, Lévy processes

Let u be an RCM with mark space E, defined on some probability space (2, F, P).
We use the standard notation 7, for the time of the nth jump, Y;, for the nth mark, and
write Z, = (T, ..., T,; Y1...Y,) and Zyy = Zﬁt‘ Recall the definitions (4.54) and
(4.55) of the shift 6; and the translated shift 6", respectively.

Definition 6.2.1 (i) w has independent increments if for every s € Ry, 6, is in-
dependent of 1.
(i) p has stationary independent increments if it has independent increments and
the distribution of 6 i is the same for all s € Ry.

The definition applies in particular to counting processes. Thus, a counting process
has independent increments if for every s, 6; N is independent of .7-"SN .

Note. Note that the definition refers to the filtration (}"t” ) only, and thus, for an RCM
to have independent increments is a property of the distribution of 1; cf. Theorem 6.2.1
below. One may easily define what it means for u to have independent increments with
respect to an arbitrary filtration to which u is adapted, and then in particular u has
independent increments in the sense of Definition 6.2.1. Later, when discussing e.g.,
R-valued processes with independent increments, we shall consider general filtrations.
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It is easy to show (cf. Exercise 6.2.1 below) that . has independent increments iff
forall s < randall Ay, ..., A, € & itholds that Ns; = (N;(A;) — Ng(Aj)) <<y IS
independent of FI*. 11 has stationary independent increments iff this condition holds
and in addition the distribution of the vector Ny, of increments depends on s and ¢
through # — s only.

Exercise 6.2.1 Show that u has independent increments iff for all s < ¢ it holds that
foralln’,r e N,alls) <--- <sy <s,all A],... A/, e Eandall Ay,... A, €

& the vector Ny = (N:(A;) — Ng(A;)) <<, is independent of (st (A’.>) .
== T/ 1<j=n

(Hint: the problem is to show that if this condition on Ny, and the NSJ. (A;) holds,

then u has independent increments. So assuming the condition to hold, first use the
definition of F* to show that \V;; is independent of F/*. Then argue that for any choice
of fj < -+ <ty with t; > s = fg the collection (N, ,k)1<k<n,, is independent of
F! (with each ./\/,kfl i defined similarly to N, but with different choices for r and
the A; for each ./\f,k_1 1) and deduce from this that 6, is independent of FH.

Show also that p© has stationary independent increments iff it has independent
increments and for all choices of s < ¢ and Ay,..., A, € &, the distribution of

N depends on s and ¢ through ¢ — s only.

The next result characterizes RCMs with independent increments as those having
deterministic compensators. We shall denote deterministic compensating measures by
I' and note that I is a o-finite positive measure on Rg x E such that I" ({0} x E) =0,
I'(0,t] x E) < ooforallt € Ryand I ({t} x E) < 1 for all . Below we use the
notation

y (@) =v*"(10,tD =T (0,11 x E), y(t;A) =T ([0,7] x A). (6.13)

Especially important is the decomposition
y(t; A) = / ¥ (s; A)v¥i(ds), (6.14)
10,1]

with 7* a Markov kernel from Ry to E. (The notation v* (ds) is preferred to y (ds) to
indicate that v* indeed has something to do with a hazard measure, see Remark 6.2.2
below).

Theorem 6.2.1 (i) u has independent increments if and only if the F!"-compen-
sating measure I" for u is deterministic. If u has independent increments, it
holds in particular that EN, < oo for all t and that y (t; A) = EN;(A) for all t
and all A € € where y (t; A) is as in (6.13).

(i) w has stationary independent increments if and only if w is a homogeneous
Poisson random measure.

Note. By a deterministic compensating measure we mean a non-random measure,
i.e., the measure I" (-, w) on Ry x E does not depend on w € 2. Among the ho-
mogeneous Poisson measures in (ii) we include the dead measure u = 0, which has
the O-measure as compensating measure.
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Proof. (i) Suppose that u has independent increments. By Proposition 6.2.3(1) below
it then follows that EN,; < oo for all ¢, and so y(¢; A) = EN,;(A) < oo for all ¢t and
all A € £. But then, fors < ¢,

E[N:i(A) = Ny(A) | FI ] = E[N(A) = Ns(A)] =y (1; A) —y(s; A)  (6.15)
and it follows directly that M (A) = (M;(A)),>¢ given by
M;(A) = Ni(A) —y(t; A)
is an F/*-martingale, and therefore, by Theorem 4.5.2, that T" is given by
I ([0,1] x A) = y(t; A),

in particular T" is deterministic. (One must of course argue that A — y(¢; A) is a
measure, but that is obvious from the definition y (¢; A) = EN;(A) and monotone
convergence).

If conversely u has deterministic F/‘-compensating measure I, since always
A; < oo for all  a.s., defining y(r) := EA, we have () = A; < oo for all ¢
and consequently, for every t, EN; = ¥ () < oo. The function 7 + J(z) is right-
continuous and increasing with y(0) = 0, hence may be identified with a positive
measure v* on Ry through the relation v* (]0,#]) = (¢). But then there is also a
Markov kernel 7* from Ry to E such that (6.14) holds for all ¢, all A € £, and from
this one reads off the Markov kernels P and 7™ generating the distribution of
W, using the recipe from (4.47) and (4.48). By the basic properties of compensating
measures, Av*(f) < 1 always and the set A* = {t € Rg: Av*(¢r) = 1} is at most
countably infinite with, since v* (]0, t]) < oo for all #, only finitely many elements
inside any interval ]0, 7] . Thus we may label the elements of the set A* in increasing
order, 0 < a; < ap < --- and it is then first seen that PO has hazard measure v*
with a possibly finite termination point 77 (in which case necessarily 7 = a;). Next
we deduce that Pz(f) has a hazard measure vz(:) which is the restriction to ]z, oo[ of
v ie., iff, < 0o,

P = P*in (]]t,, 00])
(see Proposition 4.1.3), where j,, is chosen so thata;, <1, < aj,+1, and P*J is the

probability on Ja;, co] with a hazard measure that is the restriction of v* to Ja;, oo[ ,
in particular P*0 = P From (4.48) and (6.14) one finds that nz(:’?t = 7*(¢; ) and
so, by Lemma 4.3.3, for any s, the conditional distribution of 65 given Ns =k, Z;y =

zx is determined by the Markov kernels

~0 .

P, = PO Clls, 00D,
where ajs) <5 < aj(s)+1, and forn > 1

Pelle, = P ([T 0])

Znlk,zk
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where a; <% <a- and finally forn > 0

Jntl?

~(n)

K,
T ik =T (t;9).

None of these kernels depend on k or z;, and we have therefore shown that u has
independent increments. (The arguments above simplify if you assume that Av* (f) <
1 for all £: then v* is the hazard measure for a probability P* on R with termination
point oo, and all the fuss about j, and j (s) can be ignored).

(ii) If u has stationary independent increments, with y (¢; A) = [EN;(A) as in the
proof of (i), the stationarity implies that fors < ¢, A € £,

y(t; A) —y(s; A)=p(t —s; A)

for some function p. Since y (0; A) = 0, taking s = 0 gives p(r; A) = y(¢; A), and
the linearity property

B +viA) =pu; A)+5w; A (u,v>0)

with p(0; A) = 0 follows. Hence, since ¢ +> p(f; A) is increasing and right-
continuous,

p(t; A) =tp(A)

for some constant p(A), with A — p(A) a measure (cf. the argument in (i) above).
Thus M;(A) = N;(A) —tp(A) defines an f,“ -martingale, therefore i has compensat-
ing measure £ ® p and consequently p is a homogeneous Poisson random measure;

see Example 4.3.3.
If conversely u is a homogeneous Poisson random measure, it was shown in Ex-
ample 4.3.5 that ¢ has stationary independent increments; see also Proposition 4.7.2.
|

Remark 6.2.1 Theorem 6.2.1 applies in particular to a counting process N: (i) N has
independent increments iff the " -compensator y for N is deterministic. If N' has
independent increments, then EN; = y (t) < oo for all z. N has stationary indepen-
dent increments iff N is a homogeneous Poisson process (including the dead process
corresponding to the Poisson parameter being equal to 0).

Re_mark 6.2.2 Suppose u has independent increments, write v* (]0,¢]) = y(t) =
EN; as in the proof of Theorem 6.2.1, and let 0 = a9 < a; < ap < --- denote the
atoms for v* (if any) such that Av*(r) = 1. As shown in the proof of Theorem 6.2.1,
the Markov kernels generating the distribution of x are then given by
P = P¥in (- Jty,00]) . wl =7 (1),

where jj, is determined so that a;, < 1, < aj,+1, P*J is the probability on ]a s oo]
with hazard measure v* restricted to ]a s oo[ , and 7r* is given by the decomposition
(6.14).
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Exercise 6.2.2 Suppose p has independent increments and let I be the deterministic
F!*-compensating measure for 1. Show that

E/ f(r,ym(dr,dy):/ F(t,y) T (@, dy)
Rox E RoxE

for all measurable functions f : Rg x E — Ry.

In the proof of Theorem 6.2.1 it was used in a crucial fashion that if x has indepen-
dent increments, then EN, < oo for all ¢. This fact is part of Propostion 6.2.3 below,
but before coming to that we give two important definitions.

Definition 6.2.2 (i) An R?-valued process X on a filtered probability space
(2, F, F;, P) has independent increments with respect to (F;) if it is adapted,
cadlag and for every s < t, X; — X, is independent of F;.

(ii) An R?-valued process X on a filtered probability space (2, F, F;, P) has sta-
tionary, independent increments with respect to (F;) if it has independent incre-
ments and for every s < ¢, the distribution of X; — X depends on s, ¢ through
t — s only.

A process with stationary independent increments is also called a Lévy process.
Below, when just writing that a process X has independent increments, we always
mean that it has independent increments with respect to the filtration (.EX ) .

Remark 6.2.3 If X has independent increments with respect to (F;) , it also has inde-
pendent increments with respect to (F;¥). Note also, as will be used frequently below,
if X has independent increments with respect to (F;), then for every s, the process
(Xs+u — X5) >0 1s independent of Fy (cf. Exercise 6.2.1). If in addition the incre-
ments are stationary, then the distribution of this future increment process does not
depend on s.

Definition 6.2.3 (i) An Np-valued process X on (2, F, P) is a Poisson process if
Xo = 0 a.s. and provided X has independent increments with respect to (f;x )
such that for every s < ¢, X; — X follows a Poisson distribution.

(i) A counting process N on (2, F, P) is a curtailed Poisson process if N has the
same distribution as the process given by

Z Liax,=1) +w*(®) (t € Ry), (6.16)

O<s<t

where X is a Poisson process, w* € W is a given counting process path, and X
and w* are compatible in the sense that for all t* with Aw*(r*) = 1 it holds that

P(AX; > 1) =0. 6.17)

Note. In this definition and everywhere below, the class of Poisson distributions in-
cludes the distribution degenerate at O (Poisson parameter 0).
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Note. Recall (Example 3.1.2) that a homogeneous Poisson process is a counting pro-
cess N such that N; — Ny for s < ¢ is independent of FSN and Poisson distributed
with parameter A (+ — 5) . Among all Poisson processes X, the homogeneous ones are
characterized by having increments that are also stationary: for s < t, the distribution
of X; — X depends on s, ¢ through ¢ — s only; cf. Theorem 6.2.1(ii), Proposition 6.2.2
and Proposition 6.2.3.

Remark 6.2.4 If X is non-homogeneous Poisson, we have in particular that yx (¢) :=
EX; < oo for all t. The distribution of X is completely determined by the mean
function yx, in particular for s < ¢ the increment X, — X is Poisson distributed with
parameter yx(t) — yx(s). Note also that X is necessarily increasing, by definition
cadlag and in fact a step process.

The sum in (6.16) counts the number of jumps for X on [0, ¢]. The contribution
from w* occurs at given time points 0 < a; < ay < --- (possibly none at all, finitely
many or infinitely many, but only finitely many a; in any finite time interval). Thus
(6.17) is equivalent to the assertion that X and w* never jump at the same time,

P @x#0=PJ(ax, =1)=0.

t>0,Aw*(r)=1 J

The term w* in (6.16) describes the time points a; at which N is certain to jump.
These deterministic jump times cannot be accounted for by the Poisson process X: it is
a consequence of Proposition 6.2.2 below that if X is Poisson, then P (AX; =0) > 0
for all ¢.

If the Poisson process X is itself a counting process (e.g., if X is homogeneous
Poisson), X is also curtailed Poisson: (6.16) holds with w* = 0 and the sum of jumps
for X equals X itself.

It is easy to see that if X is non-homogeneous Poisson, then the mean function yx
is increasing and right-continuous with yx (0) = 0: but any such function is a mean
function.

Proposition 6.2.2 Let y : Rg — Rq be increasing and right-continuous with y (0) =
0.

(1) There exists a Poisson process X with mean function y.
(i) X is a counting process if and only if y is continuous.
(iii) Iffor a givent > 0, Ay(t) > 0, then AX, follows a Poisson distribution with
parameter Ay (t).
@(iv) Ifforagivent >0, Ay(t) =0, then P (AX, =0) = 1.

Proof. Let N be a homogeneous Poisson process with rate 1 (mean function ¢). Defin-
ing
X =Ny (6.18)

for t > 0, it is clear that Xy = 0 and that X is Np-valued and cadlag. And for s < ¢,
X; — Xy = Ny¢) — Ny is independent of ]-";/V(S) > FX and follows a Poisson
distribution with parameter y (¢) — y (s).
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For a given ¢t > 0,

0 ify (t —e)=y() forsome0 <€ <1,

AXe= {Ny(,) Ny iy (t—e) <y forall 0 < e <.

It follows that if y is continuous at ¢, then AX; < AN, < 1, in particu-
lar X is a counting process if y is everywhere continuous. Next, for any ¢, since
AX; = limp 0,50 (Ny(,) — Ny(,_h)) it follows that AX; is the limit of Poisson
variables with parameters y(f) — y (¢t — h), hence itself Poisson with parameter
lim(y () —y(@ —h)) = Ay(t). In particular, if Ay () = 0, then AX; = 0 as.,,
while if Ay (¢) > 0, then AX; is non-degenerate Poisson so that P(AX; > 2) > 0
and X is not a counting process. ]

A further discussion of non-homogeneous and curtailed Poisson processes is con-
tained in the next result and its proof.

Proposition 6.2.3 Suppose N is a counting process with independent increments.
Then

(1) y@) :=EN; < oo forallt and y is the deterministic ]-',N-compensatorfor N.
@ii) If y is continuous, N is Poisson with mean function y, in particular for s < t,
N; — N is Poisson distributed with parameter y (t) — y (s).
(iii) If'y has discontinuities, N is a curtailed Poisson process such that in the repre-
sentation (6.16), w* jumps precisely at the times a where Ay (a) = 1, and the
Poisson process X has mean function

yx=y‘®O— Y log(1—Ay(s), (6.19)
O<s<t,Ay(s)<l

y € denoting the continuous part of y, y°(t) = y(t) — ZO<S§I Ay (s).

Proof. (i) Let P ™) denote the Markov kernels for the distribution of N, and let ¢
be the termination point for P, For s < t < 7, by the independent increment
assumption

P (Nt — Ny =0) =P (N — Ny =0|N; =0)
=P(T, >t|T) >s)

TR0

F(O) (s) )
But then also, conditionally on Ny =k, Zy =z € K® with tr <s,by Lemma 4.3.3

?(0) (t)
72

=P(N,— Ny =0|Ny =k, Zy = zx)
—(k
240

Sk
P, (s)
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. —(k) .
Since PZk (tx) = 1 this forces

-0
—(k P (1)
Py = —o (6.20)

P (1)

forall t < ¥, all k and almost all possible values of z; of Z; with t; <.
Let v @ be the hazard measure for P(©. We claim that if 77 < oo, then

0 (o) <

(implying if ¥ < oo that AP© (tT) > 0and Av©® (ﬁ) =1, see Theorem 4.1.1(iii)):
suppose that 7 < oo and v(©® (]0, tT[) = oo, in particular AP © (tT) = 0. Using
(6.20) it is clear that if T} < 7, s0is Ti+1, and since P (T1 < tT) = 1 it follows that
N explodes on [0, /[ which is a contradiction.

Next, suppose first that "' = ocoandfixrs e Rg. We then have ?(0) @&H=p=>0
and find from (6.20) that

P(Tis1 <0 =E[1 =Py (0): T <]

-0
P ()
IE[l—T,TkSI}

PO 1)
<(U-pP(Ti<1).

Thus P(N, > k) =P (T <1t) < (1 — p)k and EN, = Z,fiIP(N, > k) < oo fol-
lows.

If 7 < oo, since v©@ (]0,¢7]) < oo and AP (¢7) > 0, Av@ (¢7) = 1 as
argued above, by similar reasoning

P(Tipr < 1) < (1 —APO (H)) P (T} < 1)

and since P (Tk < tT) =P (Nﬁ, > k) it follows that EN,s _ < oo, and hence also (a
jump at T is bound to happen), EN, = EN,;_ + 1 < oo. Proceeding beyond 17, the
independent increments property now yields a probability P* on ]t*, oo] (determined

from any PZ(:) with 1, = tT) with termination point ¢* such that (6.20) holds with

P replaced by P* whenever 1" < 1 < r*. Arguing as above one finds if 1* = oo
that EN; — EN,+ < oo for ¢t > T so that EN; < oo for all ¢, or if t* < oo that
ENy —EN,+ < oo sothat ENp+ < oo, with a jump certain to happen at t*. Continuing
beyond #* if necessary, it is clear that always EN; < oo for all ¢: the worst that can
happen is that one gets an infinite sequence of successive finite termination points, but
at each of them a jump is certain; hence since N is a counting process, in any interval
[0, ¢] there can be at most finitely many such points, and between any two of them that
follow each other, the expected number of jumps for N is finite.
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This completes the proof that y (1) = EN; < oo for all ¢ and therefore also the
proof of Theorem 6.2.1. From that result it follows in particular that y is the determin-
istic FN-compensator for N.

(ii) Follows immediately from Proposition 6.2.2(ii).

(iii) Let X be Poisson with mean function yx given by (6.19) and define

= Z Lax,>1) + w*(@),
O<s<t
cf. (6.16). By Proposition 6.2.2(iv) and the definition of yx, for any ¢ such that
Aw*(t) = 1, we have AX; = 0 so that X does not jump at any of the at most
countably infinite such 7. Thus the compatibility requirement of Definition 6.2.3(ii) is
fulfilled, and N is a counting process. With w* deterministic, since X has independent
increments with respect to (]—',X ) , it follows (see Remark 6.2.3) that so has N. Also
FN c F¥X, so N has independent increments with respect to (F;¥) and by Theorem
6.2.1(i) it therefore remains only to show that EN; = y (¢) for all ¢. But

E Z liax,>1) =E Z I(AXY—])‘FZE Z Liax,=x)

O<s<t O<s<t O<s<t

and here, in the last sum for x > 2 only s € A* = {a: Ay(a) > 0} contribute
(cf. Proposition 6.2.2(iii) and (iv)), hence

E Y lax=n= Y PAX,=x)

O<s<t acA*,a<t
X
-y Byx@) _ayx@
x!
acA*,a<t
for x > 2. Finally we may use
yx () = EX,
=E ) AX,
O<s<t
o0
=2 E D slax=y
x=1 O<s=<t
o
=E Z Liax,=1) +ZX]E Z Liax,=x)
O<s<t x=2 O<s<t
D D T SN (i 2 C et
= (AX=1) X o e
O<s<t x=2 acA*,a<t :

to compute E » 3 _ _; I(ax,=1). The end result is
o0 A x
BN =yx(0+Y (—x) Y B s gy
x=2 acA*,a<t X

=0+ Y. (1= Ayx@ — e @) L)

acA* a<t
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=i+ Y (1-e7270) p @)
O<s<t

=y'O+ Y, Ay®O+ Y. Ay

O<s<t,Ay(s)<l O<s<t,Ay(s)=1
=y (@)

as desired. O

Example 6.2.1 A counting process N = (N;);>( is a doubly stochastic Poisson pro-
cess if conditionally on (U;);>o, where (U;) is some non-negative measurable pro-
cess, it holds that N is Poisson with (conditional) mean function

t
Yo (@) = f Uy ds.
0

Since yy (t) is continuous, Proposition 6.2.2 ensures that N is indeed a counting
process.

If (X;),>¢ is a homogeneous Markov chain on a finite state space and U, = f (X;)
for some f > 0, N is called a Markov modulated Poisson process .

The Cox process from Example 4.8.3 is a doubly stochastic Poisson process with
U; = Uy for all ¢.

The next result gives some important properties of RCMs with independent incre-
ments, known to be true by Theorem 6.2.1(ii) and Example 4.7.2 if the increments are
also stationary.

Corollary 6.2.4 Let u be an RCM with independent increments and let T’ denote the
deterministic F! -compensating measure for .

(1) The counting process N(A) has independent increments for any A € &€ with
deterministic f,N(A)—compensator y(t; A) = I['([0,¢] x A). In particular, if
y (-3 A) is continuous, N (A) is a Poisson process with mean function y (-; A),
while if y (-; A) has discontinuities, N (A) is curtailed Poisson as described in
Proposition 6.2.3(iii).

(il) For anyr > 2 and any Ay, ..., A, € & pairwise disjoint it holds that the
counting processes N (A1), .. N (Ay) are stochastically independent provided
no two of the counting procesies N (A1), ..., N(A,) jump simultaneously as

rsquired by (6.3), where the N (A;) are deﬁned to be independent with each
N (A;) having the same distribution as N (A;) .

Proof. Because p has independent increments, it follows directly that so has any
N(A). Thus the .EN(A)-compensator for N(A) is y (-; A), and (i) follows from
Proposition 6.2.3(ii) and (iii). For the proof of (ii), note that since the A; are dis-
joint, no two of the counting processes N(A;) jump simultaneously, hence the ag-
gregate of the r counting processes is well defined as an RCM & with mark space
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{1,...,r}. Because u has independent increments, so has i and the determinis-

tic ]it” -compensating measure I" for I is determined by I" in the obvious manner,
ie, ' ([0,¢] x {j}) = y(t; A;). Thus (6.10) holds and the independgnce of the N(A;)
follows from Theorem 6.1.1 when using the assumption about the N (A;). ]

Remark 6.2.5 The assumption about the independent counting processes N (Ap)
made in Corollary 6.2.4(ii) is essential: suppose that there exists * and A, A" dis-
joint such that Ay (t*; A) > 0 and Ay (*; A’) > 0. Then N (A) and N (A’) are not
independent since AN+ (A) ANy (A’) = 0 but

P (AN (A) = DP (AN (A) = 1) = Ay (1% A) Ay (*; A') > 0.

(See Exercise 6.2.5(i) below for the formula for P (AN; = 1) used here when N is an
arbitrary counting process with independent increments).

Exercise 6.2.3 Let X be a Poisson process with mean function yx. Define the RCM
w with mark space N by

N = pn([0,¢] x {x}) = Z Lax,=x)

O<s<t

for t > 0, x € N. In particular, since Xy = 0,

o0
X, =) xN}
x=1

so that  determines X.

(i) For any s, show that 6;u is determined by the future increments process
(Xt — X5)¢>5 » and use this to show that u has indpendent increments.
(i) Find the deterministic F/*-compensating measure for y by showing that

Y@ + Yoo Ayx(s)e 27X if x =1,

EN' = )
' { 2 0<s<t ,% (Ayx(s)* e 27X if x > 2.

(iii) Show that the Markov kernels generating the distribution of x are determined
by

- )
POt =exp(— (yx() — yx(t)) (¢ = 1)
whether yy is continuous or not, and

- (Ayx(1)* e~ Arx®

o, (X)) = o (1 — e—AVX(l))

x=1).

(The m-value is defined by continuity if Ayx(#) = 0, and if this is the case it
therefore equals 1 for x = 1 and equals O for x > 2).
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(iv) Use Corollary 6.2.4 and Remark 6.2.5 to show that the counting processes
(N"),en are stochastically independent if yx is continuous, but not if yx has
discontinuities.

Exercise 6.2.4 Let 1 be an RCM with independent increments and assume that the
total compensator, EN/, is continuous as a function of #. Show that for any C € By®&
it holds that p(C) has a Poisson distribution I"(C), where I" denotes the deterministic
compensating measure for p. Also show thatif r > 2 and Cy,... ,C, € By ® £ are
pairwise disjoint, then u(Cy), ..., u(C,) are independent. (Hint: the assertions are
true by Corollary 6.2.4 if the C; (and C) are of the form ]s it j] x Aj. Now consider
e.g., the class C of C € By ® £ such that u(C) has a Poisson distribution, and show
that C is a monotone class containing the algebra of sets that are finite disjoint unions
of sets of the form |s;, 7;] x A)).

The properties listed here for u are those used for the definition of Poisson point
processes on arbitrary spaces (in our case the space Ry x E).

We shall now use the results obtained for RCMs with independent increment to
derive some basic properties of processes with independent increments.

To begin with, let X denote an R¢-valued process step process with independent
increments with respect to the filtration (F;); cf. Definition 6.2.2. As a step process X
has only has finitely many jumps on finite intervals and we write 7, for the time of the
nth jump and Y, = AXr, for the size of the nth jump. Thus ((7,) , (¥,)) is an MPP
with mark space R(lo (the notation used for R%\0, equipped with the matching Borel

o-algebra which we denote Biio), and we call the corresponding RCM pu, the RCM
associated with the jump sizes for the step process X. Because X is a step process,

X, = Xo + Z AX,
O<s<t

= Xo + Z Y,

n:T,<t

= Xo—i-/ yu(ds,dy). (6.21)
10,11xRg,

Theorem 6.2.5 Let X be an RY-valued step process and let i be the RCM associated
with the jump sizes for X.

(1) X has independent increments with respect to (]:,X ) if and only if u is indepen-
dent of Xo and has independent increments.

(i) X has stationary independent increments (is a Lévy process) with respect to
(.EX ) if and only if u is independent of Xo and is a homogeneous Poisson ran-
dom measure.

Proof. Note first that (6.21) shows that F/ = ]—'tX_XO for all 7. If X has independent
increments the process X — X is independent of Xy, hence  is independent of Xo.
Further, for any s the process X := (X4 — Xi), > is independent of .7-'SX > F* and
since
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X, — X, = Z Y,

nis<T,<t

=/] R y Osp) (du, dy) , (6.22)
s,t]X \0

it is seen that the jump times and marks for 6;u are determined by X and it follows
that @ has indgpendent increments. If in addition X has stationary increments, the
distribution of X will not depend on s, implying that u has stationary increments and
is therefore homogeneous Poisson by Theorem 6.2.1(ii).

If conversely u is independent of X and has independent increments, from (6.22)
it follows that X; — X, is independent of Ft = .7-'SX*X° and of Xy, hence X; — X

is independent of o (.7-'3( 7X°, X0> = .7-'SX and X has independent increments with

respect to (]—',X) . If in addition p has stationary increments,

x-x = [ y (07 1) (du. dy)
10,1 =s1xR{,

so the distribution of X; — X depends on s, ¢ through 7 — s only. O

A Lévy process X which is a step process is also called a compound Poisson pro-
cess. By Theorem 6.2.5(ii) and the definition of homogeneous Poisson random mea-
sures it follows that the jump sizes Y;, are independent and identically distributed and
independent of the jump times 7,,, which are jump times of a homogeneous Poisson
process. One often represents a compound Poisson process as

N,
X;=Xo+ Y U,
n=1

where X, N and the sequence (U,,) are independent with N a homogeneous counting
Poisson process and the U, iid random variables with values in Rfo.

Proposition 6.2.6 Let X be an R?-valued step process with independent increments
with respect to (F{¥) .

(1) If X is a Lévy process (compound Poisson process), then the characteristic func-
tion for X; — X is given by

Ee! (4:Xi=X0) — exp (—t / ) (1 —e"<“~-v>) p(dy)) weRY),  (6.23)
R

\0

where p is the intensity measure for |, the homogeneous Poisson random mea-
sure associated with the jump sizes for X.
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(1) In general, if the RCM  associated with the jump sizes for X has a deterministic
compensating measure I, which is continuous, then for s < t,

Ee! (- Xi=Xs) — exp —/ v*(dv)/ 7* (v; dy) (1—ei<“’y>> (u e RY),
Is.1] RY,

where v* is the total continuous compensator and * is the Markov kernel gen-
erating the jump sizes as in (6.14).

Note. (-, -) is the usual inner product on R¢, (u, y) = Z;l»:] u;yj.

Proof. We focus on a detailed proof of (i). So let X be a compound Poisson pro-
cess, and let p be the intensity measure for p. For every K € N and every k =

(ki, ... kq) € Z, define the d-dimensional interval

k-1 &

lx = <]‘[]2— 2—]) \0

j=1
(omitting O is relevant only if k; = --- = kg = 1), and verify that for any given
u € R? (see (6.21)),

X=X = [ ) wsdy)
10,11xR¢,
= Jim 37 {u fe) Vi (k)
kezd

whence, using dominated convergence and the homogeneous Poisson structure of pu,

Ee! 0 Xi=Xo) — Jim exp (—tp (I.x) (1 — ei(”’kTK))>

K
T end

= exp (—t/Rd (1 —e““*”) p(dy)) :

\0

(recall that if U has a Poisson distribution with parameter X, then EelV =
exp (—A (1 — €™))). The proof of (ii) is completely similar, only it should be remem-
bered that since v* is continuous, by Theorem 6.2.5 and Corollary 6.2.4, N; (Ik,K) is
Poisson with parameter f]o,t] Ty (Ik,K) v* (ds) . O

The equation (6.23) is a special case of the famous Lévy—Khinchine formula for
the characteristic function of an infinitely divisible distribution on R?. For d = 1 the
equation reads

Ee'*X1=X0) — exp (—t/ (1 — ei"y) p(dy)> (u € R), (6.24)
R\o
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and one recognizes the infinitesimal contribution

exp <—t (1 — ei”y) ,o(dy))

as the characteristic function of yU, where U is Poisson with parameter tp (dy) . For
a more thorough discussion of infinite divisibility and processes with independent
increments, see p.139 below.

Exercise 6.2.5 The formulas for characteristic functions given so far assumes that
compensators are continuous. This exercise treats examples with discontinuous com-
pensators.

(1) Let N be a counting process with independent increments, i.e., a curtailed Pois-
son process, and let y denote the deterministic compensator for N. Show that
N; has characteristic function

ReitNe — v 0 (1—¢™) 1_[ (Ay (s)e" +1— Ay (S)) :

O<s<t

(Hint: one possibility is to use that N is curtailed Poisson. Another is to argue
directly that for any t, EAN, = Ay (t), which since AN, only takes the values
O or 1, implies that P (AN, = 1) = Ay (1)).

(ii) Let X be an R¢-valued step process with independent increments as in Proposi-
tion 6.2.6. Show that for s < ¢,

Ee!4:X1=X5) — exp —/ u*C(du)/ 7 (i dy) (1= )
1s,7] ]R‘\‘(,

< [ <A7<v> /R RACLY ef<"’y>+1—A7(v>>

S<v<t

where v*, 7* are determined from the deterministic compensating measure I'
for p as in (6.14), v*¢ is the continuous part of v* and ¥ (v) = v* (]0, v]) .

Of all independent increment processes with jumps, the step processes are the
simplest. Yet the structure of the jumps described in Theorem 6.2.5 pertains in great
generality as we shall now see.

Let X be R¢-valued with independent increments with respect to a filtration (F;) .
In particular X is cadlag and adapted, F; D ]:tX for all 7, and for every s, the pro-
cess X = (Xs4/ — Xs),>¢ is independent of F;. Fix ¢ > 0 and consider the MPP
(7e, ) = ((Tn,e) , (Y,,,e)) comprising only the jump times and jump sizes for X
such that ||AX,|| > € (with ||-|| any standard norm on ]Rd). The assumption that X
be cadlag guarantees that there are only finitely many such jumps on any finite time
interval, so (Z¢, )e) is a bona fide MPP with mark space E. = B¢, where B, is the
closed ball {x : ||x|| < €} in R?. Letting . denote the corresponding RCM and view-
ing u. as a random measure on all of Ry x R‘\io, it is clear that for 0 < €’ < €, . is
the restriction to Ro x Bf of pier.
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Let s € Ry. Since all jumps for 0, i are determined by X , it follows that O 1¢ is
independent of F; O FX > F4* and thus u¢ has independent increments and ;€ has
a deterministic }"t“ ¢-compensating measure I'c (with I'¢ the restriction to Ry x B¢ of
[ if € < €). From Theorem 6.2.1 and Corollary 6.2.4 we now read off

Theorem 6.2.7 Let X be a cadlag process with independent increments with respect
to (F;), and let for € > 0, ue denote the RCM of jump sizes for X with ||AX;|| > €
as described above.

(1) e has independent increments.

(i) If X is a Lévy process, then each |ic is a homogeneous Poisson random measure
with some bounded intensity measure pe concentrated on B, and where for
0 < €' <€, pc is the restriction to BE of T'r.

The collection (1t¢)c- of RCMs describes all jump times and jump sizes for X,
for instance through the object

=1 (N (Ro x BY)) + Y sk (N (Ro x Be—1\Bp)
k=2

It may of course happen that X has only finitely many jumps on finite intervals, in
which case 1 is an RCM and there is no need to first consider the .. But it may
certainly also happen that the jumps for X are (with probability one) dense in Ry,
cf. Examples 6.2.2 and 6.2.3 below, and in that case the approximation through the
We, discarding the dense set of jumps < ¢, is essential for the MPP description of the
jump structure.

Consider again a step process X with independent increments with respect to
(F1), and let g : Ry — R? be a given continuous function. Then the process
X' := (X;+ g(1));>¢ also has independent increments with respect to (F;) in the
sense of Definition 6.2.2 and X’ and X share the same RCM  of jump times and
jump sizes. If X is a Lévy process, it is easy to see that X’ is also a Lévy process iff
g(t) = tvy for some vy € R<10‘ (Of course, for any g it holds that X, — X/ is inde-
pendent of Fy; whenever s < ¢, and if g is cadlag, X’ is cadlag and the requirements
of Definition 6.2.2 are satisfied. But if g has discontinuities, the jump structure for X’
includes the deterministic jumps for g and need not (because the jumps for g may e.g.,
be dense in Rg) be characterized by an RCM). Note that X’ has the property that the
process X' — X{ is F/'-adapted. It may be shown that if X has independent increments
with respect to (F;) and has only finitely many jumps on finite intervals with p the
RCM of jump times and jump sizes for X, then if the process X — X is F/*-adapted
(so X; — X has the form fz(’(z) (1), see Proposition 4.2.1) necessarily X; = Xftep +g(1)
for some continuous g, where

X{T=Xo+ ) AX,

O<s<t

is the step process determined by the jumps for X.
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We conclude by recording some of the standard facts about general processes X
with independent increments. Let for 0 < s < ¢, «y, denote the distribution of X, —X.
IfO0<s <t =<u,from

Xu - Xs = (Xt - Xs) + (Xu - Xt)

and the fact that X is right-continuous, it follows that the probability measures o,
form a two-parameter, weakly right-continuous convolution semigroup,

Aoy =g xay (0<s=<t=<u), (6.25)

gy > gy O<s<t<uult)

with all oz = €. If X is a Lévy process, o5, = oy depends on ¢ — s only, and the
a; form a one-parameter, weakly continuous convolution semigroup,

Usr = Qs k0 (5,1>0) (6.26)

as—w>oz, (s,t>0,5s > 1)

with ag = &g.
For Lévy processes X on R, the classical Lévy—Khinchine formula describes the
possible structure for the characteristic functions of the «;,

[ e antan) = exo (—"2—2tu+iﬂm—t [ (= i o) p(dy)>,
R Ry
6.27)

foru € R, where 62 > 0, B € R and p is the Lévy measure, i.e., a positive measure
on R\ such that for all e > 0

p ([—€. €]°) < oo,

/ ¥ p (dy) < oo.
[—€,e]\O

In (6.27) the contribution — %tu to the exponential corresponds to a standard Brown-
ian motion multiplied by o, the term iftu corresponds to the deterministic linear
drift  — B¢, and the integral describes a compensated sum of jumps. Note that if
f[_ .e1\0 |y] p (dy) < oo, the last term in the integral may be incorporated into the
drift term, leaving the contribution

exp (—t/R\O (1 —e"“y) p(dy))
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which is the same as the expression from (6.24), only now p (R\o) = 00 iS pos-
sible. This establishes the fact that for any Lévy process X on R, if the characteristic
function for the increments X, — X; is given by (6.27), then for any € > 0, the
intensity measure o, for the homogeneous Poisson random measure (. of jumps > €
in absolute value of size is the restriction to [—e, €] of the Lévy measure p.

It is important to be able to extract the Lévy measure from the distributions «;: it
can be shown that for all bounded and continuous functions f : R\o — 0 with support
bounded away from O (i.e., there exists € > 0 such that f = 0 on B¢\0), then

F) p(dy) =tli_r>r(1)%fRf(X)0tz(dX), (6.28)

(for an incomplete argument, see Exercise 6.2.6 below).

Example 6.2.2 Let «; be the I'-distribution with scale parameter 8 > 0 and shape
parameter Af, where . > 0, i.e.,

1 _1
o (dx) = ———xM 1T B dx
BMT (A1)
for x > 0. The «; form a weakly continuous convolution semigroup and determine a
Lévy process X, the I"-process, which is obviously increasing. Since
1 -1 ,—hx _ A p—l,—fx _ * —hx

BT on ¢ TR Tt e

as t — 0, it follows from (6.28) that X has Lévy measure
A1y
p(dy) = ;e P dy

for x > 0. The fact that p (R;) = oo implies that (with probability one) the I"-process
has jumps that are dense on Ry. It may be shown that X is built entirely from its jumps,
X = Xo+ D oy < AX;, e.g., by identifying the characteristic function for the I'-
distribution of X; — X with that of ZO<s§t AXy = lime o f]O,t]x]e,oo[ Y e (ds, dy)
which is easily found from (6.24).

Example 6.2.3 Let «; be the Cauchy distribution with scale parameter §t where 8 >
0, i.e.,
1
ar(dx) = dx
Bt (1 + #xz)

forx e R.
The «; form a weakly continuous convolution semigroup and determine a Lévy
process X, the Cauchy process. Since

1 B

)
t Bt (l + #xz) TXx
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as t — 0 we conclude that the Cauchy process has Lévy measure
B
p(dy) = ——dy.
Ty

As in the previous example, o is unbounded, p (R\o) = 00, and the jumps are dense
on Ry. Note that f[—e,e]\o |y| p (dy) = oo for any € > 0 implying that in the Lévy—
Khinchine representation (6.27) of «; it is necessary to include the term iuy1_1,17 ()
in the integral. Probabilistically this means that the sum of the absolute values of the
small jumps diverges, lim¢ o f]O,t]x]e,l] |y| e (ds, dy) = oo a.s.

Exercise 6.2.6 Let X be a cadlag, R-valued process, and let f : R\g — R be bounded
and continuous with support C [—eq, €0]¢ for some €¢g > 0. Let 0 < € < € and let
e denote the RCM of jump times corresponding to jump sizes > € in absolute value
with ((Tn,e) , (Yn’e)) the corresponding MPP. Show that

2K
lim Zf(xk/2K — X(_1y2k) = /01 fO) ue ds,dy)  (6.29)
10,1]1x[—€,€]°

Yo S (Yae).

k=1
n:Tye<l

(Hints: argue this for the random variables evaluated at an arbitrary w € 2. Show that
for K sufficiently large, each T},  (w) is placed in its own interval ](k —1)/2K k2K ] ,
and that the contributions to the sum in (6.29) for these k-values converge to the
expression on the right. Next, use the cadlag property of X to show that with k" de-
noting an arbitrary of the remaining k-values, it holds that, for K sufficiently large,
max | Xy ok (@) — X go_1y 0k (@) < €0).

If X is a Lévy process, taking expectations in (6.29) one finds, provided the oper-
ations of taking limit and expectation can be interchanged, that

lim 2¥E (X, 5~ Xo) = [ FO) e (ds. dy)
K—o0 10,11x[—€,€]¢

Show that this identity is the same as

KlgnoozK/f(x)al/zK(dx)=/f(y) Pe (dy)

which at least may indicate the truth of (6.28).

A final comment on cadlag processes with independent increments: we assumed
above that the processes had values in RY. It should be fairly clear, however, that a
result like Theorem 6.2.7 remains valued if the processes take their values in, say, an
infinite-dimensional Banach space.
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Piecewise Deterministic Markov Processes

This chapter contains the basic theory for piecewise deterministic Markov processes,
whether homogeneous or not, based exclusively on the theory of marked point pro-
cesses from the previous chapters and presented through the device of viewing a
PDMP as a process adapted to the filtration generated by an RCM. The strong Markov
property is established, various versions of It6’s formula for PDMPs are given, the
socalled full infinitesimal generator for a homogeneous PDMP is discussed, invariant
measures are treated, and the chapter concludes with a section on likelihood processes
for PDMPs.

At a first reading one may omit Sections 7.5, 7.7, 7.8 and the last part of Section
7.9 (dealing with multiplicative functionals).

References. The standard reference for homogeneous PDMPs is the book [30] by
Mark Davis, but the little known earlier dissertation by Wobst [122] should also be
mentioned.

7.1 Markov processes

In this chapter we discuss Markov processes — homogeneous or not — that can be
described completely in terms of an initial state and an MPP, i.e., processes that are
Markovian and piecewise deterministic, see p.25. First some definitions and remarks
concerning Markov processes in general.

Let (F;);>0 be a filtration and let X = (X;);>o be an arbitrary measurable and
adapted process defined on (€2, F, F;, P) with values in a state space (G, G) which,
since it will serve as a mark space for an RCM, we shall assume to be a Borel space
(see p. 11).

Definition 7.1.1 The process X is a Markov process with respect to the filtration (F;)
if for every s < ¢ there exists a Markov kernel p;; (-, -) on G such that

P(X; € C1Fy) = pst (X, C) (C€9). (1.1)

X is a time-homogeneous Markov process if in addition one may choose the py; to
depend on (s, t) through the difference ¢ — s only.
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The Markov kernel py, is called the transition probability from time s to time ¢.
Note that (7.1) does not determine pg, (x, -) uniquely for all x € G, but because G is
countably generated it does hold that if ps;, p}, are both transition probabilities, then
P(Xs € Cy) = 1, where Cyy = {x € G|ps(x, -) = p;,(x, -)}. Note also that one may
always take pgs(x, ) = &x.

In the time-homogeneous case we write p; for any of the transition probabilities
Ds.s+¢ With s, ¢ > 0.

A time-homogeneous Markov process is also called a Markov process with sta-
tionary transition probabilities.

Example 7.1.1 An R?-valued process X with independent increments with respect to
(F1), is a Markov process with transition probabilities

psi(x, B) =0y (B—x) (s<t, BeB), (7.2)

where «y, is the distribution of X, — X, and B —x = {x' — x : x’ € B}. If in addition
X has stationary increments, X becomes a time-homogeneous Markov process with
transition probabilities

pi(x, B) = o;(B — x), (7.3)
where «; is the distribution of any increment X;; — Xj.

Suppose X is Markov with transition probabilities (py;), or, in the homogeneous
case, (p;). We say that the transition probabilities satisfy the Chapman—Kolmogorov
equations if foralls <t <u, x € G, C € G,

Psu(x, C) = /;} Pst(x,dy) pru(y, C). (7.4

or, in the homogeneous case, if forall s, >0, x € G, C € G,

Ds+:(x,C) = /Gps(x, dy) p:(y, C). (7.5

It is essential to note that e.g., (7.4) holds almost surely in the following sense: for
s<t<u, Ceg,

psu(Xs, C) =P(X, € C|Fy)
= E(P(Xu € C|]:l)|-7:s)
= E(pu(X:, O)|Fs)

= f Dst (X5, dy) pru(y, C),
G

P-a.s. Thus, givens <t <u, C € G, (7.4) holds for X;(IP)-almost all x.

Example 7.1.2 If X has independent increments as in Example 7.1.1, then (7.4) or, if
X has stationary increments, (7.5) holds and is equivalent to the convolution property
(6.25), resp. (6.26).
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The transition operators for the Markov process are operators on the space of
bounded measurable functions f : G — R, defined by

Py f(x) = fG pot (2o dy) £ ()

for 0 < s <t, and in the homogeneous case,

P f(x) = /G P (e dy) £

fort > 0. The Chapman—Kolmogorov equations translate into the semigroup property,
Py, = PyPyy, Py =id

for 0 < s <t < u with id the identity operator, and in the homogeneous case
Py =PsP;, Pop=1id

fors,t > 0.

We mention two important facts about general Markov processes.

Let vg = Xo(IP) denote the distribution of X, the initial distribution for X. Then
the finite-dimensional distributions for the Markov process X are uniquely determined
by vg and the transition probabilities py;. This follows by an induction argument, using
that

P(X, € C) = E[P (X, € C |X0)]
_ / wo(dx) por(x, €)
G

and thatforn >2, 0<fy<---<t,, Ci,...,Ch, €G,
P(X; €C1,...,X;, €Cy)

=E[P(X,, €Cn|Fi_,): Xy, €Cr,..., Xy, € Cuci]
=E[py,_11,(Xs,_1. Cn): Xy, € C1, ..., Xy, € Cup].

The next fact we need is a generalization of the Markov property (7.1): forz > 0,
let 71X = o (X,) «>¢ - Then for any bounded and F' -X_measurable R-valued random
variable U,

E[U|F]=E[U|X:], (7.6)

a fact which informally may be phrased as follows: the future depends on the past only
through the present.
(7.6) is proved, considering random variables U of the form

U=]]#(x) (1.7)
k=1
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wheren e N, r <t < --- <t,, and each f; : G — R is bounded and measurable,
and then proceeding by induction: the case n = 1 is an obvious extension of (7.1)
from conditional probabilities to conditional extensions,

ELf (Xu) |Fi] = Pu f (X0)

for t < u, f bounded and measurable, and the induction step from n — 1 to n is
obtained using that with U as in (7.7),

E(U|F]1=E[E[UIF, ]I1F]

—E [(Z]j[j fi (X,k)> I (X)) Ifz]

where f = f,—1-Ps,_,s, fu. A standard extension argument finally gives (7.6) for all
U that are bounded and F'-X -measurable.

7.2 Markov chains

Let u be an RCM with mark space E = G, and let ((T;,), (¥;,)) denote the corre-
sponding MPP. Fixing an arbitrary initial state xo, define the G-valued step process X
by

X =Yuy, (7.8)

where Yy = xo. Provided Y,, # Y,_1 whenever T, < oo, T,, will be the time of the
nth jump for X with ¥, = X7, the state reached by that jump. This is the situation
treated below, although formally this identification of jumps for X with those of w is
not required. Note that always FtX c F! forall ¢.

If Q0 = Oy, = n(P) is the distribution of w, the aim is now to find sufficient
conditions on the Markov kernels P, 7 determining Q which ensure that X is
Markov with respect to the filtration (.7-}” ) , and such that the transition probabilities
do not depend on xg. We then refer to X as a Markov chain with (general) state space
G.

The basic ingredient needed to achieve this is a collection of time-dependent tran-
sition intensities, i.e., quantities g, (x, C) fort € Rg, x € G, C € G of the form

qt(-xs C) = CIt(x)Vt(xs C)
where

(1) g:(x) = gq: (x, G) = Ois the total intensity for ajump from x at time ¢, satisfying
that (¢, x) — ¢;(x) is By ® G-measurable and locally integrable from the right,

i.e., for all ¢, x, f;+h qs(x)ds < oo for h = h(t, x) > O sufficiently small;

(ii) for each ¢, r; is a Markov kernel on G such that (¢, x) — r;(x, C) is By ® G-

measurable for every C € G;
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(i) ri(x,{x}) =0forallt € Ry, x € G.

Here (iii) will ensure that at each finite 7,,, X performs a genuine jump, X7, # X7, —
a.s., which means in particular that ignoring a null set the filtrations agree, (.7-"tX ) =
(7).

The next result as a particular case contains the RCM construction of time-
homogeneous Markov chains (on a finite or countably infinite state space) from Ex-
ample 3.3.1.

Theorem 7.2.1 A sufficient condition for the step process X from (7.8) to be Markov
with respect to the filtration (F!*) with transition probabilities that do not depend on
X0, is that there exist time-dependent transition intensities q;(x, C) = q;(x)r;(x, C)
with q; and r; satisfying (i)—(iii) such that the Markov kernels P™, 7™ determining
the distribution Q = Q\|y, of the RCM . define a stable RCM for all xo € G and are
given by

t
Plo (1) = exp <— [0 qs(xo)ds>, 70 (C) = r1(x0, C); (7.9)

andforneN, tj <--- <t, <t, ¥1,...,m €G,

t
E’Z?xo(n—exp( /qs(ynms), 7" (€)= ri(yn. ©) (7.10)
In

with t > t, in the last identity.

Notation. For a stochastic process X, determined from a sequence of jump times and
jumps with a given arbitrary initial state xo, we shall write P(") o and yrz(:)tlxg for the
Markov kernels generating the jump times and jumps in order to exhibit the depen-
dence on xo. Note that the special structure of (7.9) and (7.10) implies that only for

n = 0 do the kernels actually depend on xp.

Theorem 7.2.2 Ifq;(x) and ry(x, C) do not depend ont, then X is a time-homogeneous
Markov chain.

In the homogeneous case one obtains a generalization of Example 3.3.1 with ex-
ponential holding times

P (1) = exp (= (1 — 1) g(3m)

and jump probabilities

7™ (C) =r(yn, C).

Zn t]xo

Note that the right integrability of the total intensity from (i) above is required
in order that (7.9) and (7.10) define survivor functions for probabilities on ]0, co] and
]tn, oo] respectively. It is not required, however, that f;+h gs(x)ds < ooforallh > 0,

i.e., (7.9) and (7.10) may specify jump time distributions with finite termination points.
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Proof. The proof relies on Lemma 4.3.3. Let 1 > 0 and consider the conditional
distribution of X = (X,),>s given F!. We want to show that it depends on the past
F! through X only. Conditioning on FF* amounts to conditioning on Ny = k, T} =
tryooo Iy = t, Y1 = )’1,'--7Yk =y forsomek e N, 0 <t < - <t <
S, ¥1,.-., Yk € G. Since also X is determined by 6, i1, the restriction of u to |s, co[ x
E, (see p. 56 for the definition of 6;), and since X; = yx on the set of conditioning,
the desired Markov property for X follows, using the lemma, if we show that

-k - &

PZk\xo (t)/PZkIXO ()
fort > s,
(k)
T otlxo

fort > s and

(k+n) ﬂ(k+n)

join(zx,Zn) |x0 * join(zx,Zn),t1x0
forneN, Z,=(f1,... .5 V1. ... . Ja) Witht <7 <o <ty <1, J1,..., % €
G, all of them depend on zx = (t1,... ,%; y1, ..., Yk) and xp only through y;. But

this is immediate using the explicit expressions for the P, 7 from the statement
of the theorem.

The time-homogeneous case follows by noting that when ¢;(x) and r;(x, C) do
not depend on 7, the conditional distribution of 8 given F1' depends on X; only and
not on s. Here 0t is 6, i translated backwards in time to start at time 0; cf. (4.55). O

In order for Theorem 7.2.1 to apply, one must of course first verify that the RCM
u determined by the Markov kernels (7.9) and (7.10) is stable. A useable sufficient
condition for this is contained in Exercise 4.4.2.

By defining the transition probabilities appropriately, one may obtain that the
Chapman—Kolmogorov equations (7.4) ((7.5) in the homogeneous case) are satisfied:
consider first the general (non-homogeneous) case, and for s > 0,x € G, let 0%*
denote the probability on (M, H) (tacitly assuming that explosions do not occur) de-
termined by the Markov kernels

% _ 1 t<s)
|S,x (t) — exp (_ j:: qu(x) du) (l Z s)
t
Fi:?w (t) = exp <_[z qu(x) d“) , (m=1,1t>1,)
(m)

jTZn,”S»X

:rl(yna')v (nz()at>tﬂ)
Then simply define

pst (x,C) = Q** (X7 € C) (7.11)
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where X; = 0y is the canonical chain on M with initial state X; = no = x. (The
proof that the Chapman—Kolmogorov equations are indeed satisfied is left as an ex-
ercise). Note that in terms of the probabilities Q**, the generalized Markov property
(7.6) for the Markov chain X may be written

P (o, € H|F!') = 0" (H) (7.12)

forallr and all H € 'H. (Since (X,),>, is determined by X; and 6, u, this in particular
gives P (F |F') =P (F |X,) forall F € F"X, cf. (7.6)).

In the homogeneous case, just define Q* for every x, using the Markov kernels
from (7.9) and (7.10) when neither g, (x") nor r;(x’, C) depends on ¢ and with x( there
replaced by x. The Markov property (7.12) now becomes

P(6;n € H|F') = 0% (H). (7.13)

With the setup used in Theorem 7.2.1, the RCM p determining the Markov chain
X has a compensating measure L, which has an F!*-predictable intensity process
A = (M(C))ceg (recall that L([0, 1] x C) = fot As(C)ds) given by

M(C) = q:i (X, 0), (7.14)
as follows from Proposition 4.4.1. Note that
M(C) = g (Xy—, C\X;-)

and that if  — A;(C) has limits from the right, it follows from Proposition 4.4.2 (b),
using (7.6) that

A (C) = g+ (X, C\XY)

1
=1im-P(T; | <t+h, X;1 € C\X;|X}),
hlﬂ)lh (Trh <t + 1,1 \X:|X;)

where X, ; is the state reached by X at the time of the first jump strictly after ¢ and
T;,1 is the time of that jump. If the conditional probability that at least two jumps occur
in ¢, t + k] is of the order o(h), then the limit equals lim %p,,ﬂrh (X, C\X;) and the
identity may be written

1
gr+ (X, C) = lim — (pt,t-l—h(Xta C) —e¢x, (C)) )
nl0 h

the expression usually associated with the concept of transition intensities. (The diag-
onal intensities g; (x, x) in the theory of Markov chains on finite or countably infinite
state spaces are defined as lim% (pm+h (x, {x}) — 1) = —q;(x)).

Consider again a Markov chain with transition intensities ¢; (x, C) as constructed
in Theorem 7.2.1. With the transition probabilities on the form (7.11), it is possible to
write down the backward and forward integral and differential equations  (Feller—
Kolmogorov equations): to obtain the backward equations, let s < ¢, C € G and use
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Lemma 4.3.3(bii) with k9 = 1 (condition on the time and value of the first jump) on
the probability O** to obtain

t
pst (x,C) = 1C(X)€XP< / qu(X)du)

/ du [G e exp( / %(x)dv) Pur (0, C).

This shows ps; (x, C) to be continuous in s and if u + ¢, (x) is continuous, it is then
an easy matter to see that py; (x, C) is differentiable in s with

Dxpst (X, C) - q‘v(x)th (X, C) - f qu ()C, dy) pSt (yv C) )
G\x
reducing to (and always true)
D p: (x,C)=/G\ q (x,dy) pi (y,C) —q (x) pr (x, C) (7.15)
X

in the homogeneous case where ps; = p;—s.

The forward systems are more delicate and additional assumptions are needed for
the derivation. Again, fix s, let C € G and now apply It6’s formula (Section 4.7) to the
process I(X;’ec) for t > s under the probability Q** on (M, H) (or for + > 0 since
we have that X; = x fort < s Q%*-a.s.), i.e., we are looking for a decomposition

Lixeec) = le(x) + U + M (S) (7.16)

for t > s with U predictable and continuous, U; = M{(S) = 0 and S a predictable
field. The indicator process on the left jumps only when ©° does and

Al(xsecy = AN, (1(X§L¢C,X,"EC) - 1(X,°,ec,xg>¢c))-

Identifying these jumps with those of the stochastic integral on the right of (7.16),
AM?(S) = (AN))S;" (recall that n) = X°), yields

S =1cWM(xs ¢e) = lee W (xz ec)
=1lc() = l(x; ec)-

Since the indicator process is piecewise constant, it only remains to choose U so that
the process on the right of (7.16) is also a step process, i.e., Uy = L7 (S). But

L° (dt,dy) = A dtné t(dy) = q,( ) dtry (X, ,dy)

and hence

U, = /du/qu e <1C(y)_1(XO eC))

_l du ( qu (Xu, C) 1(x;ec)4u (th)>
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Because S is uniformly bounded, it follows from Theorem 4.6.1(iii) that M°(S) is a lo-
cal Q%*-martingale (t,), which is a true martingale if E”‘N? =E [N, | X = x] <
0o. Assuming that this condition holds, (7.16) shows that E** |U;| < oo and taking
expectations in (7.16) then gives

t
Dst (x,C)=1c(x)+f du /Gpm (x,dy) (qu (¥, C\y) = 1c ) qu (»)), (7.17)

provided it is allowed to interchange E** and f f, e.g. if

t
/dufcpm (x,dy) qu (y) < 0.

A formal differentiation after ¢ in (7.17) finally yields

D;ps (x,C) = /G Pst (x,dy) (q: (v, C\y) — 1c (¥) q: (¥)) ,

in the homogeneous case reducing to

D;p; (x,C) =/sz (x,dy) (g (y,C\y) —1c () q (). (7.18)

When X is a homogeneous Markov chain on an at most countably infinite state
space, the backward and forward Feller—Kolmogorov equations were presented in Ex-
ercise 4.7.1. For a different derivation, see Example 7.7.2 below.

It is perfectly possible to have Markov chains (necessarily non-homogeneous) that
do not have transition intensities and we shall conclude this section with a discussion
of how they are constructed. The proof of Theorem 7.2.1 carries over to the case where
the Markov kernels P, 7 have the form

Pl (1) =Fyy(), 7\ (€)=ri (x0.C).

pw Fu® )
Poisg = 52050 Tty (©) =11 0, €,

where for each x € G, F, is the distribution function for a probability on R with
fx = 1 — F, the corresponding survivor function, and where for each ¢, r; is a
transition probability on G as in Theorem 7.2.1. The construction works in particular
for distribution functions F, with atoms.

For the expression for P ™ to make sense, it is natural to assume that F(z) > 0 for
all x and all ¢ € Ry. In the transition intensity case this would mean that f(; gs(x)ds <
oo for all + € Ry, a condition that is not needed as was noted above. In general

the condition F,(r) > 0 may be dispensed with by using families ( x|s )x €G5>0 of

survivor functions, with each F x|s the survivor function for a probability on |s, oo],
consistent in the sense that if s < ¢ and Fy|; () > 0, then

x|3 = Fx|, on Jt, o0].

xlv(t)
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One then defines

—n) Fy. () ift<t,
P 1) = Ynlln Zn
zubro (1) { 0 ifr >t

where t;n the termination point for the distribution with distribution function F.

n‘tn °

7.3 Construction and basic properties of PDMPs

We shall now discuss in detail the structure of piecewise deterministic Markov pro-
cesses (PDMPs), where the Markov chains treated in the previous section appear as a
simple special case. In turn the PDMPs are special cases of the piecewise deterministic
processes introduced on p. 25.

Just as for the Markov chains, we shall denote the state space for the PDMPs
by (G, G), but apart from assuming as before that G is countably generated with all
singletons {x} € G, we shall now also assume that G is a topological space with G the
Borel o -algebra (the o -algebra generated by the open sets).

As was the case for Markov chains, the starting point is an RCM p with mark
space E = G with ((T;), (Y,)) denoting the corresponding MPP. Also fix an arbitrary
initial state xo € G, and as in (3.12) define

(1)
Xi = f1 1y © (7.19)
with as usual N, the total number of jumps for w on [0, 7],
Zyy =T, ..., Ty Y1, o0, Yy,

and with each t — fz(:‘)x .

fz(:ﬁm () is jointly measurable in the arguments xo, z, = (t1, ... , t; Y1, ... , Yn) and

t. Finally, the £ are assumed to satisfy the boundary conditions

[0 =x0. I ) = v

(t) a continuous function on [t,, co[ assumed to satisfy that

so that if 7, < oo,
XTn = Yl’lv

i.e., ¥y, is the state reached by X at the time of the nth jump for .
Because of the continuity of the £, the process X is piecewise continuous with

jumps possible only at the time points 7,,. Also FX C F!* for all #. Markov chains are
obtained by taking " (1) = y» (with yo = xo).

The distribution of X is determined by that of u, i.e., through the Markov kernels
Pz(jl)xo and nz(:?t‘xO (depending on xg). To ensure that the jump times for u agree pre-
cisely with those of X, i.e., that X7, # Xr,_ whenever 7, < oo we shall assume

that
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7 ([, @) =0 (720)

for almost all values (z,, t) of (Z,,, T, +1) - (As was the case for Markov chains, (7.20)
is not required for the results below, nor is the continuity of the f. For convenience
we shall however maintain both assumptions).

The main problem to be discussed is that of finding out what structure must be
imposed on the Markov kernels P(nl)x0 ”z(,:l,)ﬂ o and the functions f ("l)xO in order for
X to be a Markov process, and, in particular, a time-homogeneous Markov process. We
shall furthermore impose the constraint that the transition probabilities of the Markov
processes do not depend on the initial state xp.

For s > 0, consider the conditional distribution of (X,),>s given Fi By (7.6)
X is Markov with respect to (f,“ ) iff this depends on the past F!" through X; only.
As always, conditioning on F¥ amounts to conditioning on Ny =k, Zt = zx =
e Y1, oo, yk) forsomek e Nog, 0 <ty <--- <ty <t, ¥y1,..., % €G
(cf. Corollary 4.2.2). On the set (N = k, Zi = zx), by (7.19),

X, = 5 (o), (7.21)

2kl xo

and until the time 7T ; of the first jump after s, X follows the deterministic function

t|—>f(k) ) (@=>y9).

zk|xo

Copying the proof of Theorem 7.2.1 and referring to Lemma 4.3.3, it now follows that
for X to be Markov with transitions that do not depend on Xy, it is sufficient that the
following six quantities (for arbitrary k, xo, 1, ..., t%, Y1,-.. , V) depend on these
2k 4 2 variables through X as given by (7.21) only:

O @ =5

kX0
a2 —(k)
Pl /P (8) (1 =) (7.22)
k
7 =)
and, forn € N, writing 2, = (1, ... .5 V1s..., o) Withs < 11 < -+ < 1,
yl,n- 7yn € G,
(k+n)
101N (24, Zx) %0
(k+n)
PjOin(ZkEn)lxo (7.23)
(k+n)

Join(ze.Z) 2o

with 7 > 7, in the last expression. We start by exploring the first of the three quantities
in (7.22). The requirement that this quantity depends on X only amounts to requiring
that for some function ¢y,

f;}f‘)m (1) = ¢si( ka o () (7.24)
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Taking s = #; and recalling the boundary condition fz(kkl)x0 (tx) = yx gives

k
£ @) =y ).
Inserting this general expression for £ in (7.24), and changing the notation gives

Gsu(¥) = bru(bs:(y)) O =s=<1=u,yeG), (7.25)

which together with the boundary conditions

éu(y) =y (@ €Rp) (7.26)

are the basic functional equations describing the deterministic behavior of a piecewise
deterministic Markov process: (7.19) becomes

Xt = o1 (Yir)) (7.27)

with Tyy = 0, Yy = Yo = xp on (N; = 0). More compactly (7.25) and (7.26) may
be written

Osu =Pruopsy (0=<s =<t =<u, Q1 = id (=>0),

id denoting the identity on G. In particular the ¢, form a two-parameter semigroup
under composition. The interpretation of ¢, (y) is that it denotes the state of the pro-
cess at time 7 if at time s it was in state y, and there were no jumps on the time interval
1s, t].

The time-homogeneous case, where ¢;; depends on s, ¢ through ¢ — s only, is of
particular interest. Writing ¢; = ¢ s+, for any s, (7.25) and (7.26) become

Gs+1(¥) = s (@1 (y)) (5,1 =0, y€G), po() =y (yeG) (728

or, in compact form

¢s+l =¢s;0¢;, o= id.

Thus the ¢; form a one-parameter commutative semigroup under composition. The
interpretation of ¢, (y) is that it denotes the state of the process at the end of a time
interval of length ¢, provided that at the start of the interval the process was in state y
and there were no jumps during the interval.

Having determined the structure of the piecewise deterministic part of the process,
it is now an easy matter to prove the following result, where D := {(s,t, y) € R% xG :
s <t}and

(1) g:(x) = g¢ (x, G) = Ois the total intensity for a jump from x at time ¢, satisfying
that (¢, x) — ¢;(x) is Bp ® G-measurable and locally integrable from the right
in the sense that for all 7, x, [Hh qs(psr (x))ds < oo for h = h(t,x) > 0
sufficiently small;
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(ii) for each ¢, r; is a Markov kernel on G such that (¢, x) — r;(x, C) is By ® G-
measurable for every C € G; ry(x, C) is interpreted as the conditional probabil-
ity that a jump leads to a state in C, given that the jump occurs at time ¢ from
state x.

(iii) r/(x,{x}) =0forallt € Ry, x € G.

The condition
rt (-xv {x}) = Oa (729)
from (iii) is essential to ensure that X has a discontinuity at each finite 7},; cf. (7.20).

Theorem 7.3.1 (a) Suppose ¢ : D — G is a measurable function which satisfies
(7.25), (7.26) and is such that t — ¢ (y) is continuous on [s, oo[ for all s €
Ro, y € G and suppose that q; and ry satisfy (i)—(iii) above. Then the piecewise
deterministic process X given by Xg = Yo = xo and

Xt = ¢T(,>,t(Y(I))

(with Ty = 0) is a piecewise continuous Markov process with transition proba-
bilities that do not depend on xq, provided the Markov kernels PZFZ"))CO, Z(:)tl 0
determining the distribution Q = Q\x, of the RCM . recording the jump times for
X and the states reached by X at the time of each jump, define a stable RCM for

all xo € G and are of the form

t
Pl (1) = exp (— /O qs(¢os(xo))dS>, (t € Ry)

70 (C) = (¢ (x0), C) (1 € Ry, C € G)

t]xo
andforneN, tj <--- <t, <t, yi,...,ym €G
t
PUL (1) = exp (— / qs(qszns(yn))ds), (730)
In
7 1 (€)= 11(y, e (3), C)(C € G), (7.31)

with t > t, in the last identity.

(b) The piecewise deterministic Markov process X determined by ¢ (y), q:(y),
r1(y, C) is time-homogeneous with transition probabilities that do not depend on
xo, Iif there exists a measurable function ¢ : Ro x G — G with ¢ (-) = id and
t — ¢,(y) continuous on Ry for all y, a measurable function ¢ : G — Rg and a
transition probability T on G with 7 (y, {y}) = 0, such that foralls <t, y € G

b (M) = s, @) =3O, ry, C)=7Fy,0).

The Markov kernels (7.30) and (7.31) then take the form



156 7 PDMPs

—(n) =ty
P 1x (1) =exp (_/0 q(és(yn)) dS> ,

7" (C) =r(@i—s,(3a), C) (C €G),

Zn»t|xo
using to = 0 and yy = xo.

Notation. In the sequel we always write ¢, g, r rather than 5, g,7 in the time-
homogeneous case, with ¢ then satisfying (7.28).

Remark 7.3.1 Note that forn > 1, P;:l)xO and nz(:')ﬂ 0 do not depend on the initial
state xg.

Proof. For part (a) we must show that the three quantities in (7.22) and (7.23) depend
on k, xg, zx through X = ¢, (k) only. For the first entry in (7.22) this follows from
(7.24) and (7.25); cf. the argument on p. 154 leading to (7.25). Next

- &)

P t
#“m = exp (— / qu(qs[ku(yk))du)
PZk‘x() (S) K

t
= exp <_/ qu(Psu(Xy)) d“) s

7 = (G (0))
=T (d’st(Xs)),

again using (7.25). As for the three quantities from (7.23), they depend on 7, y, and
(in the case of 7) ¢ only; in particular they do not depend on either of k, x¢, zx or s.
This completes the proof of (a).

To prove (b), one must show that when ¢, g, p are of the form given in part
(b), everything in (7.22) and (7.23), which we already know depend on s and X, =
®1,s (Vk) = ¢s—y (yik) only, either do not depend on s or, when evaluating a certain
quantity at a time-point ¢ > s depends on ¢ through ¢ — s alone. But this is immediate
since for instance

- k)

P o
%O([) = &xp (_/ ?(%—x(Xs)) du)
PZkIXo (5) $

t—s -
= exp (— fo 7@ (XS))du) .

(See also the last part of the proof of Theorem 7.2.1 for a more detailed argument).
O

With the PDMP X constructed as in Theorem 7.3.1(a), it follows that the F!'-
compensating measure L for the RCM pu determining the jump times and jumps for X
is given by
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Ldt,dy) = q; (X;-) dtr; (X;—,dy). (7.32)

Equivalently, for any C € ¢, the compensator A; (C) = L ([0, ¢] x C) has an ]—'t“ -
predictable intensity process given by

M(C) = g (X, )r (X—, C), (7.33)
and in the time-homogeneous case,
AM(C) = q(X;)r(Xe—, C). (7.34)

The Markov property of X is reflected in the fact that X,(C), which is of course also
.7-'tX -predictable, depends on the past (Xs)o<s<; through X;_ only. Note that the two
expressions are the same, no matter what the deterministic structure (the ¢g; or ¢;) for
X is. For X a Markov chain, (7.33) is simply the same as (7.14).

It is quite easy to generalize Theorem 7.3.1 to the case where the P do not have
densities: imitating the proof one only has to verify that the quantities in (7.22) and
(7.23) depend on the past through X only. The result is

Theorem 7.3.2 (a) Suppose ¢ : D — G is a measurable function which satisfies
(7.25), (7.26) and is such that t — ¢ (y) is continuous on [s, ool for all s €
Ro, y € G. Then the piecewise deterministic process X given by Xo = xo and

Xt = ¢T<,>,t(y(t))

is a Markov process with transitions that do not depend on x, provided the ™
are as in Theorem 7.3.1 and together with the P yield a stable RCM for arbitrary
xo € G with the P™ of the form

—( _
PZ:Z?XO (t) = Fln,yn (t) (t = tn)v

where for each s, y, Fs y is the distribution function for a probability on ]s, 0]
with survivor function Fgy = 1 — Fy y, and the Fyy satisfy that for s <t <
u, yeaG,

Fyy) = Fyy(1)Fy ¢, (v) (0. (7.35)

(b) The Markov process Xfrom (a) is tinle—homogeneous if ost = Pr—s, 11 (¥, C) =
r (y, C) and if in addition F y(t) = F (t — s) depends on s and t throught — s
only.

Remark 7.3.2 Theorem 7.3.1 is the special case of Theorem 7.3.2 corresponding to

t
fs,y(t) = exp <_/ Gu(Psu(y)) du) .
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Exercise 7.3.1 Let X be a PDMP as described in Theorem 7.3.2, and let & : (G, G) —
(G/ .G ) be a bimeasurable bijection (1-1, onto with 2 and h! measurable). Define
T, =Ty Yy =h@y), u = Zn:Tn/@o &(11.7)) and X; = h (X;) fort > 0. Show
that X’ is a PDMP (which is piecewise continuous if G’ is a topological space and h
is a continuous, but well defined in general) corresponding to the following choice of
plecew1se deterministic behaviour ¢/, survivor functions f;’v, and transition proba-
bilities r; on G’

N

/

p=hoguoh™, Fly=F g r(,C)=r(n""().h7"(C)).

The Markov properties (7.12) and (7.13) established for Markov chains have com-
plete analogues for PDMPs: for s > 0, x € G define the probability Q** on (M, H)
to be generated from the Markov kernels

1
PRO={g00 4o, e =n@.)
E’ZT“X (t) - Ftn }’n(t) (I’l = 1’t = tn) (736)

ﬂz(,r,l,)tlx,x =T (‘pt,,t(yn)a ) , Mz 11>1),

and in the homogeneous case, where ¢, = ¢;_g, Fy,y(t) = Fy (t—s)andr, =,
define Q* as the probability obtained from this when s = 0, i.e., Q" is generated by
the Markov kernels

PO =Fe). ) =r@).)

i"fx () =Fy,t—tn), (n=1,1>1) (7.37)
T[é:»)tlx =r (G-, (yn), ), (1=0,1>1,).
Then for all H € H,
P (6 € H|F') = Q"X (H) (7.38)
in general, and for the homogeneous case,

P(0f e H|F!") = 0% (H). (7.39)

We shall call (7.38) the general Markov property and (7.39) the homogeneous Markov

property.
The transition probabilities for the non-homogeneous (resp. homogeneous) pro-
cesses

psi(x,C) =0 (X7 € C), (pi(x,C)= Q% (X; € C))

where now X; = ¢, () with 79 = 5, 7o = x when N, = 0 (resp. X =
bt ( ) with 7p = 0, no = x) is the canonical Markov process on M, satisfies
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the Chapman—Kolmogorov equations (7.4) exactly. Equivalently to this, the transition
operators

Py f (x) =/ F(X7)do™,  Pif (x) =/ f(X7)do")

form a semigroup of operators, Py, = PPy, for 0 < s <t < u, (Pg4+ = PsP; for
s, t > 0) on the space of bounded and measurable functions f : G — R.
Note that both (7.38) and (7.39) hold simultaneously for all H,

PO e | A1) = "X (7.40)
and in the homogeneous case,
POfue-|F') = 0%,

meaning e.g. in the case of (7.40) that for w outside a P-null set, P (G;M € - |]-',“ ) (w)
and Q'@ are the same probability measure on (M, H) .

We shall discuss further the structure of PDMPs and begin with a discussion of the
solutions to the homogeneous semigroup equation (7.28).

It is immediately checked that a general form of solutions are obtained by consid-
ering a continuous injective map ® : G — V, where V is a topological vector space,
and defining

¢i(y) = @71 (@ (y) + tvo) (7.41)

for some vy € V. In particular, if G C R? one may take V = R?.

Different choices for ® in (7.41) may lead to the same ¢;(y): replacing ®(y) by
®(y) 4 v for an arbitrary v € V does not change anything. Also changing ®(y) to
K ®(y) and vy to Kvg for an arbitrary K # 0 does not affect the resulting ¢, (y).

Assuming that G = R, it is also possible to obtain partial differential equa-
tions for solutions of (7.28). By assumption ¢ +— ¢;(y) is continuous, in particular
limg 0 5 (y) = ¢o(y) = y. Suppose now that ¢ is differentiable at t = 0,

o1
lim —(¢s(y) — y) = a(y)
50§

exists as a limit in R . Then for € Ry, using (7.28)

1
D¢ (y) = lim — (544 (y) — &: ()
510§

¢ (@5 (¥) — d1 (y)
¢s (y) -y

1
= lslfg ;(qﬁs O -y
= a(y)Dy¢:(y),

so, assuming that the partial derivatives exist, we arrive at the first order linear partial
differential equation
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D1 (y) = a(y) Dy (y) (7.42)

with the boundary condition ¢(y) = y.
Because the ¢; commute under composition, a differential equation different from
(7.42) is also available, viz.

1
D¢ (y) = Eiln — (s (@ (¥) — #: ()

0s

resulting in the non-linear differential equation

D¢ (y) = a(¢i(y)). (7.43)

Examples of solutions corresponding to different choices of a are essentially (apart
from the first example and for the others, apart from possible problems with domains
of definition) of the form (7.41) with ® satisfying vy/®" = a (where now vy € R).
Some examples where K is a constant:

(1) Ifa=0, ¢:(y) =y, corresponding to the step process case.

(1) Ifa(y) = K, then ¢;(y) = y + K¢, yielding piecewise linear processes.

(ii) If a(y) = Ky, then ¢;(y) = yeX’ corresponding to piecewise exponential
processes.

@iv) Ify > Oonly and a(y) = %, then ¢, (y) = /y% + 2K, a solution that cannot
be used on all of Ry if K < 0. (However, using Theorem 7.3.2 it may still be
possible to obtain a homogeneous PDMP by forcing a jump every time ¢;(y)
reaches the critical value 0).

(v) More generally, if y > 0 and a(y) = Ky#, where  # 1, then ¢;(y) =
(1 KA =pn)

(vi) Ifa(y) = Ke™”, then ¢,(y) = log(e” + Kt).

If G c RY (withd > 2) analogues of (7.42) and (7.43) are readily obtained: write
¢:(y) as a column vector and assume that
o1
a(y) = lim = (¢s(y) — y) € R
510§
exists for all y and, assuming the partial derivatives do exist, deduce that

Dy (y) = (Dy¢r (»)) a(y) = a (¢ () (7.44)

where Dy ¢, () is the d x d-matrix with elements (Dy¢>, (y))l.j = Dy, ¢§ (y) with (;5; the
ith coordinate of ¢,. With V = R and ¢, (y) of the form (7.41) with & differentiable,

one finds
a(y) = (Dy@(») " vo

where (Dycb(y))ij = D, d'(y).
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Example 7.3.1 Let ; € Rfor 1 <i < d be given constants and define f = Z”ll Bi.
The functions

Bi/B _
. y,-<1+ 5 t) if B#0,
¢, (y) =

I ¥
Bi Yy -
i t =0,
reelnnt) P
are well defined for all y; > 0 and all t+ > O if B > 0, and for all y; > 0 and
t<—B" 19 yi if B < 0. It is easily verified directly that the ¢, = (1) ~j~, have
the semigroup property (7.28) (as long as they are well defined) with T
- Biyi
a(y)=——.
[T5y;

Thus the ¢; may be used to define a homogeneous PDMP with state space Ri as long
as in the case B < 0 the jumps occur early enough.

A particularly interesting choice of the jump intensities g (y) and the jump proba-
bilities  (y, -) is to take

q(y) = (7.45)

A
d
H] Yj
for some A > 0 and
r(y,-) =lawof (y;Ui)<j<q

with (U;)|<j<4 some d-dimensional random variable with all U; > 0. Then one
may show that the PDMP has the following multi-self-similarity property: if X&) =
(Xi’(xf))l<l. -4 denotes the PDMP with initial state x = (x;) € Ri, it holds for all
constants ¢; > 0 that

, i,<x,~/c,~>) @ ( (x))
(e xi a2 (X)L (7.46)
writing ¢ = ]_[‘11 ¢; and where @ stands for equality in distribution (between two

processes). Furthermore, using X® to define X&) = ]_['il X049 where ¥ = ]_['il X,
and if

1
A; = / A—ds,
Tl X®

satisfies lim;_, oo A; = 00 a.s., then defining a new process g(“) = (g,i (m))
1<i<d,u>0
where a = (a;) , a; = log x;, by a time-change through A,

gﬁ{’f“") =logX"™ (1<i<dt>0),
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it holds that ¢(® is a d-dimensional compound Poisson with drift: ¢(® has the same
distribution as the process with ith coordinate (1 < i < d)

Ny
ai+Bu+y Vi (=0
n=1

where N is a homogeneous Poisson process with intensity A and the V,, = (V,i) L<i<d

are iid and independent of N such that (V,:) g) (log Uy) .

Exercise 7.3.2 Show the multi-self-similarity property (7.46). Also show that if § <
0, the jumps for X come early enough, i.e., show that with the jump intensity func-
tion g given by (7.45),

1 d
P(Tl <—:1_[xl-) =1
B

where 7 is the time of the first jump for X ),
Show that the product process X @ isa (one-dimensional) piecewise linear PDMP.
More generally, show that if

d/
{a,... ,d}:UIk
k=1

where the i are non-empty and disjoint, then the d’-dimensional process XO =
(Xk,(xk))lfksd, where fk = l_[lk x; and

Xk Go = 1_[ X0

iely

is a multi-self-similar process in d" dimensions, of the same type as X ). And of
course the transition probabilities for X do not depend on the choice of x = (x;) .

A fairly general form of solutions to the functional equation (7.25) in the non-
homogeneous case is obtained by recalling the standard space-time device: if X is non-
homogeneous Markov, then (¢, X;) is time-homogeneous and piecewise deterministic
with, trivially, the time component increasing linearly over time with slope 1. With &
an injective map from the state space Rox G for (7, X;) to Rox V, with V a topological
vector space, this makes it natural to look for @ of the form ®(z, y) = (¢, ®;(y)) with
the deterministic part of (¢, X;) given by (7.41), using ® instead of ®, (s, y) instead of
v, and (1, vp) instead of vy. The end result is that with (®;),>( a family of injections
from G to V, the functions (¢s;)g<s<, given by

b5t (v) = O, (D (y) + (t — 5) vp)

for some vy € V satisfy the non-homogeneous equation (7.25) and the boundary
condition (7.26).
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7.4 Examples of PDMPs

7.4.1 Renewal processes

An SPP T = (T;),>; is a (0-delayed) renewal process with renewal times T}, (see
Example 3.1.3) if the waiting times V,, = T, — T,,_ (with Ty = 0) are independent and
identically distributed (with the possibility P (V,, = co) > 0 allowed). Write N; =

Y= L=<
Defining the backward recurrence time process X by

Xl =1 — T(l)?

(the time since the most recent renewal), we claim that X is time-homogeneous
Markov (with respect to the filtration (]:,X )). Note that Xo = 0, meaning that the
process is 0-delayed.

To verify this, we use Theorem 7.3.1 and assume that the distribution of the V,, has

hazard function u,
v
P(V, > v) =exp <—/ u(s)ds> .
0

(X will be time-homogeneous Markov even without this assumption, which is made
to make the example fit into the framework of Theorem 7.3.1. For the more general
result, use Theorem 7.3.2).

As state space we use G = [0, l [, with tT the termination point for the distribution
of the V,,. X is then identified with the MPP (7, ) = ((T,) , (Y,)), where the T}, are
as above, and Y, = X7, is seen to be always 0 on (7, < 00); in particular X can
be identified with the counting process N; = ) 1(7, <. Hence, when determining the
distribution of (7', ) we need only worry about PZ(: ) ,whereyj =y =---=y,=0
and similarly for the 7. By Example 3.1.3

) o
le»--z,,,()»--o(t) = exp <—/ u(s) ds)
0
(n)

and since Ty .00 = €05 and the deterministic behavior of X is described by X; =
br—T, (Yiry) where ¢, (y) = y + t satisfies (7.28), it follows from Theorem 7.3.1 that
X is time-homogeneous Markov with

o) =y+t, q@y)=uy), r(y, ) =ceo.

With X as defined above, X( = 0. But as a Markov process, the backward recur-
rence time process X may be started from any xg € [0, +T[ in which case, by Theorem
7.3.1 (b), with g(y) = u(y) and ¢;(y) = y + ¢, we find

— O 1
Pfx(f (t) = exp (— /0 u(x0+s)ds>, nffj)o = &0, (7.47)
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while the P(") and n(") . for n > 1 do not depend on xg, hence are exactly as
before. In the case where xo > 0, the sequence (7)) is an example of a delayed
renewal process, with the waiting times V,, independent for n > 1 but only (V,,),>2
identically distributed. Note that if U has the same distribution as the V;, forn > 2,
the distribution of Vj is that of U — x¢ given U > xy.

Consider again the O-delayed renewal process 7 = (7,) but assume now that
P (V, < o0) = 1. The forward recurrence time process X is defined by

Xi =T+ — 1,

the time until the next renewal. The state space for X is ]0, tT[ if P (Vn = t*) =0
and )0, '] if P(V,, = ¢7) > 0. We have Xo = T}, and to fix the value, Xy = %o, we
must condition on 77 = V; = Xy, i.e., all distributions must be evaluated under the
conditional probability P(-| 7} = Xp).

The MPP describing X is ((Ty,), (Y)) with T, as always the time of the nth re-
newal and

Y, = iTn =Th1 — Tn = Viq1.
The deterministic part of X is given by )?, = ¢r—s (Y1), where ¢;(y) = y — ¢.

Since also

0) - (n)
Plfo = &%, PZn|X0 Etyty, @m=1),

z t\xo Iy, 00D =P(V1 > y)

it follows from Theorem 7.3.2, that X is time- homogeneous Markov with respect to

(.7-",X ): the only problem is with the Pz(nl)x , but writing F twya @) = znlxo (t) we have
for s <tandall y,

— 1 ifr<s+y
F”(”_{o ift>s+y

which depends on s, # through 7 — s only and satisfies the required functional equation
Fgy(u) = Fgy(O)F; y_¢—s)(u) for s < ¢t < u and all y. Note that since 7,41 =
T, + Y,, one need only consider Pz(f) when | = Xy, fyy1 = t + yr and néf?, when
in addition r = #, + y;. B

Note that the filtrations (.EXN) and (]-'ZX ) for the backward and forward processes

are quite different: T4y is FX- but not FX-measurable (except of course in the
uninteresting case where the the V,, are degenerate, V,, = vg for some vy > 0).

Exercise 7.4.1 Assume that P (V,, < 00) = 1 and consider the two-dimensional pro-
cess (X , X ) . Discuss what the state space is for this process, and show that it is time-
homogeneous Markov. N

The assumption P (V,, < 0c0) = 1 is made to ensure that X is well defined as
a process with finite values. If P(V, = co) > 0, adjoin oo as an extra state, and
define X; = T+ — t as before with 7, = oo now possible. The state 00 is then
an absorbing state, reached with certainty (why?) in finite time. Show that X is still
time-homogeneous Markov.
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7.4.2 Processes derived from homogeneous Poisson measures

Let N be a time-homogeneous Poisson process with parameter A > 0, and let (Uy,)>1
be an iid sequence of R%-valued random variables, independent of N, such that
P(U, = 0) = 0. Let P denote the distribution of the U,. (This setup was used to
describe a compound Poisson process on p.135).

Let¢p : D - G = R4 satisfy the conditions of Theorem 7.3.1 (a) and consider
the piecewise deterministic process X = (X;);>0 given by Xo = xo,

Xt = o1y (Y1)
where the U,, are used to determine the jump sizes for X so that forn > 1,
AX7, =Un, Yu=Xr1, =01, ,,1, Yn-1) + Uy
with Yy = x¢. Identifying X with the MPP ((T},) , (¥;,)), we find
PUL (1) = e M)
and

nZ(:,)flxo (C) = P(1,:(yn) + Unt1 € €)
= P(C - ¢tnf(yn))'

It follows from Theorem 7.3.1 that X is a Markov process, which is time-homogeneous
if ¢, (y) is of the form ¢,_;(y). For the compound Poisson process (a step process:
¢;(y) = y) and the piecewise linear process with ¢;(y) = y + at we obtain processes
with stationary, independent increments; cf. Section 6.2.

7.4.3 A PDMP that solves an SDE

Let N be a homogeneous Poisson process with parameter A > 0 and consider the
stochastic differential equation (SDE)

dX; =a(X;)dt +o0(X;—)dN;, Xo=xp (7.48)

for an R-valued cadlag process X, where a and o are given functions with o (x) # 0
for all x. If a solution X exists it satisfies

Xt=X0+/
0

and is necessarily cadlag. To find the solution note that between jumps

t

a(Xs)ds—l—/ o(Xs—)dNg
10,7]

D/ X; = a(Xy),

which should be compared with (7.43), while because o (x) is never 0, X jumps pre-
cisely when N does and
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AX; = U(Xt_)ANt.
Suppose now that for every x, the non-linear differential equation

() =a(f@), fO)=x

has a unique solution f(#) = ¢;(x). Fixing s > 0 and looking at the functions ¢ >
Prys(x), t > ¢ (Ps(x)) defined for + > 0, it is immediately checked that both solve
the differential equation f/(r) = a(f(¢)), f(0) = ¢s(x), hence, as expected, ¢, =
¢ o Ps, Po = id, i.e., (7.28) holds.

It is now clear that (7.48) has a unique solution given by

Xi = ¢I*T(z> (Y(l>) , AXp,, =0 (¢Tn+17Tn (Yn))

where the T, are the jump times for N (and X) and Y,, = X7, with Yy = xo. (Note that
it is used in an essential manner that it is the term o (X,_) d N, rather than o (X;) dN;
that appears in (7.48)). It is now an easy matter to see that X is a time-homogeneous
PDMP: the Markov kernels for ((73,) , (¥,)) are
Fgf)\xo (t) = e~ M=)

()

Zn,t]X0

t=1n),

=&y (I>1),

where y = ¢, (yn) + 0 (qbt_,n (y,,)) , and hence X satisfies the conditions of Theo-
rem 7.3.1 (b) with ¢, as above, g(y) = X for all y, and

r(y,") =é&yto(y)- (7.49)

The reasoning above works particularly well because N is Poisson, but this implies
that the jump times for X are those of N and hence that X is a rather special type of
homogeneous PDMP. To obtain solutions X with a more general structure for the jump
times one must (apparently) let the driving counting process N in (7.48) depend on X
which is a most unpleasant prospect, but nevertheless it is still possible in a certain
sense to solve the SDE: suppose ¢ is a given intensity function and let N be given by
the Markov kernels P|§c(())) and PIS:(I)) (for n > 1 and yet to be determined) such that

t
?f;?; (t) = exp (—/0 q (¢s (m))) ds.

This distribution generates the first jump time 77 for N, which is enough to determine
the solution process X on the interval [0, T7], including the state Y| reached by the
jump at 77 if 77 is finite (and determines X completely if 77 = oo). But then we
should obviously use

—m t—T
Py, (1) =exp <—/0 q (¢ (Y1) dS) (t>T)

for generating 7> and thereafter X on |7, T3] if T» < oo (if T» = oo we are done).
The end result will be a homogeneous PDMP with ¢ (x) the total intensity for a jump
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from x to occur, solving (7.48) with N the counting process (not Poisson in general)
determined by the sequence (7},) of jump times. Of course X still has deterministic
jumps as in (7.49) — for more general jump structures, it is necessary to replace N
by an RCM p with some mark space E, and the term o (X;—) dN; in (7.48) by a
term [ S; w(dt,dy) for an F/'-predictable field S for example of the form §; =
o (X;—,y):if w = " e(r,,v,) is a homogeneous Poisson random measure, X is then
a PDMP with Poisson jump times and, since AX7, = o (XT,,—, Yn) ,

r(y,) = lawofby + o (y,Y)

where Y has the same distribution as the iid random variables Y,,.

7.5 The strong Markov property

Let X be a PDMP with an arbitrary initial state Xo = x, constructed from an RCM u
as in Theorem 7.3.2 using functions ¢, for the deterministic part, survivor functions
fu for the jump time distributions and transition probabilities r; for the jumps, with
the ¢5; forming a semigroup and the fw satisfying the functional equation (7.35).
With Q%* as in (7.36), we then have the Markov property (7.40)

P(Osp € -|Fl) = 0", (7.50)

and in the homogeneous case, where ¢5; = ¢r—s, fs,x(t) = F, (t—s)andr, = r
and Q* is defined as Q*%,

PO e |F*) = 0%. (7.51)

The strong Markov property, which we shall now prove, states that in (7.50) and
(7.51), the fixed time point s may be replaced by an arbitrary F!*-stopping time T.
Recall (Appendix B) that T is an F/*-stopping time if (T < ¢) € F!* for all # and the
pre-T o -algebra is defined as

Fp={FeF:FN(T<t) e F forallt}.

With T an F/*-stopping time, define the shift 6y : (T < 00) — M by

Oru (w) = Z (T (@), Yn(@))

n:'T(w)<T, (w)<oco

and the translated shift 67 : (T < c0) — M by

071 (w) = Z E(T(@)=T(@), Yy (@)

n:T(w)<T, (w)<oco

We write Tt, and YT, for the jump times and marks determining 6rp. Thus, if
T (w) < o0,
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Ori (@) = Z & (Tr.n (), Y10 (@)

n:Tr , (w)<oo
with T (w) < Tt,1 (w) < T12 (w) < --- . Note that forn > 1,
TT,n =1, OTW) s YT,n = nn (BT) (7.52)

on the set (T < 00).
It is straightforward to show that each Tt , is an F/*-stopping time and that Yt ,
is f#T . -measurable, as will be used below.

Theorem 7.5.1 (The strong Markov property.) Let T be an F!*-stopping time.
(1) It holds P-a.s. on (T < 00) that
P(6rp € -|FF) = QT4 (7.53)
(1) If X is time-homogeneous, it holds P-a.s. on (T < 00) that
P(0fu € |Fr) = QXT. (7.54)

Note. Both (7.53) and (7.54) should be understood as identities between probabilities
on (M, H).

Proof. We shall prove (i), (ii) is then an immediate consequence. In order to show
(7.53), it suffices to show that for all H € H,

P (6t e H |Fy) = 0" (1)

[P-a.s. on (T < o0) . This in turn follows if we show that for » > 1 and all measurable
and bounded functions f; : Ry x G — R, 1 <i < n, it holds that

E |:l_[fi (ti, mi) o Of !f#} = ENAT []‘[f,- (T, m)] (7.55)
i=1 i=1

This we shall prove by induction on n, and here the initial step for n = 1 is critical —
once that has been done the induction step is easy: suppose (7.55) has been established
for n — 1 with n > 2 and all F/*-stopping times T. Recalling (7.52) and the fact that
Tt ,—1 is a stopping time, applying (7.55) for n = 1 gives

j:#

B[(U00f) i (Pr ¥e) [Fh,, ] = (U 00f) Bt (1 orm)

where U = ]—[f’;ll fi (ti, n;) . Therefore

E [(U o 9,#) fn (TT,n’ YT)n) ‘f#] =E I:(U o 0’#) ETT,)I—]:YT.)I—] (fn (T]’ 771)) ’f'{f]
— ET,XT [UETn—I>n11—1 (fn (‘[1 s T}]))] s
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with the last equality following from the induction hypothesis. But by Lemma 4.3.3(bii)
and the definition of the Q°*,

ETn—1:Mn-1 [fn (7:1, 771)] = ET’XT [fn (tny 7’)”) |i:n—1]

since for n > 2 both quantities equal

/ Frnfl,nnfl (dt) / rt (¢r,l,lt (Mn=1), dY) Sn @, y),
Jtn—1.00] G

and we see that (7.55) holds for n.
It remains to establish (7.55) for n = 1. First approximate T by a sequence of
discrete valued stopping times Tg, where for K > 1,

00
k
Tx = Z 2_1(1((k—1)2*K§T<k2*K) + 00l (T=00)-
k=1

That (7.53) holds with T replaced by Tk is a direct consequence of the Markov prop-
erty (7.50): let H € H, F € ]-"#K and write Fgx = F N (TK = kZ_K) € }"152,,(.
Then, with tx; = k27X,

Q' Xk (H) dP = Q' Xigi (H) dP
Fx k Fxk k

= / l(eka“EH) dP
Fx k
= B (Fux 0 (0r, < H))
and
P (0r, € H |FE, ) = Q" Nk ()

follows (on the set (Tx < 00) = (T < 00)).
We now prove (7.55) for n = 1 by first noting that on (T < o0),

ETXT (fi (1, m)) = /]T ]FT,XT (dt) /Grr (o1 (XT),dy) f1(t,y)

with a similar expression for ETx-X1g (f1 (r1,m)) . Butif NTK = Nt we have for
t>Tg >T,

¢ (X1) = d1401 (D178 (XT)) = Y1500 (XT4)

and
Frx;p (t) = F1.x7 (Tk) Frye g, (1)

whence, on the set (NTK =N, T< oo) ,
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ETXT (f) (v, m)) = f]T ]FTK,XTK (dt) fG’t (¢rer (X1y) . dy) f1 (2, y)

1
= — F dt X ,d ‘.
Frx: (Tg) /]TK,oo] X (1) /cr’ (¢1: (X1) . dy) fi(t.y)

— EVXT(f1 (11, m))

as K 1 oo since Ty | T. Since also l(ﬁT —N1.T<oo) ~ I(T<oo), We finally de-
X ,

duce using dominated convergence that for F € .7-'# N (T < o0), writing Fg =
FN (NTK = NT),

/ EVST(fi (rm)) dP = lim | ETXTE (fy (11, ) dP
F K—oo Fx

= lim/ (f1 (z1, 1) o (Brge ) dP
K—o0 JFy

= lim fi (T 1, Yoy 1) dP

K—oo Fx

= /Ffl (Tr,1, Yr,1) dP

using that (TTK,I, YTK,I) (w) = (TTJ, YTJ) (w) for K = K (w) sufficiently large for
the last equality. ]

Example 7.5.1 If we apply the strong Markov property to the F/*-stopping time Tk
the result is a special case of Lemma 4.3.3(b) (special because now we have the addi-
tional structure arising from the PDMP X).

7.6 1t6’s formula for homogeneous PDMPs

In this section we shall discuss in more detail the structure of R?-valued piecewise
deterministic Markov processes, which are time-homogeneous.

The processes will be of the type described in Theorem 7.3.1 (b). Thus, if X =
(X);>0 denotes the process with a subset G C R as state space, X is completely
specified by its initial value X¢ = x¢ and the MPP ((7,,) , (¥,,)), where T,, is the time
of the nth discontinuity (nth jump) for X, and ¥, = X7, € R¢ is the state reached by
the nth jump, cf. (7.27), and

X, = ¢t—T<,> (Y(l))v

with ¢ describing the deterministic behavior of X between jumps so that ¢ — ¢;(y)
is continuous and satisfies the semigroup equation ¢s; = ¢5 o ¢, (s, ¢ > 0) with the
initial condition ¢ = id, cf. (7.28). Recall also that the distribution of ((7}), (Y¥},)) is
determined by
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—(n) t—ty,
Pzn\xo (t) = exp (—/0 q(ds(yn)) ds> ,
nz(:,)f\xo €)= r(¢l—fn (yn), ©)

with ¢ > 0 and such that 7 — ¢ (¢;(y)) is a hazard function for every y, and with r a
Markov kernel on G such that, cf. (7.29),

r(y,{yp =0 (y€G). (7.56)
If 11 is the RCM determined by ((T}) , (Y,)), we recall that u has F/'- and ftX -
compensating measure L given by

t
L([0,¢] XC):A,(C):/ As(C)ds
0

with the predictable intensity A(C) determined as in (7.34),
L(ds,dy) =q (Xs-) dsr(Xs—,dy). (1.57)
Finally, we shall assume that t — ¢, (y) is continuously differentiable, and writing

a(y) = D¢ (¥)]i=0

as a column vector with coordinates a;(y), we then have the differential equation
(7.44),

D (y) = a (¢:(y)) .

Suppose now that f : Ry x G — R is a continuous function, and consider the
process (f (¢, X;))s>0. We may then use Itd’s formula for MPPs, Section 4.7, to obtain
a decomposition of f (-, X) into a local martingale and a predictable process. To for-
mulate the result, introduce the space-time generator A acting on the space D (A) of
functions f that are bounded on finite time intervals and continuously differentiable
in t and y and with A f given by

d
Af @) =D f(t, )+ Y Dy f(t, Y)ai(y) +q(y) /G r(y,dy") (f(t,y) = ft, y).
i=1

(7.58)

That f is bounded on finite time intervals means that f is bounded on all sets
[0, ] x G fort € Ry.

Theorem 7.6.1 (a) For f € D (A) the process f (-, X) may be written

£ X) = £O.x0) + Us + / S? M(ds, dy), (7.59)
10.71xG
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where M is the martingale measure @ — L, (Ssy)szo,yeG is the ﬁx-predictable
field given by

S = f,y)— ft, Xi0) (7.60)

and U is continuous and FX -predictable with

t
U; =/ Af (s, X;) ds. (7.61)
0
The term

M (S) = / Sy M(ds, dy)
10,11xG

in (7.59) defines a local F!-martingale with reducing sequence (T,), and the
decomposition of f (t, X;) into a local martingale and an F!* -predictable process
is unique up to indistinguishability.

(b) If f € D (A) is such that Af is bounded on finite time intervals, then the process
M(S) is an F!-martingale and for all t,

t
Ep £t X0) = £(0.x0) + Epyg /O AF (s, Xy) ds (7.62)

= f(0,x0) + /Ot Ejxg Af (s, Xs) ds.
If in particular
Af =0, (7.63)
then the process (f (t, X¢)),>0 is an .}'[L-martingale and

Eixy f(t, X)) = f(0,x0) (=0).

Note. We write [, rather than [E for expectation in order to emphasize the fixed, but
arbitrary value of the arbitrary initial state xg.

Proof. (a). As in Section 4.7 we identify S by identifying the jumps in (7.59). Since
f € D(A) and X is continuous between jumps, f (-, X) jumps only when u does and
with the requirement that U in (7.59) be continuous it follows that

Af (t, X;) AN, = S*' AN,

which certainly holds if S is given by (7.60).
Note that because f and therefore also S is bounded on finite time intervals, with
|S| < K we have

/ |SY| L (ds,dy) < KA, < 00
10,£]1x G
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P-a.s. The convergence of this stochastic integral is used without comment below.

Having found S, we define U by solving (7.59) for U;. It then follows that between
jumps U is differentiable in ¢ (at least in the sense that increments between jumps,
U; — U, have the form f; D, U, du) and that D,U; is given by

DZUIZDl‘f(t’ Xl)+Dt/ SSYL(dS,dy)
10,1]1xG

But

d
Dif (t,X0) =Dy f (t, X))+ ) Dy, f (1, X;) D, X]

i=1
with X! the ith coordinate of X', and by (7.44), between jumps

D X; = Dtd’t—T(,) (Y<t)) =a (¢t—T<,> (Y<t>)) =a(X;).

Since also, by (7.57)
t
D, f SY L (ds, dy) = D, / dsq (X,-) / F(Xo_,dy) S
10,¢/1xG 0 G

=Q(Xz)/ r(Xi,dy) S},
G
using (7.60) it follows that between jumps

DU = Af (1, Xy)

and we have shown that (7.59) holds with S, U given by (7.60), (7.61).

Because S is bounded on all sets [0, 1] x G, by Theorem 4.6.1 (iiil) M (S) is an }}“—
local martingale with reducing sequence (7). The uniqueness of the decomposition
follows from Proposition 4.5.1.

(b) (7.59) together with the boundedness of f and A f on finite time intervals
shows the local martingale M (S) to be uniformly bounded on [0, ¢] for any ¢, hence
M (S) is a true martingale with, necessarily, expectation 0. The remaining assertions
are now obvious. O

A generalization of the theorem appears as Proposition 7.7.1 below.

Remark 7.6.1 For (a) the assumption that f be bounded on finite time intervals may
be relaxed: it suffices that for all ¢

sup / r(y.dy')|f(s,y) = fs,y)| < o0.
s<t,yJG
The conclusion in (b) may of course hold even without assuming that f and Af
are bounded on finite time intervals, but then great care should be used when verifying
first that M (S) is a local martingale and second that it is a true martingale.
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Suppose that 7 : G — R is continuously differentiable and bounded. Then f €
D (A) where f (¢, y) = h(y) and Af (¢, y) = Ah(y) where

Ah(y) = ZDyh(y)al(y)ﬁLq(y)/ r(y.dy) (h(3) —h(y), (7.64)

i=1

while (7.59) takes the form

t
h(X,) :h(xo)+f Ah (Xy) ds+/ Sy M(ds, dy)
0 10,¢1xG

with
Sy =h(y)—h(Xs).

The operator A, acting e.g., on a suitable subspace of the space of bounded /4, such
that Dyh exists and is continuous with AA continuous, is a version of the infinitesimal
generator for the time-homogeneous Markov process X. If also Ak is bounded (as is
usually assumed when defining the domain of the generator), by (7.62)

t
Ep b (Xp) = h(xo) + fo Ej AR(X,) ds,

from which one obtains, when using the continuity of A%, the familiar formula for the
generator,

1
Ah(xo) = lim (IE|xOh(X,) — h(x0))

hm (Pth (x0) — h (x0)), (7.65)

which is valid for arbitrary initial states xg.

In the next section we shall discuss in detail a specific version of the generator,
what we refer to as the full generator, where one essential aspect is to extend the
domain to allow for certain functions that need not be continuously differentiable.

Remark 7.6.2 It is not difficult to generalize the version (7.59) of Itd’s formula to
non-homogeneous PDMPs: suppose that

Xt = ¢T<,>,t (Y(t>)

where the ¢y, satisfy the semigroup property (7.25) together with (7.26) and that fur-
thermore the Markov kernels generating the jump times and jumps for X are of the
form

t
in?xo (1) = Y ( / q‘v((ptns(Yn)) dS) ,
n

7,0 (©) = ri (@1, (Om), ©).
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Then provided ¢ — ¢, (x) is continuously differentiable on [s, oo[ for all x, one may
obtain, for functions f that are bounded on finite time intervals and otherwise smooth
enough, decompositions of the form

t
£t X)) = £(0,x0) + f A f (s, Xy) ds + / S M(ds, dy)
0 10.61xG

with § as in (7.60). Here
d
Af (6, ) = Dif(t,y) + ) Dy, ft, y)ai(t, y)
i=1

+ai) [ 0ud) (P = £)
G
where a; (¢, y) is the ith element of the column vector

Dy b (¥) lu=t -

We shall conclude with a brief discussion of It6’s formula and the structure of the
generator for general homogeneous PDMPs constructed as in Theorem 7.3.2, i.e., the
conditional distributions Pz(:l)xo of the jump times may have atoms and need certainly
not have densities, as has been otherwise assumed so far in this section.

For such a general PDMP X it is still possible to establish an Itd formula, e.g., for
h : G — R one attempts to write

h(X;) = h (Xo) + U; + local martingale, (7.66)

with U ]—",X -predictable, Uy = 0. Since the compensating measure L for ((7,) , (Yy))
may now have jumps, typically also U will have jumps, and to find the decomposition
(7.66) one must argue as in Examples 4.7.3 and 4.7.4. The decomposition is partic-
ularly nice if U is continuous, even absolutely continuous, so that for some function
Ah,

t
h(X;) =h(Xo) + / Ah (X;) ds + local martingale;. (7.67)
0

This requires that 4 have a special structure and one would then call the space of such
h with i, Ah both bounded and the local martingale a true martingale, for the domain
of the extended generator with of course Ah the value of the generator applied to /.

We shall not pursue this general discussion here but illustrate what happens by an
example.

Example 7.6.1 Let X be the forward recurrence time process from Subsection 7.4.1,
ie., X; = Tyy+1 —t where T, = Vi +- - -+ V), is the sum of independent waiting times
with the Vj identically distributed for £ > 2 according to an arbitrary given distribution
F on R4 and where N; = Y 7° (1, <. Starting X at a given state xo € G with
xp > 0 (where G = ]0,t"[if P(V, =) =0and G = ]0,+T] if P(V, =17) > 0,
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t™ denoting the termination point for the distribution of the V,,) corresponds to the

PDMP-description ¢; (y) = y — ¢, P|§c(3)) = &y, Pz(:‘)xO = &4y, forn > 1 and
nz(:)t‘m (Iy, 0o[) = F (y), as shown in Subsection 7.4.1.

Suppose now that 4 : G — R is continuous and such that the limit #(0) =
lim, o h(x) exists. We wish to determine for which & we can write i (X;) in the form
(7.67) and to identify Ah. Note first that with Xo = x, the compensating measure for
the MPP ((T,,) , (Yp)) (with ¥,, = T,41 — T,, = V41 a.s.) is given by

L(dt.dy) =) er,4y, (dt) F(dy)

n=0
o
=Y er,., (d) F(dy)
n=0
a.s., and consequently, any X -martingale has the form

M; () :/ 87 (u(ds, dy) — L (ds, dy))
10,11xG

N, y
=35 (st [ sy Fan)
n=1 G
for some predictable field (S3) . In particular M (S) is constant between jumps and
AM, (S) = AN, (S,Y“) — / S)F (dy)) ) (7.68)
G
Now, because / is continuous / (X) jumps only when N does and

AR (X)) = AN (h (v,) = h ©) (7.69)

since for all n, X7, = 0. Matching the jumps from (7.68) and (7.69) show that they
are equal if S} := h(y) and h (0) = [;h(y) F(dy). Since for t € [Ty, Tys1[.
h (X;) = h (Y, — t) itis now clear that the following decomposition holds: suppose &
belongs to D (A) defined as the space of bounded continuously differentiable functions
h with bounded derivative 4’ and such that 4 (0) = f g " (y) F(dy) . Then, under any
]Plxo s

t
h (X;) = h (xo) —/ W' (Xs) ds + My (S)
0

with M (S) a martingale. D (A) is the domain of the extended generator and Ak = —h’
for h € D (A) . In particular for s € D (A) and all x € G,

t

Pth(x)zh(x)—/ P,i (x) ds. (7.70)
0
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If instead of the forward recurrence time process we consider the joint process
X = (X . X ) with X the backward and X the forward recurrence time process (see
Exercise 7.4.1) a similar reasoning applies: the state space is G? = [O, il [ X ]0, tT[ af
P(Va=1")=00orG® =[0,17]x]0, 7] Gf P (V,, = ¢7) > 0), we have ¢ (x, %) =
(x + 1, X — 1) and, corresponding to an initial state xo = (xo, X9) € G® with ¥ > 0,
we find writing

Zl’l = (tlv"' 3tn;y11"' 7y;1)
that
0 —
PO =5 PUN =5, T (01 x 1y 00D = F ()

with the only relevant marks y, = (yy, y,) having the form (0, y,,) .
The local martingales are essentially as those above,

W, - .
M ($) =Y (S%f’y") - /G s F (di))

n=1

with
AM,(S) = AN, (S,(O’?") - /G SOV (d%)
and for & : G® — R continuous,
Ah (X, X,) = AN, (h (o, ?ﬁt) —h (X, 0)) .

Consequently, taking St(o,i) = 1 (0, 7) the jumps for M (S) and k (X, X) will match
if h (x,0) = h (0,0) forall x and h (0, 0) = [, h (0, 5) F (d¥) . It follows that

t

h(X:, X;) = h (xo, %) + / Ah (Xy, X,) ds + M, ()
0

with M (S) a martingale provided /& belongs to the domain D (A(2)) consisting of all
bounded and continuously differentiable 4 such that

APh = (Dy — Dy)h

is bounded and /2 (x,0) = 1 (0,0) = [ h (0, %) F (dy) forall x € [0, 7] .

7.7 The full infinitesimal generator

We continue the study of a time-homogeneous PDMP X with state space G C R? of
the form considered in the previous section: X; = ¢t—T<,) (Y <t>) with the ¢; forming
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a semigroup under composition, g (y) the intensity for a jump from y and r (y, -) the
distribution of the state reached by that jump. In particular all the 7}, have a distribution
with a density with respect to Lebesgue measure on R (plus possibly an atom at co).
We shall assume that the function ¢ + ¢, () is continuous for all y, but it need
not be differentiable, as assumed in the discussion of the generator in the previous
section. To ease the notation we shall often write ¢,y instead of ¢; () .
We shall call a measurable function z : G — R path-continuous if the function

t— h(¢ry) (7.71)

is continuous for all y, and path-differentiable if the function given by (7.71) is con-
tinuously differentiable.

If & is continuous, it is of course also path-continuous since by assumption ¢; (y)
is continuous in z. In the one-dimensional case, d = 1, path-continuity may well (but
not always, see below) be equivalent to continuity, but if d > 2 there will typically be
functions that are path-continuous but not continuous: path-continuity of £ amounts
only to requiring 4 (y,) — h (y) when y, — y in a specified manner, e.g., in the form
yp=h ((ﬁ,ny) with 7, | 0.

The concept of path-continuity depends on the semigroup (¢;) . The special case
of Markov chains, i.e., ¢; (y) = y forall ¢, y, is exceptional: by (7.71) any measurable
function 4 is path-continuous!

If 4 is continuously differentiable and 7 — ¢, (y) is continuously differentiable so
that, see (7.44), D;¢; (v) = a (¢;y), it follows that & is path-differentiable with

d
Dih (¢iy) =Y Dy ($ry)ai ($ry) . (7.72)
i=1

Again, for d = 1 path-differentiability of /# often implies differentiability, but for
d > 2 it does not. And the Markov chain case ¢, (y) = y is still exceptional: any
measurable / is path-differentiable.

Suppose now that £ is path-differentiable. Then for all r > 0,

1
Dih (dry) = lsif(} 5 (h (Ps41y) = h (d1y))

1
= lvlin — (h (s (P:y)) — h (:y)) -

0s

For t+ = 0 we obtain the limit
1
3y (h) (y) == lslfg 5 (h (¢sy) —h (¥)) (7.73)

and then see that

Dih (¢ry) = 8ph (¢ry) (1 =0). (7.74)

For the remainder of this section, assume that the PDMP X has the following path-
continuity property: for any bounded and path-continuous h it holds that
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t> g (1) fG r (@ey.d5) h (5) (1.75)

is continuous. Taking h = 1 it follows in particular that then ¢ is path-continuous.

Definition 7.7.1 The full infinitesimal generator for the homogeneous PDMP X, is
the linear operator A given by (7.76) below acting on the domain D (A) of bounded
measurable functions 4 : G — R such that

(i) h is path-differentiable with 54/ path-continuous;
(i) the function Ak : G — R given by

Ah(y) = dph (y) +q (y) /G r(y.dy) (h(3) —h () (7.76)

is bounded.

Note thatif # € D (A), then by (i) and (7.75), Ak is path-continuous.

Suppose that & is bounded, continuously differentiable and that r +— ¢, (y) is
continuously differentiable. Then 7 € D (A) provided A# is bounded and Ah = Ah
with Ah given by (7.64), cf. (7.74) and (7.72).

Note that always & = 1 belongs to D (A) with Ah = 0.

Example 7.7.1 Suppose X is a Markov chain so that ¢, (y) = y. Then both (7.75)
and (i) from Definition 7.7.1 are automatic for any bounded and measurable /, and it
follows that & € D (A) iff & is bounded and measurable with Az bounded, where

Ah(y) =q (y) /G r(y.dy) (h(y) —h (). (7.77)

The general theory of (time-homogeneous) Markov processes contains various
definitions of the generator and in particular of its domain. For most standard def-
initions the domain would consist entirely of continuous functions, and one would
presuppose that the transition operators

Ph(x) =Eh (X)) = /h (X?) dQ*

(see (7.37) for the Markov kernels defining Q%) for + > 0 should map any bounded
and continuous function % into a continuous function P;4. Here (see Theorem 7.7.4
below) we shall only use that path-continuity is preserved. The difference between the
two approaches is of course particularly startling in the Markov chain case: as we saw
in Example 7.7.1, for our definition of D (A) it is certainly not required that &z € D (A)
be continuous.

It is of course advantageous to have the domain of the generator as large as pos-
sible. At the same time though, it is important that the domain should have the property
that if & belongs to the domain, so should P;% for any ¢. This fact we establish for the
domain D (A) in Theorem 7.7.4 below. First, however, we give a generalization of
1t6’s formula (7.59). Recall that f : Rg x G — R is said to be bounded on finite time
intervals if it is bounded on all sets [0, t] x G for ¢ € Ry.
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Proposition 7.7.1 Suppose that f : Rg x G — R is bounded on finite time intervals
and measurable with t +— f (t, x) continuously differentiable for all x and x +—
f (¢, x) path-differentiable for all t. Then

f @, X)) = f(0,Xo) + /Ot Af (s, X5) ds + /]O e Sy M (ds, dy) (7.78)
where
Af @, x) =Di f (t,x) + 8¢ f (1, X) +q (x)fGr (x,dy) (f (t,y) — f(t,x))
and where (S}) is the predictable field

S’ =f@y)—f X0)

and M is the martingale measure determined from the MPP ((T,) , (Y,)) . In the de-
composition (7.78), the stochastic integral M (S) is a local F!*-martingale.
Furthermore, if h € D (A), then

t
Pih(x) = h(x) +/ P (Ah) (x) ds. (7.79)
0
Note. 8y x f (2, -) is the function obtained by path-differentiating f (¢, x) as a function
of x.

Proof. For the first assertion, just repeat the proof of Theorem 7.6.1(a), using that
by the assumptions on f, the process (f (¢, X;)),;~o jumps only when the RCM u
does and that between jumps ¢ — f (t, X;) = fi(t, ¢t—T<;> (Y<t>)) is continuously
differentiable with derivative

D f(t, X;) + 8 f (&, Xy).

Next, arguing exactly as in the proof of Theorem 7.6.1(b) one sees that when
f (@, x) = h(x) with h € D(A), the last term on the right of (7.78) is a martin-
gale under P|, for any x and (7.79) then follows taking expectations and using that

t t
E|x/ Ah (Xy) ds:/ . Ah (Xy) ds. O
0 0

Before proceeding we need two simple auxiliary results.

Lemma 7.7.2 Suppose h is bounded and path-continuous. Then for all x € G the
function t +— P;h (x) is continuous, and if h € D (A) the function is continuously
differentiable with

Dy (P;h) (x) = P; (Ah) (x) . (7.80)
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Proof. Fix t and consider s — h (X;) = h ((ps_m> (Y(S))) . Because of the structure
assumed for X the distribution of any of the jump times 7,, has a density under any
Px and hence it holds IP|, -a.s. that 7,, # ¢ for all n and therefore also, since # is
path-continuous, that s — & (X;) is continuous at ¢ P, -a.s. Now use dominated con-
vergence to see that s — Pgh(x) is continuous at t. Applying the first assertion of the
lemma to Ak shows that s — P (Ah) (x) is continuous so (7.80) follows immediately
from (7.79). O

Note. Since there are PDMPs such that for some xg, ng and ?#p it holds that
Py, (T,,O = to) > 0, it is not true in general that P,i(x) is continuous in ¢ if 4 is
bounded and path-continuous. But the continuity does hold if for all x and n, T, has
a continuous distribution under P, i.e., there need not be densities as is otherwise
assumed for the PDMPs considered in this section.

The next useful result is easily shown by conditioning on (77, Y1) and using the
strong Markov property, Theorem 7.5.1.

Lemma 7.7.3 For any bounded and measurable h : G — R it holds for any x € G,
t > 0 that

t

Pih (x) = h (¢rx) exp (—fo q (Pux) du)

t u
+/0 du g (¢ux) exp (—/0 q (pvx) dv) /Gr(%x,dy) Pi_uh (y). (7.81)
Note. (7.81) is the backward integral equation for the functions P;h.

We can now prove the main result of this section.

Theorem 7.7.4 Suppose that h € D (A) . Then Psh € D (A) forallt > 0 and
A (P;h) =P, (Ah). (7.82)

Proof. Fix h € D(A), t > 0 and consider P;2. We must show that P,/ satisfies (i)
and (ii) of Definition 7.7.1 and start by showing that s — P;h (¢sx) is continuously
differentiable. Using (7.81) with x replaced by ¢, (x) together with the semigroup
property of the ¢, gives

t

Pih (§sx) = h (G 45x) exp <— /0 9 (Guss) du)
t u
+/0 du q (pu+sx) exp <_/0 q (PuysX) dU) /Gr (Putsx, dy) Pr_yh (y)

t+s
= h (¢r4s5x) exp <_f q (Pux) d“)
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K t+s u
+exp ( / ¢ (o) dv) / duq(¢ux)e><p<— / 7 (o) dv)
0 s 0

X/GI’(d)ux,dy) Prys—uh (y). (7.83)

From this one verifies first that P;4 is path-continuous, using in particular that s
Pys—uh (y) is continuous by Lemma 7.7.2. Consider next the two terms after the last
equality in (7.83). The first term and the first factor from the second term are continu-
ously differentiable as functions of s because ¢ is path-continuous by assumption and
because i € D (A). By Lemma 7.7.2 also s + Py, (y) is continuously differ-
entiable with derivative P4, (Ah) (x) . Therefore the integral from s to ¢ + s in the
final term of (7.83) is differentiable with respect to s with derivative

t+s
q (¢r45x) exp (— /0 q (pvx) dv) fG 7 (rysx,dy) h(y)
—q (¢sx) exp (—/0 q (pvx) dv)/Gr(zﬁsx,dy) P:h (y)

t+s u
+/ du g (¢ux) exp <—f0 q (¢vx) dv)/Gr(qﬁux,dy) Piis—u (Ah) (y).

That this is continuous in s follows from the path-continuity of P,/ established above,
(7.75) and the simple observation that for all s,¢,u and y, |P;q5—y (Ah) (¥)| <
sup, |AR ()| < oo.

Having shown that P,/ is path-differentiable, we finally compute 4P,/ directly
(the expression for the path-derivative resulting from the calculations above is useless
for proving (7.82)): consider

(Pih (¢5x) — Pih (x))

1
=7 ((Pyrh (x) — Peh (x)) + (Prh (¢sx) — Pyyrh (X)) . (7.84)
By Lemma 7.7.2,
lif(r)l % (P4 (x) —Prh (x)) = Py (Ah) (x) . (7.85)

Next, write

Poyih (x) =Ejxh (Xoqs) Liryss) + Eix h (Xsr) 11y<9)

and use the Markov property to see that E\y [h (Xo4) |FX | = Pih (X5) = Pih (¢5x)
on the set (T7 > ). Thus

1
- (P (¢sx) = Poyih (x))

1 s 1
;ch (psx) (1 — eXp <_/0 q (Pux) du)) - ;Elxh (Xs+0) Ly <s)-
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As s | 0, the first term converges to g (x) P;4 (x) . Then rewrite the second term as
1 N u
" / du q (¢ux) exp (- / q ($vx) dv) / r (Qux,dy) Psyi—yh (y).  (7.86)
0 0 G
Because by (7.79)

S+t—u
[Psti—uh (y) — P (¥)] = / [Py (Ah) (¥)| dv
1

< (s —u)sup|Ah (')
y/

)

the expression (7.86) has the same limit as s | 0 as
1 N u
3 / du q (¢ux) exp <—f q (¢vx) dv) / r (¢ux, dy) Pih (y)
0 0 G

- g /G r G, dy) P (),
the convergence following from (7.75). We now have
?i%% (Poh (§3) — Py (¥)) = g () fG r (. dy) Pk () — Pyl ()
and combining this with (7.85) and inserting into (7.84) we finally get
59 (Pih) (v) = Py (AR) () + ¢ (x) /G F (x, dy) (Pl (x) — P ()
ie.,
AP) (x) = 8¢ (Ph) () + ¢ (1) fG r (o, dy) (Pl (v) = Prh (1))

equals P; (Ah) (x) and is bounded. U
Combining Theorem 7.7.4 with Lemma 7.7.2 we obtain

Corollary 7.7.5 For h € D (A) and any x € G, the function t — P:h (x) is continu-
ously differentiable and satisfies the backward differential equation

D/P;h (x) = A (P:h) (x) (7.87)
and the forward differential equation

D:P:h (x) =P; (Ah) (x). (7.88)



184 7 PDMPs

Example 7.7.2 If X is a Markov chain we saw in Example 7.7.1 that any bounded
and measurable & belongs to D (A) . By (7.77), (7.87) takes the form

DiPih (x) = q (x) /G r(x,dy) (Pih (y) —Pih (x))

which in fact also follows directly from (7.81) when ¢, (x) = x.

If G is at most countable, X is a standard Markov chain on a finite or countably
infinite state space. Labelling the states by i, j rather than x, y and writing p;; (f) =
P; (X; = j) for the transition probabilities and g; = ¢ (i) and g;7 (i, {j}) = g;; for
i # j for the transition intensities, taking h(i) = 1(; (i) = §;; for some given j we
see that (7.87) becomes

Dy pij (1) = —qipij (1) + Z qik pij (1), (7.89)
Kekoti

while because for any & € D (A),

Pi (Ah) (i) = Ej; Ah (X1)
=Ej ( > ax,eh () —gx,h (Xt)> :
CUEX,
(7.88) reduces to
Dypij(t) = —q;pij () + Y qijpix(1). (7.90)
kik#j

Here (7.89) and (7.90) are respectively the classical backward and forward Feller—
Kolmogorov equations for the transition probabilities (cf. (7.15) and (7.18)). When
solving them one uses the obvious boundary conditions p;; (0) = §;;.

7.8 Stationarity

Suppose X is a time-homogeneous Markov process with state space G C R¢ (or G
e.g., a subset of a Polish space) such that X is right-continuous. As usual p; denotes
the transition probabilities and P, the transition operators for X; cf. Section 7.1.

Definition 7.8.1 A probability measure p on (G, G) is invariant for X if forall t > 0
andall A € G,

/Gp (dx) pi (x, A) = p (A). (7.91)

An invariant probability is also called a stationary distribution for X.

If h : G — R is bounded and measurable and p is a probability on (G, G) , write
p(h) = f G P (dx) h(x). The condition (7.91) for p to be invariant is then equivalent
to
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p (Ph)y =p ) (=0) (7.92)

for all bounded or measurable /, or just for all / in a determining class, i.e., a class C
of bounded and measurable functions % such that the condition p{ (k) = p; (h) for all
h € C, where p; and p, are probabilities on G, implies that p; = p>.

Apart from the transition probabilities p, we shall below also use the Markov
kernels v; on G defined by

t
Y (x, A) = %f ps (x, A) ds (7.93)
0

fort > 0, A € G. Clearly, if p is invariant also

fGP (dx) ¥ (x,A)=p(A) (>0,A€0). (7.94)

The converse follows because X is right-continuous:

Lemma 7.8.1 If p is a probability on (G, G) such that (7.94) holds, then p is invari-
ant.

Proof. (7.94) implies that, writing ¥, (x, h) = fG Yy (x,dy) h(y),

/G p(dx) ¥r (x. ) = p(h)

for, in particular, all bounded and continuous # : G — R. Equivalently

t
/ ds / p (dx) Psh(x) =tp (h).
0 G

But t — P:h(X;) = Ejxh(X;) is right-continuous since % is continuous and X
is right-continuous, so differentiating from the right with respect to ¢ we obtain
o (P;h) = p (h) for all > 0. Since the bounded and continuous / form a determining
class it follows that p is invariant. O

That p is invariant for X is equivalent to saying that if X has initial distribution p,
then X, for all ¢ also has distribution p. But because X is Markov it then also follows
that the joint distribution of (X,l+,, e, X,”H) foranynandany 0 <# < --- <t,is
the same for all # and, a fortiori since X is right-continuous, that the P ,-distribution of
the process (Xs4¢),~o does not depend on ¢: X with initial distribution p is a strictly
stationary process. (To verify that the distribution of the vector (X PPETRAD § ,n+,)
does not depend on ¢, proceed by induction on n and use the Markov property, e.g.,
for h; bounded and measurable one writes

k=1 k=1

n n—1
E, [ [ (Xy:) =B, (1‘[ hi (XW)) Pyt (Xi,_y14))-
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In general the problems concerning the existence and uniqueness of invariant prob-
abilities are very difficult. And even should a unique invariant probability exist, it may
be quite impossible to find it! We shall here consider the class of homogeneous PDMPs
also treated in Section 7.7 and for these processes establish what is the standard equa-
tion for finding the invariant probabilities. Then we continue with a discussion of some
of the recurrence properties shared by the PDMPs that do have an invariant probability.
At the end of the section we give some examples related to renewal processes where
there is a unique invariant probability, and where it can be determined explicitly.

So suppose now that ¢ > ¢; (x) is continuous for all x and that X is otherwise de-
termined by the path-continuous jump intensity x — ¢(x) and the jump probabilities
r (x, -) satisfying (7.75). Consider the full infinitesimal generator A for X, defined on
the domain D (A) (Definition 7.7.1).

Theorem 7.8.2 Suppose that D (A) is a determining class. Then a probability p on
(G, G) is invariant if and only if

p(Ah) =0 (heD(A)). (7.95)

In particular, if there is only one probability p that satisfies (7.95), then the invari-
ant probability p is uniquely determined.

Proof. Suppose p is invariant. Then for 1 € D (A), since p (P;h) = p (h) and
o (Ps (Ah)) = p (Ah) it follows directly from (7.79) that p (Ah) = 0.

If conversely p (Ah) = 0 forall h € D (A), by Theorem 7.7.4 also Psh € D (A)
forevery s and p (Ps (Ah)) = p (A (Pyh)) = 0. Inserting this in (7.79) gives p (P;h) =
p (h) for all ¢; since D (A) is a determining class this implies that p is invariant. [

By repeating the second part of the proof one immediately obtains

Corollary 7.8.3 Suppose Dy C D (A) is a determining class such that P; : Do — Dy
for all t. If p is a probability on (G, G) such that

p(Ah) =0 (h € Dy),
then p is invariant.

Example 7.8.1 Suppose X is a Markov chain. From Example 7.7.1 we know that
D (A) consists of all bounded and measurable 4 so D (A) is trivially a determining
class. Retaining the notation from Example 7.7.1 it follows that a probability p is
invariant iff

[ o ato) [ redy) o)~ o =0
G G
for all bounded and measurable 4. By Corollary 7.8.3 it e.g., suffices that this iden-

tity holds for all bounded and continuous %, provided for any ¢, P,/ is continuous
whenever & is bounded and continuous.
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It is well known that the existence of an invariant probability implies some sort of
positive recurrence property on at least part of the state space for the process. Also,
uniqueness of the invariant probability forces a certain structure on the communication
between different parts of the state space. We shall comment briefly on this and shall
to begin with consider an arbitrary right-continuous homogeneous Markov process.

With ¢; defined as in (7.93), forx € G, A € G write x ~» A if ¥, (x, A) > 0 for
some f > 0 (equivalently, for all sufficiently large > 0). Introducing the occupation
measures

o]

t
I; (A) = /0 lix,eayds, 1(A)= /0 Lix,eayds (7.96)

(sot +— I;(A) is increasing with limit / (A) as t 1 oo, and I;(A) < ¢ while I (A) = oo
is possible and relevant), since by Fubini’s theorem

t
Ex I: (A) = / ps (x, A) ds =ty (x, A),
0
o0
Eix I(A) =/0 ps (x, A) ds,
it is clear that

x~ A iff E,I(A)>0. (7.97)

Call a set A € G transition-closed if Yy, (x, A) = 1forallx € A, ¢t > 0. In
particular A is transition-closed if p; (x, A) = 1 forallx € A, t > 0.

Proposition 7.8.4 Suppose that Ay € G is transition-closed and that p is an invariant
probability. Then

@ p (A’) =0where A = {x € G\Ag : x ~ Ap};
(ii) if p (Ag) > O the conditional probability p := p (- |Ag) is invariant. In particu-
lar, if p (Ao) > 0and p (G\Aop) > O the invariant probability is not unique;
(iii) if the set G\ (Ao UA’ ) is non-empty it is transition-closed.

Proof. (1). By invariance and because Ay is transition-closed,

p(Ag) = /Gp (dx) Y (x, Ag) = p (Ao) +/G p (dx) ¥ (x, Ag),

\Ao

so the last term vanishes and in particular
p{x € G\Ag : ¥ (x, Ag) > 0} =0,

which implies for ¢ 1 oo that

P(A’):p{xeG\Ao:/ ps(x,Ao)ds>O}=O;
0
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cf. (7.97).
(ii). We have for A € G,
1
p (Ao)

1
= d ,ANA
A0 Joyy # @D Y 5 AN A0

by (i). Butif x € G\ (Ao U A’) we have by the definition of A’ that v, (x, A N Ag) <
Y (x, Ag) = O for all r > 0 and therefore
1

0(A) = d L,ANA
F(A) p(AO)/AOp(x)wtu 0

=/ 7 dx) i (x, A)
G

p(A)

/G p (dx) ¥r (x. AN Ag)

for all ¢ > 0 since 0 is concentrated on Ag and v (x, G\ Ag) = 0 for x € Ag.

Thus p is invariant and clearly, if o (G\Ag) > 0, p # p and the invariant proba-
bility is not unique.

Finally, suppose that x € G\ (A9 U A’) . By the definition of A’, ¥ (x, Ag) = 0
for all # > 0 so in order to show that G\ (Ao U A’ ) is transition-closed, it suffices to
show that p; (x, A’) =0 forallz > 0.

But for any ¢ > 0,

o0
O:f ps (x, Ag) ds

0
o0

Z/ ps (x, Ao) ds
lOO

2/ ds/ pr (x,dy) ps—t (¥, Ao)
t A’

o0
=/ Dt (x,dy)/ ds ps (y, Ao) ,
A’ 0

and since for all y € A’, [~ ds ps (y, Ag) > 0 by definition, p; (x, A’) = 0 follows.
U

Proposition 7.8.5 Suppose that p is invariant. If A € G is such that p (A) = 0, then
alsop(A’) =0where A’ ={x € G:x ~ A}.
If A € G is such that x ~~ A for all x € G, then p (A) > 0.

Proof. Since necessarily p (G) = 1 > 0 the second assertion follows from the first.
To prove the first, note that by invariance,

p(A) = /, p(dx) ¥ (x, A)
t
where A} = A’ N {x : ¥ (x, A) > 0}. So if p (A) = 0 also p (A,) = 0, and since
A; 1t Alast 1 oo, p (A’) = 0 follows. O
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Now let X be a homogeneous PDMP such that all # — ¢ (x) are continuous so that
in particular X is right-continuous. For certain sets A there is then a useful alternative
description of the relationship x ~» A. Call A € G path-open if for all x € A it holds
that ¢; (x) € A for all sufficiently small 7 > 0.

Example 7.8.2 If X is a Markov chain, ¢;(x) = x, then all A € G are path-open.
If G is an interval C R and ¢;(x) = x + ¢, then all half-open intevals [a,b] C G
are path-open. If G = R? (or G is a two-dimensional interval) and ¢; (x1,x2) =
(x1 +t, x2 + 1), then any set of the form {(x{, x; +¢) : @ < x; < b} for some ¢ and
a < b is path-open, illustrating that path-open sets in higher dimensions can be one-
dimensional and need therefore not be (ordinarily) open.

In general any open set is path-open provided all ¢; (x) are continuous in .

Let A be a path-open set and define the hitting time
Ta:=inf{t >0: X; € A}
with inf @ = oco. Then for all t > 0,

Ta<n= |J (x4€4) (7.98)
qeQp:g<t

since the inclusion D is trivial, while if T4 (w) = tp < t we have X; (w) € A for
some #| € [fo, t[ and therefore also that X (w) = ¢, (X,1 (a))) € Aifonlys > #1 is
sufficiently close to #1, in particular X, (w) € A for g € ]¢1, t[ rational and sufficiently
close to t.

Note that because A is path-open,

Ta:=inf{t >0: X, € A}.

From (7.98) it follows in particular that T4 is an .EX -stopping time. We have also
seen that if T4 (w) < oo, then the set {r : X; (w) € A} contains a non-degenerate
interval, in particular I (A, ) > 0, cf. (7.96). With this in mind it is easy to show

Proposition 7.8.6 For A path-open, x ~ A if and only if P|x (T4 < 00) > 0.
Proof. We have
(Tg <00)=((A) >0),

the inclusion C having been argued above and the opposite inclusion being trivial from
the definition of /(A) and T4. Hence P\ (T4 < o0) > 0iff

0 <E (A0 =E1(A)

which by (7.97) is precisely to say that x ~ A. |
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We shall now in some detail investigate the behaviour of an invariant probability
on the path-open sets. For A path-open, define

Tia=inf{s >1: X, € A},
the first time X enters A on the time interval [¢, oo[ , and note that
Tra =146 (Ty)
where
6; (T4) :=inf{s > 0: X,y € A}

is the time it takes the post-¢ process (X;+s);> to enter A. Clearly Ty a4 < Ty 4 if
t <t and

Tia=Ta on (Ta>1). (7.99)
Also, by the Markov property,

P (6, (Ta) > s

fzx) =Pix, (Ta >5s). (7.100)

All of these facts will be used repeatedly below without any further comment.

Theorem 7.8.7 Suppose that there exists an invariant probability p for X. Then for
any A € G path-open, and any t > 0,

E, [Tra: Ta <t] < 0. (7.101)

In particular, if p (A) > 0 it holds for p-almost all x € A simultaneously for allt > 0
that

Ejx Tt a < o0. (7.102)
Proof. We show (7.101) by showing that
E, [6 (Ta); Ta <t] < o0
for all ¢. Define
gW) =P, (Ta>1) (t=0).
Because p is invariant, for any s > 0, t > 0,

g(t) =Py (6, (Ta) > 1)
=P, (6, (Ta) > £,Ta > 5) + P, (65 (Ta) > 1,Ta <5).

Here the first term equals P, (T4 > ¢ + s) by (7.99) and so
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g(t) =gt + ) +P, (6, (Ta) > 1, T4 <35).

Taking ¢ = ks and summing on k from 0 to n — 1 gives

n—1
g(0) — g(ns) = P, (95 (Ta) > ks, Ty < s).
k=0
It follows that
0 ~
ZPP (05 (Ta) > ks, Tp < 5) < g(0) =P, (T4 > 0) (7.103)
k=0

(with equality if P, (T4 = 00) = 0 since then g(ns) — 0 as n — ©0). In particular
the infinite series converges and since the kth term is

> P, (6 (Ta) = 00, T4 <5)
we deduce that
P, (6 (Ta) = 00, Ta < 5) =0.

Thus the infinite series becomes

o0
Z]P’p (ks < 55 (Tyg) <00, Ty < s)
k=0

e
2

Py (ns < 65 (Ta) < (1+1)5, T4 <5)

~
Il
=)
Il
~

n

(n+ 1P, (ns <65 (Ta) < (n+1)5,Ta <)

’itnﬂg

0

OO ~ ~

> B, [0 (Ta)ins <65 (Ta) < (n+1)5,Ta <]
n=0

v
L I

E, [05 (Ta); Ta < s];

using (7.103) therefore

E, [65 (Ta); Ta < 5] < sB, (T4 > 0)

and (7.101) follows.
To prove the second assertion of the theorem, note that by the definition of Ty,
T4 = 0on (Xp € A) and consequently, for # > 0

/ p(dx) Ejy [Tra:Ta <t]= f p(dx) EjxT; a
A A

with the integral finite since itis < E, [T, a; Ta <t]. So for any givenr, E|x T; 4 <
oo for p-a.a. x € A. Butsince ¢t — [ T; 4 is increasing, this implies that for p-
aa. x € A, E;T; 4 < oo simultaneously for all # — a statement that although true
for all path-open A is of course of interest only if p (A) > 0. O
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That (7.102) holds expresses in particular that if the process starts from a p-typical
x € A, even after arbitraily large ¢, the expected extra time beyond ¢ required to
reenter A is finite: in this sense the set A is positive recurrent.

Suppose now that Ag € G is a given path-open set. Forany x € G, Px (T4, = 0) =
Py (T A =0,T1 > 0) and the only possible values for this probability are 0 and 1: the
probability = 1 iff either (i) x € Ag or (ii) x € G\Ay is such that ¢, (x) € Ao for
some sequence (#;) of time points #y > 0 with #; | 0 as k 1 oco. Define

Ay={x € G:P, (T4, =0) =1} (7.104)
and
By = {x € G\Ag : x ~ Ap}.
In particular, IP|, (TA0 > 0) =1 for x € By.
Theorem 7.8.8 Suppose that p is invariant for X.

(a) The set By is path-open.
(b) For p-almost all x € By it holds that

]P’|x (TA() < OO) = 1.

(¢) The set G\ (Xo U Bo) is transition-closed and if p (Xo U Bo) > 0, the set
Ao U By is weakly transition-closed in the sense that for p-a.a. x € Ap U
Bo, ¥ (x,AOUBo) = 1 simultaneously for all t > 0. In particular, if

0 (Zo U Bo) > O and p (G\ (Zo U Bo)) > 0 the invariant probability p is not
unique.

Proof. (a) Let x € By. Since (t <Tpy <00, T1 > t) J (0 < Ty, < oo) ast | Oand
since [P, (TA0 > O) = 1 it follows that

Py (t <Tyy <00, Ty >1) >0

for t > O sufficiently small. But by the Markov property and (7.100) this probability
equals

Eix [Pix, (0 <Tay <00);Tay >1,T1 > 1]
= Pig,x (O <Ta < OO) P (TAO >t, 11 > t) (7.105)

and thus Pjg,; (0 < Ta, <00) > 0 fort > 0 small, ie., Py« (T4, > 0) = 1 and
Pigx (Ta, < 00) > 0 which is precisely to say that ¢; (x) € By for t > 0 small.
(b) By Proposition 7.8.6, By = {x € G\Ag : Pjy (T4, < 00) > 0} . Defining

n

Bn:[xeBO:IP"x (TA0<oo)>l}

forn € N, clearly B, 1 Bpasn 1 0o.
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We first show that each B, is path-open, which because By = ] B, implies that
By is path-open. If x € B, arguing as in the proof of (a) above it is clear that

]P"x(t<TA0<oo,T1>t)>%

for ¢ > 0 small enough. But then (7.105) directly implies that

1
P, x (O < Ty, < oo) > -

for ¢t > 0 small, i.e., ¢; (x) € B, fort > 0 small.

We now complete the proof of (b) by verifying that for each n we have that
Pix (T4, < o0) = 1 for p-a.a. x € B, — since B, 1 By this will suffice.

Since B, is path-open, by Theorem 7.8.7 for p-a.a. x € By,

P (Ty.5, < 00) =Py (6 (Tg,) < 00) =1

simultaneously for all 7. For such x therefore, defining g (y) = Py (T4, = 00) for
any y € G, we find that for every ¢,

gx) =P, (5[ (TAO) =00, Ty, > t)
=P (gz (Ts,) < 6, (Ta,) Tn,AO =00, Ty, > 1)
=< ]P|x (51 (TBn) < OO,T,,’AO = 00, TA() > l)

where
Tn,Ao = inf{s >0: XT:,Bn-H € AO}

is the extra time beyond T, g, required for X to reenter Ag. Thus by the strong Markov
property,

g(x) <Ex [g(Xt,,,): 0 (Th,) < 00, Ta, > 1]
<Ep [¢(X1,4,): Tag > 1]. (7.106)

We now claim that
g(Xm,)<1-1 Py-as (7.107)
This is obvious if X1, , € B, or € Ag. Andif y = X, , ¢ B,UAy, by the definition

of Tt B,, ¢, (v) = X, € B, for some sequence (sx) with sp > 0, sx | O as k 1 oo.
(The sequence (s) is random but completely determined by y = X, ). Thus

2 () =Py (B (Tay) = 00, Tay > st)
=Py (aYk (Ta,) =00, Tay > sk, Tt > sx) + Ppy (T1 < s1).

Here the second term |, 0 as k 1 oo while the first equals
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S |—

8 (53) Ply (Tag > s, Ti > s1) < 1=

since @, () € By. Because y ¢ Ag, Py (T4, > 0) = 1 s0

kli)n;oIP"y (TA0 > sp, T > sk) =1

and the proof of (7.107) is complete. (7.106) then yields
gx) < (1 — %) P (TAO > t)

which for ¢ 1 oo forces g(x) < (1 — %) g(x) so g(x) = 0, as desired.

(c) We show that G\ (Xo U Bo) is transition-closed by showing that
Pt (x,Z() U Bo) =0

forallt > 0, x € G\ (ZO U Bo) .Butifr > 0, x € G (cf. the last part of the proof of
Proposition 7.8.4), by the definition of By, for any # > 0

o0
O=/ ds ps (x, Ag)

0
oo

> / ds ps (x. Ao)
tOO

:/ ds/p;(x,d)’) DPs—1 (¥, Ao)
t G

zﬁ p,<x,dy)/0 ds ps (v. Ao) -

AgUBy

But the inner integral is > 0 for y € By by the definition of By and > 0 for y € Ao
because Ag is path-open. Thus

pi(x,AgUBy) =0 (x € G\ (AgU By)), (7.108)

as desired.
Next, by stationarity for any ¢ > 0,

p(Z()UBo)ZIPp(X,EZ()UBo)

:/Gp(dx) pi (x, Ag U By)

= /; p (dx) p; (x, Ag U By)
AgUBy

using (7.108) for the last equality. But then also

p (Ao U By) :/Z . p (dx) ¥ (x, Ag U By)
221}
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so for any given t > 0, ¥y (x,Zo U Bo) = 1 for p-aa. x € Ap U By. Since
Uy (x, AU Bo) is continuous in ¢, we conclude that for for p-a.a. x € ‘Ao U By,

vy (x, AU Bo) = 1 simultaneously for all ¢.
The last assertion in (c) is immediate from Proposition 7.8.4 (ii). O

Remark 7.8.1 The theorem is mainly of interest when p (Bg) > 0, in which case
automatically also p (Ag) > 0 by Proposition 7.8.5.

The next result shows how one may construct an invariant probability from having
a suitable form of local stationarity within a given path-open set.

For Ag € G path-open, recall the definition (7.104) of A and note that with respect
to any x, X1, , € Ao Ply-as. on the set (Ty,, 4, < 00): by the definition of Ty 4,,

~

01, 4, (Tay) = 0 0n (Ty, 4, < 00), 50 by the strong Markov property

P (TTOsAO < OO) =P (Tlow‘\o < 00, 5TrO,A0 (TAO) = 0)
= Elx [PlXTtO,AO (TA() = 0) N TfoyAO < OO]
so that Pjxy, (T4p =0) = 1 Pje-as. on (Tyy,4, < 00), which is precisely to say

that X, , € Ao P\, -as. This observation is relevant for (7.110) below, ensuring that
this identity is automatic for B = Ay.

Theorem 7.8.9 Suppose that Ay € G is path-open and that for some ty > 0 it holds
that there is a positive bounded measure s, on (Zo, gn Ao) with &, (Ao) > 0 such
that

C:= | &y dx) ExTya, <00 (7.109)
Ao

and
/Z o (dx) Py (XTto,Ao € B) = ¢y (B) (B cg ﬂZO). (7.110)
0

Then the probability p on (G, G) given by

1 Tip.49
p(B) == /, Ly (dx) By / lix,emds (BeQ) (7.111)
Ao 0

satisfies that
p (Ah) =0

for all h in the domain D (A) for the full infinitesimal generator. In particular, if D (A)
is a determining class, then p is an invariant probability for X.
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Proof. First note that by (7.111), for any f : G — R bounded and measurable,

Tt(), Ao

1
p(f)= Ef* Srp (dx) Ejx / f (Xs) ds. (7.112)
Ao 0
Next take 7 € D (A) . By 1t6’s formula (7.78),
t
h (X¢) = h (Xo) +/ Ah (Xs) ds + M, (S) (1=0)
0

with M (S) a mean-zero martingale with respect to IP|, for all x. By optional sampling
therefore, for all ¢,

T’O’AOAI
Ey, h (XT,OYAOA,) = h(x) + Epx / A (X,) ds
0

and letting + — oo and using dominated convergence, since

T’O*AO At
/ Ah (X,) ds
0

= (Sup |Ah|> Tto,Ao’
G

we deduce that for all x such that E|, Ty, 4, < 00,
Ty, 40
Eh (XT,O_AO) = h(x) + Ey / Ah (X,) ds. (7.113)
0

By the assumption (7.109) this is valid in particular for {;-a.a. x € Ay, so applying
(7.112) with f = Ah gives

p (Ah) = é /Z G (@) (Bich (X1 ) = h(0) =0

by (7.110). The proof is completed by referring to Theorem 7.8.2. ]

The condition (7.110) is the condition for what could be called local stationarity
on Ag. If satisfied, one then obtains from (7.111) a true global invariant probability
provided only that D (A) is a determining class. A useful result is obtained from The-
orem 7.8.9 by considering what is only formally a special case corresponding to taking
Ay a one-point set (which is path-open only for Markov chains and which forces ¢y,
to be a point mass at xg) and #y = 0: for x € G define

T, =inf{t > 0: X, = x}.

This description of the hitting time T, will be used below on the set (Xo = x), hence
the qualification ‘¢ > 0’ in the definition which allows the possibility that T, > 0 on
(X0 = x): this possibility occurs iff ¢; (x) # x for ¢t € ]0, §[ for some § > 0 and in
that case P, (TXO > O) =1.
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Corollary 7.8.10 Suppose there exists xo € G such that Py, (TXO > 0) = 1 and
C :=E|y, Tx, < 00. Then the probability measure p on (G, G) given by

1 Txg
p(B) = EEIXO / lix,epyds (B €@) (7.114)
0

satisfies that
o (Ah) =0

for all h in the domain D (A) for the full infinitesimal generator. In particular, if D (A)
is a determining class, then p is an invariant probability for X.

Proof. For f bounded and measurable,

1 Tx
p(f) = ZEi f £ (Xy) ds. (7.115)
0

Now just follow the steps in the proof of Theorem 7.8.9, using x = xp only and
replacing T, a, by Ty,. The analogue of (7.113) is then, for h € D (A),

T

%0
Emh@ﬁozh@w+mmﬁ Ah (Xy) ds,

and since h (XTX0> = h (xg) Py, -a.s., p (Ah) = 0 follows from (7.115). O

We conclude this section with a discussion of the invariant probabilities for the
backward and forward recurrence time processes associated with renewal processes.

Example 7.8.3 Consider the backward recurrence time process from Subsection 7.4.1
so that X; =t — Ty, with T, = V; + - - - 4V}, the sum of independent waiting times
such that the Vi for k > 2 are identically distributed with a distribution with hazard
function u. We have G = [O, tT[ and

¢ (x) =x+1, qx) =ulx), rx, ) =-eo.

It follows that a function / is path-continuous iff it is continuous and path-differentiable
iff it is continuously differentiable.

In order for the process X to satisfy the assumption involving the continuity of
(7.75) we assume that u is continuous and then see that

t—gq (¢tX)/r (¢ex, dy) h(y)
= u(x + 1)h(0)

is also continuous. It is now clear that the domain D (A) for the full infinitesimal
generator consists of all continuously differentiable / such that
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Ah(x) = B (x) 4+ u(x) (h(0) — h(x)) (7.116)

is bounded. Note that D (A) is a determining class since e.g., all continuously differ-
entiable 4 with compact support in G are included.

Suppose that an invariant probability p exists. Then for some 0 < xo < ' we
have p (Agp) > 0, where Ay is the path-open set [0, xo[, so by Theorem 7.8.7, for
p-a.a. x € Ag we have for all ¢ that E, T; 4, < 00, a fact we shall use for some
t e ]xo —x, 17— x[: when starting from x < xg, if 71 > ¢ > xo — x the first return to
Ao occurs at time T; 4, = 77 and thus

ExTrap = Epx [T1; T1 > t].

Using (7.47) it is easily seen that the expression on the right is < oo iff £ := EV, =
Ejp T1 < oo and we have shown that in order for X fo have an invariant probability it

is necessary that &€ = fol ‘ vfy (v) dv < 0o, fy denoting the density for the V,,. Hence
from now on we assume that & < oo.

We now use Theorem 7.8.2 to find what turns out to be the unique invariant prob-
ability p. Considering & € D (A) with compact support C [O, tT[ and using (7.116)
this gives the condition

/ p (dx) h'(x) = —/ p (dx) u(x) (h(0) — h(x))
[0.67] [0,£F]

:/ o (dx) u(x)/ dy h'(y)
[o.r7[ 0

+F

:/(; dyh'(y) T 0 (dx) u(x)

[y.r7]

forcing

p(dx) = ( / p(dy) u(y)) dx.
el

In particular, p is absolutely continuous with a density f), satisfying

7

fp(x):/ dy fo () u(y)

with respect to Lebesgue measure. We deduce that f, is continuously differentiable
with

£ = = fr@ux),

SO

Fo(6) = K exp (— /0 u() dy)
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with the normalizing constant K determined so that f fo=1,1e,

1 X 1—
fp(x) = —exp (-/ M(y)dy) =—-Fy(x) (7.117)
& 0 §

with Fy the survivor function for the distribution of the V,,.

We are now ready to show that p (dx) = f,(x) dx with f, given by (7.117) is the
unique invariant probability for X : as just argued, this p is the only possible candidate
and to see that it succeeds we verify that p (Ah) = 0 for all / in the determining class
D (A) . Taking limits to avoid problems with integrability we find

&0 (Ah) = lim [ | " dx Fy (ol () — | " dx Fy (o) i "y h’(y)]
att” LJO 0 0

= lim U dx Fy(x)h'(x) —/a dy h'(y) /adva(x)u(x)} ,
att” LJo 0 y

which since fy (x) = Fy (x)u(x)

= lim [/0 dva(X)h/(X)Jr/O dy h'(y) (Fv(a)—fv(y))}

attt
= lim Fy(a) (h(a) — h(0)) =0,
artt

since / is bounded and Fy (a) — 0.

Corollary 7.8.10 provides an alternative and quick way of finding the density f,:
taking xo = 0O in the corollary it is clear that Pp-a.s, To = 77 > 0, in particular
EjpTo = & < oo. Thus p given by (7.114) is invariant, i.e., for x € G,

1 I 1
p ([0, x]) = =Epp / Lix, <0y ds = =Ejp (T1 A x)
3 0 3

_ 1 (/x vfy (v) dv +va(x)> ,
§ \Jo

which by differentiation gives

1—
fox) = EFV(X)~

It should be emphasized that the results shown in this example hold in greater gen-
erality: any backward recurrence time process such that £ < oo has a unique invariant
probability p with density éfv (x) — the distribution of the V,, can be anything and
need certainly not have a continuous density.

Example 7.8.4 In this example we look first at the forward recurrence time process
X: =Typ41 —t withT,, = Vi + .- 4V, the sum of independent waiting times, the
Vi for k > 2 being identically distributed according to an arbitrary distribution Fy on
Ry.
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No matter what Fy is, the main result Theorem 7.8.2 cannot be used: for that result
and for the definition of the full infinitesimal generator it was assumed throughout that
the conditional jump time distributions PZ(:’) should have a density (in order for the
jump intensities g (y) to exist) and now we have that PZ(:) = &,4y, 1s degenerate.
However, the discussion of the extended generator in Example 7.6.1 makes it possible
to find the invariant probability p when it exists, as we shall now see.

It may be shown that if p exists it is unique and that it exists iff £ = EV,, < oo,
just as in the case for the backward process treated in the preceding example.

Suppose now that 4 € D (A), the domain defined in Example 7.6.1: & is bounded,
continuously differentiable with 2’ bounded and

h(0) = /h(y) Fy (dy). (7.118)

Let 0 < x < 7 and consider 4 € D (A) such that A(y) (and therefore also 4’(y))
vanishes for x < y < ¢7. By partial integration from (7.118) we find

h(©0) = —[h(MFy(»], + /0 W () Fv(y)dy

or, equivalently, that
x —
/ R (y)Fy(y)dy =0.
0

If p is invariant, by (7.70) p (k') = 0,

/ p(dy) h' (y) =0,
[0,x[
and letting # and also x and 4 to vary, it emerges that
1—
p(dx) = EFV (x) dx (7.119)

is an invariant probability and, in fact, the only one. Thus, in particular the backward
and forward recurrence time processes have the same invariant probability.

As a special case, suppose that Fy = &, is degenerate. Subject to any P, , where
0 < x < xg, the forward process X is purely deterministic (non-random), yet it has
a non-degenerate invariant probability pge; given by (7.119): we have & = xo and
Fy(x)=1forall x < xpso

Pdet 18 the uniform distribution on ]0, xg] . (7.120)

Consider next the joint backward and forward process X = (X X ); cf. Example
7.6.1. From the discussion there it follows that if p is invariant for X, then p (A(z)h) =
0 where
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APh = (D, — Dy)h

and h apart from being bounded and continuously differentiable must also satisfy the
boundary conditions

h(x,0) = h(0,0) =/h(0, y) Fy (dy) (7.121)

for all x.

We shall now indicate how p may be found, assuming of course that £ < oo but
also that Fy has a continuous density fy. Then in fact p is unique with a smooth
density g (x, X) which we proceed to determine.

Let0 < x,% < ¢ and assume that 1 € D (A(2)) has compact support C ]0, x[ x
10, 5T . Using p (A®'h) = 0 and partial integration yields

// (Dyg - D;g) hdydy =0,
so necessarily (Dy — D;) g =0, i.e., g must have the form

g =g"O0+Y)

for some continuously differentiable g*. In order to exploit the boundary conditions
(7.121) suppose next that & has compact support C [0, x[ x [0, X[, i.e., & (y,¥) need
no longer vanish when y or y = 0. The condition p (A(Z)h) = 0O reads

x X
fo dy /O dyg* (y + ) (Dy = Dy)h =0
or, by partial integration
X B x
/O dy {[g* G+NhG N~ /O dy g™ (y+ ) h(y. y)}

=/0 dy{[g*(y+§3h(y,§)]§=o—/o d?g*’(er?)h(y,fv’)}.

Equivalently, since & (x, ¥) = h (y, X) = 0 by the assumptions on #,
X X
/ dyg* () h(0,) =f dyg* (M h(,0).
0 0

Now we invoke the boundary conditions: by (7.121) i (y, 0) = h(0, 0) must not de-
pend on y and since i(x, 0) = 0 by assumption, necessarily % (y, 0) = 0 for all y. We
are left with

/0 d5g* (3R (0.5) =0 (7.122)
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and the requirement from (7.121) that

0=h(0,0)=/Fv (dy) h (0, §)=/O dy fv (dy)h(0,5). (7.123)

Letting X and % vary and comparing (7.122) and (7.123) finally gives g* = Cfy for
some normalising constant C, i.e., the invariant probability p is given by

o (dx. dF) = é Fo (@ +7) dxdF. (7.124)

Note that if (U , U ) has distribution p, U and U have the same marginal distribu-
tion with density %fv in agreement with the results found for respectively the back-
ward and forward recurrence time process.

Suppose that X is started according to the invariant distribution p with density g
determined as in (7.124). Defining Ty = —X¢ and V| = T1 — Tp we have forany t > 0
that X; =t — T, X; = Tis)+1 —t, and because of the stationarity, we obtain that the
joint IP,,-distribution of (¢ — Ty, T(s)+1 — ) and therefore also the IP,,-distribution of
(t - T(t>) + (T(,)+1 - t) = Vi{;y41 is the same for all 7. A priori one might expect this
distribution of the V; = V(;41 to be the same as that of the Vi for k > 2, but this is
not the case. The density for V; is that of X; + X;, i.e., the density is

fv,(Z)=/0 g(x,z—x)dx=§fv<z> > 0)

which is certainly not fy. It even holds (see the last paragraph of this example for a
proof) that for all z,

Fy,(2) < Fy (2) (7.125)

with Fy,, Fy the distribution functions determined from fy, and fy, ie., V; is
stochastically larger than the V. This is the so-called waiting time paradox which is
particularly striking if the renewal counting process N is a Poisson process. If A > 0
is the Poisson parameter we have fy (x) = Ae ™ with & = 1/ and find from (7.124)
that g (x,X) = A2e *0+9 je.. the two components are iid exponential with rate A
and thus the distribution of V; is that of the sum V»> 4+ V3 say, which certainly shows
V; to be larger (in the stochastic sense) than the V.

In one special case the V; have the same distribution of the Vi. Suppose Fy is
degenerate at xo > 0. Although there is no density fy as was assumed above, one may
still show that X has an invariant probability p which is the distribution of (xo — U, U)
with U uniformly distributed on ]0, xg]; cf. (7.120). But now of course all V; = xq
so also V; = xg.

Finally we give the proof of (7.125). If V is an R-valued random variable with (an
arbitrary) distribution function Fy, (7.125) may be written

E[V;V =<zl EV)P(V <2),
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i.e., it is claimed that V and 1(y<;) are negatively correlated for all z € R. But for
z<§&=EV,

E[V;V <zl <zP(V <2) <§P(V <2)
and for z > &,

E[V;V <z]=§-E[V;V > 7]
<& —zP(V > 2)
<EA-P(V >2).

The argument also shows that in (7.125) the inequality is sharp if either z < & is such
that P(V <z) > Oorz > & is such that P(V > z) > 0. In particular equality holds
for all z iff V is degenerate.

7.9 Likelihood processes for PDMPs

Using the results of Section 5.1 together with the construction from Section 7.3, it is
an easy matter to derive likelihood processes for observation of PDMPs.

Suppose givenanRCM & =}, . &(7,.v,) on some measurable space (2, F),
and let I, P be two probability measures on (£2, F) . Write I, @, for the restrictions
of P, P to F/* and write P «oc P if P, < P, for all # € Ry. The likelihood process

dP
LH — (ﬁf)lzo = (dTP;)
t>0

for observing w is then given by the results from Section 5.1. More specifically, if
o, Q are the distributions of u under P, P respectively, then P Kloc P iff Q Kloc QO
and

E#:E,o;},,

where £; = sz is the likelihood process from Section 5.1.
Now, suppose further that X = (X;),> is a (G, G)-valued PDMP under both [P
and P defined by Xo = xo and

Xt = ¢T(,>,t (Y(t)) s

where each  — ¢, () is continuous and the ¢, satisfy the semigroup property (7.25)
and the boundary condition (7.26); cf. Theorem 7.3.1. To emphasize the value of the
initial state we shall write P, , IP|, instead of IP, P. Finally we shall assume that the
Markov kernels generating P\, are as in Theorem 7.3.1, see (7.30) and (7.31), while
those generating IP|,, have a similar structure,
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—(n) f~
Panxo (1) = exp (_/ qs (¢tn,s (yn)) ds)
In
~Z(n)tlxo €)=r (¢ln t Vn) s C)

with yg = xo, where g; > 0 and each 7; is a Markov kernel on G such that
7t (v,{y}) = O forallzt,y, cf. (7.29). It is also assumed that the RCMs generated
by the kernels P® 7 gnd pm 70 respgctively, are stable for any choice of xg.

Thus X is a PDMP under both P|,, and P|,, and from Theorem 5.1.1 we immedi-
ately obtain the following result:

Theorem 7.9.1 A sufficient condition for ﬁm Lloc Plxy is that q; (y) > 0 for all
t,y, that f; qu (Psu () du < oo forall s < t, all y, and that 7; (y, -) L r: (y, -) for
allt,y.

In that case an (}",X )-adapted version of the likelihood process Eﬁ is LX =

lxo —
X .
(,Ct‘xo )120 given by

N,

t > yX dar yX L
‘Ct)fxo = eXp <_/O (@5 — qs) (Xy) ds) 1_[ an ( n—) i ( - ) (YnX) .

noi arx (V) drpx (V)

(7.126)

Notation. Of course Ntx is the total number of jumps for X on [0, ¢], TnX is the time
of the nth jump for X and Y,f( = Xpx is the state reached by that jump; finally Y,,X,

is short for X TX - Note that N is IP|x, -indistinguishable from N and that for all n,
TY =T, Y," =Y, and ;X = X7x_ Py, -as.

We have not given Theorem 7.9.1 in its most general form, which would amount to
a direct translation of Theorem 5.1.1. The result gives (in special cases) the likelihood
function for observing a PDMP completely on an interval [0, 7] . Formally, that likeli-
hood is the Radon-Nikodym derivative between the distributions on finite intervals of
two different PDMPs, and here it is important to emphasize that for the likelihood to
make sense at all (i.e., local absolute continuity to hold), the piecewise deterministic
behaviour of the two processes must be the same because (some of) the ¢, can be read
off from the sample path. Thus, as in the case above, while the ¢;, r; can change into
qd:, 1, the ¢, must remain unchanged when switching from one process to the other.

Note that the expression (7.126) for the likelihood, depends on xo only through the
fact that Xo = xg IP|, - and ]P>|x0 -a.s.

If X is time- homogeneous under both IP’mlvand P‘XO, i.e., when ¢, = ¢;— and
neither of g;, q;, r;, 7; depends on ¢, we have Py <itoc Ppyy if g () > 0 for all y,
fot q (s (¥)) ds < ocoforallt, yand 7 (y, ) < r (v, -) for all y with

Ll —eXp< / q@—q) (Xy) ds) lez ;;“ EYX ; (ynX> (7.127)
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The likelihood processes (7.126) and (7.127) have an important multiplicative
structure which we shall now discuss.

Suppose that the conditions of Theorem 7.9.1 hold and consider for s > 0 and
x € G given, the P, - and IP’|XO -conditional distribution of Osu given X; = x.
These conditional distributions are Q*%* and Q‘ * where e.g., O%* is generated by
the Markov kernels (see (7.36) and (7.38)),

t
Pin?s X ) = CXP( / qu (d’t,,u (y”)) du) t>t),
ln
”z(:,)ﬂs,x =n (¢tnt (Vn) s ) (t > ty)

using o = s (!) and yp = x, and similarly for Qf ¥ But it is then clear from Theorem
5.1.1 (or in fact also from Theorem 7.9.1) that Q%" <o Q** with

d0;"
407

o8,X ,__
Lo =

given by

t N oz X° ) dr, -
E?S*X = 1(T1>S) exp <_ / (au - qu) (X;) du) 1_[ qrn ( o= ) . ( > ) (X:n)
s

n=1 49w (X?n ) drtn ( T )

forz > s and with X° = (X)), _ the canonical PDMP after time s defined on (M, H)
by -

X5 = o (M) 00s  (u =) (7.128)

using 79 = s and 9 = x. (Because Q** (11 > s) = 1 all jumps before time s are
irrelevant, which explains the appearance of the shift 6, in the definition of X, and the
free of charge inclusion of the indicator 1(7,~y) in the expression for £;**. Note that
X° here depends on both s and x. This dependence is used systematically below, see
(7.130)).

Comparing (7.128) with (7.126) it follows using that 65 o 6, = 6, N? o (Osp0) =
Ni—Ng, 1,005 1t) = Tutis), 1no(O@si) = Yyp sy (bothforn > 1 only!), X, o(0su) =
X, when x = X and 1(,1>S) o(Bsu) =1, thatfors <t,

L% 0 (By).

cX =rX

tlxo = “slxo

In other words, the likelihood process at time ¢ factors into the value of the process at
time s, which depends on the ‘past’ (X;),<; , and a factor depending on the ‘future’
O, with the two factors connected only through the ‘present’ X. Furthermore, the
second factor is the conditional likelihood for observing (X,);<,<, given X; — or
what by the Markov property is the same thing — given FX.

In the homogeneous case, with X time-homogeneous under both Py, and IP’|xO ,
one may instead consider the conditional distributions Q* and Q" of 6] given Xy =
x, (see (7.37) and (7.39)), i.e., QF is generated by the Markov kernels
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_(n) =1y
P, (1) =exp (_/(; q (Pu (yn)) d”) (t=1n),

nz(:,l,)tlx =T (¢l—t,, (n), ) (t>t),

using fo = 0, yo = x, and similarly for ﬁ\m- Thus @X Lloc QF with (now X, =
Du—1 (r;<u)) forallu > 0and 79 = 0, n9 = x),

d0; ( /f _ e (X5, ) a7 (X5, )
LY=L =exp|—[ @G@—¢q)(X°) du 1 2 °Y;
' dQ;( p 0 ( u) n=1 q (X?u_) dr (X'?n_’ ) ( T”)
it follows that we have the factorization
LY =L L7 0 (07 n) (512 0)

of the likelihood (7.127).

Having described the multiplicative structure of the likelihood process when both
Py, and P, make X Markov, we shall now only suppose that IP|,, is given and
assume that X is Markov under Py, .

Suppose that under P,, M = (M;);>( is a non-negative F!-martingale with
My = 1. By Theorem 5.2.1 there is a unique probability ﬁ\Xo on (Q F, .7-'“) such
that for all # > O and all F € FV,

By, (F) = f M, dPys, . (7.129)
F

We shall now discuss conditions on M that ensure that X is Markov also under ﬁm ,
and, when X is time-homogeneous under Py, , conditions on M that make X homo-
geneous Markov under P, .

For this, consider first the canonical space (M, H) . The canonical version of X is
X° defined by

X; = ‘Pr(u),u (77<u)) (u=>0,79=0,n0 = x0).

For s > 0, x € G define the canonical version X°** of X beyond s starting from x as
in (7.128),

X" = oy (M) 065 (= 5,70 = 5,10 = X) (7.130)

with X° = X°0-%0 a special case. The semigroup property (7.25) entails, as is quite
essential, that fors <t < u,

X0 = X 6, for x' = X,
in particular (take s = 0, x = xo and replace ¢ by s),

X% o (Oy) = X, for x = X, (7.131)
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In the homogeneous case, ¢5; = ¢;_, introducing X = X °0,x (so X° = X°%0) we
similarly have for s, t > 0O that

X7 o (051) = X4y for x = X, (7.132)

Next, consider a family (Cb‘;’x)o B— of R-valued random variables defined
on (M, H) such that each be’x is H7-measurable, where H7 is the o-algebra gen-
erated by the restriction of the shifted RCM 6;u° to [s, t]; equivalently H; is the
o-algebra generated by (N[j (A) — Ny (A))S<”<t’Aeg .
H,-measurable. Call (®;) a multiplicative X -functional if (s, t, x, m) @) (m)
is measurable, and if ®3* = 1 forall s, x and foralls <t,x € G

In particular ®¥ = OV is

CDX = CI)x . (q)f’X/ O 93-)

t N

s (7.133)
Similarly, let (\Ijtx)t>0 xeG

ables defined on (M, H). Call (\IJ;‘) a homogeneous multiplicative X-functional if
(t,x,m) = W (m) is measurable, ¥y = 1 for all x and forall 5, > 0, x € G,

be a family of R-valued, H;-measurable random vari-

x/zxg(lx .

wr, =y (v ofy)

Now return to the setup with X a PDMP ur}vder P\x, as above and M with My = 1
anon-negative 7, -martingale under Py, . Let P|y, be the probability on (2, F/*, F*)
defined by (7.129).

Proposition 7.9.2 (a) A sufficient condition for X to be a PDMP under IF" xo IS that
there exists a non-negative multiplicative X -functional (<I>f‘x) such that

M; = (n) (=0).

(b) Suppose that X is a time-homogeneous PDMP under P|,, with, in particular,
Ot = Lpt_s. Then a sufficient condition for X to be a time-homogenous PDMP
under Py, is that there exists a non-negative homogeneous multiplicative X -
functional (V}') such that

M =9 () (t=0).

Proof. (a)Lets <t, F € FI', C € G and consider
B, (FN (X, €C)) = / M, dPp,
FN(X;eC)

B f O (1) (@7 (O ) |e=x, dPpx,
FN(X;eC)

= [ @ 0By [0 @) Xi < C |7 o, Pl
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But since by (7.131) X; = X,OS’X o (O ) for x = X, because of the Markov property
(7.38) for X under PPy, the conditional expectation reduces to

/q’i'x (m) 1o myecy @7 (dm) = Py (x, C),
say, with x = X, and we obtain since My = ®3° (1) that
ﬁ’\xo (FN(X; €C)) =/ Pst (X5, C) dﬁlxo-
F

This shows that X is Markov under ﬁlxo with transition probabilities py;,
Py, (X1 € C|F1) = Py (X;. ) .

(b)Lets,t >0, F € F, C € G and consider

Py (FN (X4, € C)) = / My dPyy,
FN(X;1,€C)

= [ w0 (¥ 6) s, 4P
FN(Xs4:€C)

Now, by (7.132) and proceeding as in the proof of (a) it follows using the homogeneous
Markov property (7.39) that X is time-homogenous Markov under P|,, with transition
probabilities p;,

Pl (X0 € C|FH) = By (X, C),

where, cf. (7.39),

P (x,C) = / W (m) 1 (xos gy ©° (dm)

with x = Xj. OJ

The likelihood process (7.126) corresponds to the multiplicative X-functional

o0

N, qufn Xos,x) drfn (Xos,x )

S, X _ os, x Tn— Th—"> os,X
O exp( / (Gu Qu) X ) l_O[ 7a (Xos,x) dre, (Xos,x ) (Xr,, )

n=N,+1 Tn— T2

The likelihood (7.127) corresponds to the homogeneous multiplicative X-functional

N ((x°0x o0
oot N )
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Usually multiplicative functionals are assumed to be non-negative. A fairly general
class of multiplicative X-functionals is obtained by considering

O = h (X’it’x) ex ! os,x os,x
;= ———=exp a(u,Xu )du+ b(u Xu_,y)u (du, dy)
h (x) s 15,t1xG

for given functions %, a and b, or, in order to allow the value 0,

h(X) ! i
<I>f‘x=We"P</ a (u, X;) d“> [T e(mx"m).
s n=ﬁ§+1

In the homogeneous case, ¢5; = ¢;—g, the corresponding forms of the homogeneous
X -functionals are

]’l Xox t
W = (Xi) exp (/ a(X") du +/ b (X%, y) u° (du,dy)>
h(x) 0 10,/1xG

and

h Xox
= é(;))exp </ (%) d”)nc (X5 m).

The multiplicative property (7.133) is quite strong: for any s > 0 it forces

X X
s+ds — (I) o

s+ds |x’ X;’O‘x

suitably understood, where the last factor must depend only on X ?o,x and the be-
haviour of w on ]s, s 4+ ds], i.e., it must depend on X 0% alone. It is this important
instantaneous X °-dependence, together with the fact that the X°%*-processes are de-
termined from a semigroup (¢s;) and u° as in (7.130), that makes the factorizations
we have considered at all possible.

Example 7.9.1 Suppose that X with Xy = xp is a time-homogeneous PDMP under
Py, (sothat X; = ¢;_¢) (Y()) with 79 = 0, Yo = xo) with jump intensity function
g (x) and jump probabilities r (x, -) . Suppose also that X satisfies (7.75). Let & be a
function in D (A), the domain of the full infinitesimal generator A for X, see Def-
inition 7.7.1, and assume that / is strictly positive and bounded away from 0. Then
consider the process

h(X
Mh = (z)Ul;,
h (xo)

" Ah
UM = exp (—/ — (Xy) ds>.
o h

where
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In particular M{)’ = 1P, -as. and Mth = W% o ;4 where W is the homogeneous
multiplicative functional

Xox t
\Iltxzh( ! )exp(—/ A—h(sz)ds).
0

h(x)

The jumps for M" satisfy
AM" = AN, sX

with S the F/*-predictable field

Y _ ash h(y) _
S, =M,_ <h(X,_) 1), (7.134)

while between jumps, ¢ — M,h is differentiable with (cf. (7.74) and Definition 7.7.1)

h

U
DM = - (;CO) (8ph (X1) — Ah (X))
ut
=- q (Xt)/ r(X.,dy) (h(y) —h(X). (7.135)
h (x0) G

But then, with
M (dt,dy) = p(dt,dy) — q (X;—) dtr (X, dy)

the fundamental martingale measure for u, it follows that
t
Mt =1 +/ DSMfds—i—/ SY (s, dy)
0 10,11xG
- 1+f SY M (ds, dy).
10,11xG

simply because using (7.135) and (7.134) we see that

t t
—/ dsq(xs,)f r (X, dy) Sg’zf DyM! ds.
0 G 0

The assumptions on / ensure that the predictable field S is uniformly bounded on
finite time intervals, hence by Theorem 4.6.1(iii), M h is alocal martingale. But M s
bounded on finite time intervals, hence it is a true martingale under P, and we can
define the probability Py, on F* by (7.129). By Proposition 7.9.2(b) it follows that
X under Py, is a homogeneous PDMP, determined by some jump intensity function
g (x) and some jump probabilities 7 (x, -) (and of course with deterministic behaviour
given by the original ¢,). In order to identify ¢ and 7, we use the homogeneous version
(7.127) of the likelihood PP, -martingale from Theorem 7.9.1.

Introduce the bounded function
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H(X)=/Gr(x,dy)h(y)-

By differentiation between jumps

Dilog L), =— (@ (X)) —q (X))
which must match
q (X1)
D;log M!" = — H(X;) —h(X
+ log M, h(Xt)( (X1) = h (X1))
as found from (7.135) when dividing by M ,h Consequently the choice
~ q (x) H (x)
=" 7.136
q (x) o) ( )
ensures that
D,LY, =DM/, (7.137)

and it then remains to match the jumps of EI.)fco and M". But

TX) AT (X)) 1)

X FN.S
AEHXO = AN;ﬂtile <

q (X;—)dr (X;—,-)
H(X,-)dr (X,—,")
h(X,-) dr (X;—,")

=AN.LY |, < (X)) — 1)

which we want to equal
AM" = AN, sX
with S given by (7.134). Since £LX = Mé’ = 1, (7.137) gives that E‘XO and M" agree

0]xg X
on [0, T1[, hence the first jump for Cffco is the same as that for M”" provided
H (X,—)dr (X,—, ") (y) = h(y)
h(Xi-) dr (X;—, ) h(X-)
ie., if
dr(x,-) h(y)
= . 7.138
dr () 6)) H ) ( )

With this condition satisfied we have that El))(m = Mh Py, -a.s. on [0, T1] and then

deduce from (7.137) that Eﬁo = M" on [T}, T»[, and then, with (7.138) satisfied,
that thg identity extends to the closed interval [T, 7T2]. Continuing, it is clear that
under P|y,, X is a homogeneous PDMP with ¢ and 7 given by (7.136) and (7.138)
respectively.

The P, -martingale M” has a particularly simple form if 4 is harmonic for X
under P, , i.e., if in addition to the previous assumptions on /, it also holds that
Ah = 0. In that case

i D)
" h(xo)
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The Basic Models from Survival Analysis

This chapter deals with the problem of estimating an unknown survival distribution
based on observation of an iid sample subjected to right-censoring. Also treated is the
estimation problem for the Cox regression model.

References. The book [2] by Andersen, Borgan, Gill and Keiding is indispensable.
Hougaard [50] is an important reference for the analysis of multivariate survival data.

8.1 Independent survival times, right-censoring

Let X,..., X, be @+ -valued random variables, to be thought of as the failure times
of r different items.

We shall assume that the X; are independent and that the distribution of X; has a
Lebesgue density corresponding to the hazard function u;, i.e., the survivor function
for the distribution of X; is

t
P(X; >t) =exp (—/ ui(s)ds) .
0

Define the counting process N’ by
Nf =10
Then N' has at most one jump and has ]-'tNi -compensator Al = fot Alds, where

M= ui(9) x5
= Mi(S)l(NSi_:O).

The aggregate (see Section 6.1) 1 of (N',..., N”) is the RCM with mark space
E ={1,...,r}such that

w([0, 1] x A) = N;(A) = ZN;' (A C E).
icA
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(Since the X; have continuous distributions and are independent, (6.3) is satisfied).

By Theorem 6.1.1 (a), the F/*-compensating measure for x is given by the com-
pensators A(A) = Y ;.4 A’, with A’ as above.

It is of particular interest to consider the case where the X; are identically dis-
tributed, u; = u for 1 <i <r. With N = i N I (the counting process recording
the total number of failures observed at a given time), the F/*-compensator for N is
A=Y'_| Al = [;Asds, where

As = u(s)Ry_

with R;_ the number of items at risk just before time s,

r r
R =) i p=) (1=N_)=r—N,.
i=1

i=1

Notice in particular that M := N — A is an F/*-martingale. Since however A; depends

on s and N,_ alone, A is also }",ﬁ -predictable and the ]-',ﬁﬁompensator for N. It
follows therefore, that if Q is the distribution (on (W, H)) of N, the compensator A°
for Qis Ay = fot A5ds, where

Ao =u(s)(r — N 8.1

with the T-sign added to give an intensity process defined on all of W, which is
everywhere > 0.

From the discussion in Section 7.2 it follows that the fact that A, is a function of
s and N,_ only also implies that N is a non-homogeneous Markov chain, with state
space {0, 1, ..., r}, initial state No = 0, total intensity function

gi(k) = (r —k)u (1)
for k < r and jump probabilities
re (k) = ex1
for k < r — 1. The transition probabilities are
psi(j- k) = P(N; = k|N; = j).

non-zeroonlyif 0 < j <k <r, 0<s <t, s < Al (where tT is the termination point
for the distribution of the X;) and may be computed explicitly: let

t
F(t) = exp (—/ u(s)ds)
0

be the survivor function for the distribution of the X;, F = 1 — F the distribution
function. Thenfor j <k <r, s <t, s <t'
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pst(J, k) =P (X; €10, t] for k values of i | X; € ]0, s] for j values of i )
B (j,k_;-’,_k)(F(S))j(F(t) — F(s)M I (F0)*
- (5)(F()I (F ()~

— k—j /— r—k
_(r—j) _F® F (1)
k- F(s) Fe&)
Thus, conditionally on Ny = j, N, — j follows a binomial distribution (» — j, 1 —

F(t)/F(s)).

Consider now the statistical model when the hazard function u is unknown. Writ-
ing

t
po = [ uwas,
0
one then defines a martingale estimator of 8(¢) by

~ 1 _
_ N, 8.2
A /M o, (82)

well defined since R, > 1 for each jump time s of N — these jump times are the X;
ordered according to size and

~ 1
=) —— (8.3)
Defining

Rs—

== if Ry > 1,
Ss - .
0 ifR_ =0,

Sis an .Eﬁ—predictable process, and since both § > 0 and N are bounded, by Theorem
4.6.1(ii),

M(S) = N(S) — A(S)

is an f,ﬁ-martingale. But N,(S) = E, and

B = A((S) = /(;t u(s)1(r,_>1)ds, 8.4)
SO E— B* is a martingale and in particular

EE:JM?:[:MQPmsdes

t
= /0 u(s) (1= (F(s)") ds
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sinceP(Ry >1)=1—P(Ry; =0)=1—(F(s))" . Thus
(1= (F®)) B <EB, < B(1)

and for r < t7 we see that asymptotically, as r — oo, lim Eﬂ, = B(t) with rapid
convergence: for r < ' and r large, ,3, is almost an unbiased estimator of (z).

To assess the quality of the estimator we compute the variance of ﬂ, B (which
is not quite the variance of E),

—~ 2 — 2 —
E(B —B) =E(M(S) =E(M()),.
see p. 83 for the definition of the quadratic characteristic. But

(M($)), = Ai(5%)
_/0 u(s R

b —
(with the integrand 0 if R;— = 0), a quantity that since %RS, sk F(s) forr - oo
by the law of large numbers may be shown to satisfy that

t
r(M(S)), 2 f uls) 4= £O
o F(s) F(t)

>1) ds

for t < 7. It may then further be argued, using a functional central limit theorem for
martingales, that for ¢ < ¢t fixed and r — o0, the sequence

(‘/; (//3\Y - IBS*)Ofsft)r

>1

of martingales on [0, ¢] and the sequence <ﬁ (/’3\Y - ﬂ(s))0<s<t) of processes both
converge in distribution to the Gaussian martingale (Ws)o<;<; , Where

VVS == BO’Z(S) (85)

with B a standard Brownian motion and the variance function (and deterministic
time change) o2 given by az(s) = F(s) /f(s). (For the convergence in distribution,
the processes are considered as random variables with values in the Skorohod space
D [0, t] of real-valued, cadlag paths defined on [0, #], with convergence in distribu-
tion meaning weak convergence of the distributions when D [0, ¢] is equipped with
the Skorohod topology).

Using that M (52) is a martingale, it is natural to ‘estimate’ <M(S))S = A, (SZ)
by N, (S 2) , and therefore estimate az(s) by

52(s) = 1N, (2 Z/ LN, 8.6
G(S)r<>ros]R (8.6)
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an estimator that can be shown to be uniformly consistent on [0, ¢],

R prob
sup 62(s) —a(s)| — 0
si5<t

forany r < t7.

What we have discussed so far is the most elementary of all models in survival
analysis. An important generalization arises by considering models for right-censored
survival data. 1t is still assumed that the X; are independent with hazard functions u;,
but due to right-censoring, not all X; are observed. Formally, apart from X1, ... , X,
we are also given the censoring variables Vi, ..., V., which are R+—valued random
variables. What is observed are the pairs (S;, §;) of random variables where

Si=XiANVi, 8 =1lx;<vp-

If §; = 1, X; is observed, while if §; = 0, the censoring time V; is observed, and all
that is known about the unobserved failure time X; is that it exceeds (is strictly larger
than) V;.

For each i, introduce a counting process N with at most one jump,

Nf =1, =iav)-

Thus N’ has one jump precisely when X; < oo and X; is observed, and no jump if
either X; = oo or X; is not observed. If there is a jump, it occurs at time X;.

So far we have said nothing about the joint distribution of the V;, either on their
own or jointly with the X;. Now let F; be the o -algebra generated by the failures and
censorings observed to occur in [0, ¢]. Formally,

Fi = U(Sil(S,vss)’ Sil(S,-Ss))lfiSr,sft
=0 (Sils,<n, 8il(s;<n)i<i<r-

(The second equality is easy to show: if §; < ¢ and the values of §; and §; are known,
so are the values of S;1(s;,<s) and §;1(s;<5) forany s < ¢; and if §; > ¢ also §; > s
for s < t. Note that (S; > ) € F;:since S§; > 0, Sjl(s, < = 0iff §; > ). What is
usually assumed about a model for right-censored survival data is that for every i, M’
is an F;-martingale, where

t
M; = N; —/ Ads, A, =u'(s)I, 8.7
0
that (M?)? — fo Al is a martingale, and finally that M’ M/ is a martingale for i # j.
Here I' in (8.7) is the F;-predictable indicator
I; = 15,29,

which is one when item i is still at risk at time s, i.e., just before s item i has as yet
neither been censored nor observed to fail.
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Note that with the joint distribution of all S; and §; described through an MPP as
indicated below, the assumptions about the martingale structure of (M?)? and M’ M/
presented after (8.7) are direct consequences of (8.7) and Proposition 4.5.3 (b), so are
not new conditions.

There are several comments to be made on these martingale assumptions. The
first is that even though it is always assumed that the X; are independent with hazard
functions u;, requiring that M’ be a martingale is not enough to specify the joint dis-
tribution of (X1, ..., X;; Vi,..., V,). To see why this is so, think of the observations
(S;, 8;) asan MPP (7, ))) , where the T,, when finite are the distinct finite values of the
S; ordered according to size, and where Y;,, if T,, < 0o, lists either the item i observed
to fail at time 7, (if any), and/or those items j observed to be censored at 7;,. (Without
any assumptions on the structure of the censoring pattern, it is perfectly possible for
the censorings of several items to occur simultaneously, and even to coincide with the
observed failure time of some other item). As mark space we could use

E={(A):1<i<r, AC{l,...,r]INiJU{(,A):0#AC(L,...,r}},

where the mark (i, A) means ‘i observed to fail, all j € A censored’ and the pure
censoring mark (¢, A) means ‘no failures observed, all j € A censored’. With this
setup the filtration generated by (7, ) is precisely (F;) and we know that to specify
the distribution of the MPP, one must write down the JF;-compensators for all the
counting processes N”, N; = Y02 | 1(7, < v,=y) for arbitrary y € E. All that is
done in (8.7) is to give the compensator for

Ni — Z N(i,A)7
A:(i,A)€EE

so not even the distribution of the observations (S;, §;) is determined by (8.7), much
less of course the joint distribution of all (X;, V;). The message is that with (8.7) and
the assumption that the X; are independent with hazards u;, the model for censored
survival data is only partially specified. Note that a full specification of the compen-
sators AY for all N”, y € E, must respect the special structure of the N7, i.e., that
each N7 has at most one jump and that jump is possible at time s only if all items
listed in y are at risk at time s. Thus, in case A] = f(; Ay ds with an F;-predictable
intensity process 1Y (which need not exist in general), A” must satisfy

A ” ) (A
AL =)0 )I(szs,jeAu{i})’ M =2 )l(S.fZSJEA)'

Consider now the special case where all #; = u. Even though (8.7) is only a partial
specification of the compensator structure, it is good enough to enable the estimation
procedure from the iid case without censoring to go through: define S(r) = fot u as
before and still use (8.2) to give

~ 1 _
B 2/ dNy, (8.8)
' 10,7] Rs— *

the celebrated Nelson—Aalen estimator, with now N = Y N " and
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r r
Rs_ = Z[; = Z l(Sizs)v
i=1 i=1

the number of items at risk just before s, (so (8.3) is no longer valid). With 8" still

given by (8.4), B\ — B* is an F;-martingale, and if %Rs pgb p(s) for all s with p
some continuous function (necessarily decreasing and < F(s)), the convergence in
distribution of («/7 (B\s - :3?))0<S<, to a Gaussian martingale (Wy)o<s<, (see (8.5))
still holds for ¢ < inf {s : p(s) = 0}, only now the variance function for W is

02(5)—/Su(v) L
—Jo p(v)

Finally, a uniformly congistent estimator of az(s) on [0, #] is still given by (8.6).

Writing v (10, ¢]) = B, it is seen that D is the hazard measure for a discrete distri-
bution on R, concentrated on the timepoints S; < oo for which §; = 1 and possibly
also with a mass at co. The corresponding distribution has survivor function

=~ AN
Fiy=T] (1— m )
O<s<t S

the classical Kaplan—Meier estimator for the survivor function

F(t) = exp <— /t u(s) ds) ,
0

which is often used rather than the natural alternative exp (—B\,) . Note that F has finite
termination point iff S;; = max; S; < oo and §;, = 1. Note also that in the simple

model without censoring (all V; = 00), F is the survivor function for the empirical
distribution on the S; = X;: each finite X; is given mass 1/r.

We shall now give some examples of censoring models, where (8.7) holds. It is
assumed always that the X; are independent with hazard functions u; .

Suppose first that for 1 < i <r, V; = v;, where v; €]0, o0] is a given constant.
Observing all (S;, §;) then amounts to observing the independent counting processes
N*,

N = 1x,<tnu)-
With 7 the first (and only) jump time for N,
P(T] > t) = Fi(t Av;),

F; denoting the survivor function F;(t) = exp(— fot u;) for the distribution of X;.
Thus the distribution of Tli has hazard function

) Jui@® @ <)
u (’)_{o t > )
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and the compensator for N’ has F;-predictable intensity process
A= ui(t)l[O,vi](t)l(NL:o) =u; (1},

i.e., (8.7) holds.

As a second example, suppose that for each i, X; and V; are independent, that
the different pairs (X;, V;) are independent and that V; for all i has a distribution with
hazard function u{. (It is not required that the distribution of V; have a density, but it
is a convenient assumption for the calculations below). Identify any given observable
pair (S;, 8;) with an MPP described by the two counting processes corresponding to
the two marks i and c, i,

i c,i
N =lxi<invys Ni' = 1wz vi<xis

(which makes sense since P(X; = V; < oco) = 0). Then N?, N¢! combined have
at most one jump in all, occurring at time S;. Hence, to find the compensating mea-

sure (with respect to (}}NI N )), we need only find the hazard function 1O for the

distribution of S;, and the conditional jump distribution for the mark i,
pi(0) =7 V(i) = 1 =7 O (e, ip) = P(X; < VilSi = 1).
But, cf. Proposition 4.1.3(ii)
O @) = ui (6) + uf (), (8.9)

while p; is determined by the condition

t
/ pi ) P(S; edt) = / pi () (i (1) + uf (1)) exp (—/ (ui +u;‘)> dt
B B 0

=PX; = Vi, Si € B) (B ¢€Dby).

Using the expressions for the density for X; and the survivor function for V; respec-
tively, it follows, conditioning on the value of X;, that

P(X; <V, SieB)= P(X; <V;, X; € B)

t t
f u;(t) exp (-/ u,') exp (—/ u,‘) dt,
B 0 0

Ui

uj +uj

and consequently

pi =

Comparing with (8.9) it is seen that the intensity process A’ for the ]—'tN LNE -compensator
for N’ is given by (8.7). Because of the independence of the pairs (X;, V;), using
Theorem 6.1.1 (a) it follows that (8.7) holds (with (F;) the filtration generated by
(Ni’ Nc’i)lsisr)-
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It is in fact true that (8.7) holds under much more general independence assump-
tions: it is enough that X, ..., X, are independent with hazards u;, and that the
random vector V = (Vq, ..., V,) is independent of (X1, ..., X,). To see this, con-
sider first the conditional distribution of the counting processes N’ given V = v, v =
(v1,...,vr). Since V is independent of the X; this is the same as the distribution of
the N', assuming the censoring times V; to be identically equal to the given constants
v;, a situation where we have already seen that (8.7) holds, and have then found the
compensators for the N'. A small amount of work shows that this amounts to saying
that the N (with V random and independent of the X;) have compensators

t
/)&lvdsa Ay = ui(s)1i(s)
0

since the compensators are JF;-predictable, we deduce that (8.7) is satisfied.

Finally we give an example of a model for right-censoring for which (8.7) holds but
where the V; are not independent of the X;: define V| = --- =V, = X(,,;) with X() <
X@) < --- < X( the order statistics. (Since the X; have continuous distributNions,
the finite X;-values are distinct). It is easy to see that (8.7) holds: start with Nti =
I(x,<n), and let i = Z A denote the RCM with mark space {1, ... ,r}

- n:T,<oo
determined from the N'. The observations (S;, &;) I1<i<r arising from censoring at X ()
are identified with the counting processes

i
Nl - l(XiSI,XiSX(m))7

corresponding to an RCM . = Y g(7,.y,) with mark space {1, ... ,r}. Clearly
n:T,<oo
(Ty, Yr) = (Tk, ?k) fork <m, Ty41 = Tuy2 = --- = 00. So the Markov kernels

determining u agree with those of /i up to and including the time of the mth jump. We
know the compensators for /& and deduce the desired (8.7) structure for those of jt.
We leave this discussion of censoring models by quoting an intriguing question:
suppose only that the joint distribution of the (S;, §;) satisfies the martingale property
(8.7) for all i, but does not otherwise suppose anything about the distribution of the X;.
Is this assumption always compatible with the requirement that the X; be independent
with hazard functions u;? The answer is indeed ‘yes’, but the proof is not a triviality.

8.2 The Cox regression model

It was always assumed above that the failure times X; were independent. One of the
most versatile of all models used in survival analysis, where no independence assump-
tions are made, is the Cox regression model. Here the intensity for failure of an item is
allowed to depend on an observable process of covariates which contains information
about different characteristics for that item.
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The model is typically only partially specified, describing the intensity for failure,
but not the distribution of the covariates. The model allows for censoring.

Formally, suppose given a filtered space (2, F, F;,P) and letfor 1 <i <r, {i
be an RP-valued F;-predictable process (the covariate process for item i represented
as a column vector), let V; €]0, oo] be the censoring time, X; the failure time for item
i, and assume that the counting process N,

Ni =1, <iavi)
is F;-adapted, and that the {0, 1}-valued process I i
Ij =150,

where S; = X; A V;, is Fy-predictable.
The fundamental assumption in the Cox model is then that for every i the ;-
compensator for N' has F;-predictable intensity A',

M= u(ne? 9T (8.10)

where u is the hazard function for some distribution on Ry and y7 = (y1, ..., Yp)
is a row vector of regression parameters. The ‘model’ arises by allowing the baseline
hazard u and the y-parameters to vary.

Note that if y = 0 we get a model for right-censoring as discussed above (with all
U = u).

In the case of no censoring (all V; = oo) and each ;,i =c(t)a given, non-random
function of ¢, take (F;) to be the filtration generated by (N i)]fis;«. It is then clear that
X1, ..., X, are independent such that for 1 < i < r, the distribution of X; has hazard
function

wi (1) = u(t)e’’ 'O, (8.11)

In general with random covariates no such expression is valid for the failure time
hazards and the best interpretation of the Cox model is through expressions like
(cf. Proposition 4.4.2),

i 1
u(t+)eVT§r+ = }li% }—IIP’(t < X; <t+h|F;) ontheset (S; > 1)

describing the imminent risk of failure for item i.

With only the intensities (8.10) given of course hardly anything is said about the
distribution of the censoring times and covariates. With all the ¢’ e.g., piecewise de-
terministic processes determined from certain RCMs, a full specification of the model
could be given involving not only the failure intensities (8.10) but also censoring inten-
sities (possibly jointly or jointly with a failure) and intensities describing the jumps of
the /. Such specifications are never given in statistical practice which makes model
based prediction of mean survival times and other such relevant quantities virtually
impossible in the Cox regression model.
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The Cox regression model has proved immensely useful in survival analysis, pri-
marily because even though the model is only partailly specified, it is still possible to
estimate in an efficient manner both the baseline hazard and the regression parameters,
and thereby also to analyse in practice the effect on survival of any of the covariates.

In order to estimate the integrated baseline hazard,

t
B (1) 2/ u(s) ds,
0

one imitates the idea leading to the Nelson—Aalen estimator (8.8) and defines

t
. 1
By, =f ————dN
" 0 ZieRs er's
with N = Y, N’ and
Rey={i:1<i=<nrS=s}

the set of items at risk immediately before time s. Then, with u the true baseline
hazard and y the true value of the vector of regression parameters, f, — B* is an
JFy-martingale, where as before

t
ﬁt* :/0 M(S)](Rﬁg@) dS.

The estimator EyAdepends on the unknown regression parameter, so ultimately
B (1) is estimated by S5 ,, where ¥ is the estimator of y that we shall now discuss.
Let C; for t > 0 denote the partial likelihood process

NI VT§T,,

c,<y)=l'[ze—.,

(8.12)

defined for arbitrary y € R”. Here the T}, are the jump times for N ordered according
to size, T} < T» < --- (at most r), i.e., the T, are the ordered S;-values for which
X; < V;, while J,, = j if itis item j that is observed to fail at time 7,.

Suppose e.g., that everything (i.e., all the N, I’ and ¢') is observed on the interval
[0, 7o] for some 7y > 0, the estimator used for y is then ¥ = %, the value of y that
maximizes y +— Cy, (), and B(¢) for t < 1o is then estimated by Eﬂo,t~

We shall give some comments on the structure of the partial likelihood (8.12).
Since always J, € Rr,, each factor in the product is > 0 and < 1. Furthermore
it may be shown that y +— log C; (y, w) (for a given value of t > 0 and w €
— corresponding to a concrete set of observations on [0, ¢]) is concave and strictly
concave iff the contrast covariate vectors

ph (@) =& (@) — &), ()
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forl <n <N, (w),iec Rr, (@) span all of R”. And log C; (¥, w) attains its maximal
value at a uniquely determined point iff it is impossible to find a row vector vT % 0
such that v7 p! (w) > 0 for all choices of n and i as above.

With the interval of observations [0, #p] as before, it may be shown under regularity
conditions that as r — 0o, /1 (’)7,0 — y) converges in distribution to a p-dimensional
Gaussian distribution with mean vector 0 and a covariance matrix that itself can be es-
timated consistently. A more refined analysis even leads to results on the joint asymp-
totic behaviour of ' = ¥;, and (B} ,) O<r<ty * To discuss the asymptotics in any detail
is beyond the scope of this book, but martingale central limit theorems are essential
and a key observation for the study of the asymptotics of ¥;, is then the following:

Exercise 8.2.1 With y the true value of the vector of regression parameters and as-
suming e.g., that all the covariate processes ¢' are bounded, show that the partial score
process is an F;-martingale, i.e., show that

Dy logCi(y) (0 <1<ty

is an F;-martingale for 1 < k < p. (Hint: the task is to compute the derivatives
Dy, log C; (y) and then rewrite them in terms of stochastic integrals of predictable
integrands with respect to the basic martingales

t
M; = N, —/0 AL ds).

We shall conclude with a brief discussion of the terminology ‘partial likelihood’
and how it relates to the theory of MPPs and RCMs. Suppose there is no censoring
and that the ;“f = ¢/(¢) are given functions of ¢. Then the X; are independent with
hazard functions u; given by (8.11), we have

N = l(x;<n)

and with (F;) the _ﬁltration generated by the N I for1 < i < r, find that the F;-
compensator for N' is

t
Aj :/ u; (s) I, ds
0

with Il = 1(x;>s). But then one finds that the distribution of the aggregate u of
(N L .. N ’) is determined by the Markov kernels

t .
ng) (t) = exp —/ Z u (s) e’ g
n

iGR(Zn)

for t > t, with R (z,) the set of items at risk after the time 7, of the nth failure, i.c.,
the items remaining when all items listed in z,, = (#1, ..., #;; j1, ... , jn) have been
removed, and
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T iO([)
2 (i) = — 2 (8.13)
T, \oj) = T i (i0€R(zn))> .
ZieR(zn) er s’ ®

cf. (4.47) and (4.48). Comparing this with the expression for the likelihood process
L; from Theorem 5.1.1(b) (using for reference measure the case y = 0, u(t) = 1) it
emerges that C; (y) is, apart from a factor not depending on y, the contribution to £,
that consists of the product of the ‘m-derivatives’,

(n D

Zn—1,Tn
Cl‘ (V) 6.8 1_[ 0 (nl 1) (Jn)
Zp—1,Ty

with Z, = (Ty, ..., T2 Ji, ..., Jy), the 7™ asin (8.13) and 7% referring to the
reference measure, i.e.

1
()
(”) ({ioh) = I(IOER(Zn))

In a more general setup with random censorings and covariates, the nth factor in
C; (y) may be interpreted as the conditional probability that ‘it is item J,, that fails
at time 7, the time of the n’th observed failure’ given the past up to time 7,,. In a
complete MPP description of the model with censorings and piecewise deterministic
¢! so that jumps corresponding to observed censoring times and jumps for the ¢/ are
included, such a probability would arise from a ”z; .-probability (the 7 and z; now
referring to the full model), by conditioning furthermore on the event that the jump that
is to occur at time ¢ should correspond to a failure and then asking for the probability
that it is a given item that fails. As we have just seen, such factors appear naturally in
the expression for the likelihood process, so the terminology ‘partial’ is appropriate in
the sense that C, (y) picks out parts of the total likelihood £; involving the -kernels
and referring to special types of jumps, i.e., the occurrence of failures.






9

Branching, Ruin, Soccer

In this chapter three quite different models are presented: a branching process for the
evolution of a population with age-dependent birth and death intensities; a classical
model from risk theory with a discussion of the problem of calculating the probability
of ruin and the distribution of the time to ruin; a model for how a soccer game develops
over time, using a simple multiplicative Poisson model as starting point.

References. Branching processes: Jagers [68] and the collection [5] of papers
edited by Athreya and Jagers deal with rather more advanced models than the one
presented here. Ruin probabilities: important books for further reading include Rolski
et al [105] and Asmussen [4].

9.1 An example from the theory of branching processes

Suppose one wants to set up a model describing the evolution of a one-sex population,
where each individual (mother) can give birth to a new individual with a birth rate
depending on the age of the mother, and where each individual may die according to
an age-dependent death rate. How should one go about this? We of course shall do it
by defining a suitable MPP and associating with that a process which turns out to be a
homogeneous PDMP.

Let B8 : Ry — Rp, § : Rg — Rg be given functions, to be understood as
the age-dependent birth rate and death rate respectively. We suppose given an ini-
tial population Xg = x( consisting of ko > 1 individuals, labelled by their ages
aio), . ,a,ig) (all > 0). There are different possibilities for the choice of the state
space G. Here we shall simply let G consist of all finite subsets of Ry, allowing for
repetitions of elements, where the state x = {ay, ... ,ax} fork € No, ay,... ,ar >0

is interpreted as a population consisting of k individuals of ages ay, ... , ar. Thus

Xo=x0 = {aio), ey a,ig) } In general individuals may have the same age, denoted

by a repeated element: a population consisting of 5 individuals, one pair of twins and
one set of triplets, would be denoted {a, a, b, b, b} . An extinct population (0 individu-
als) is denoted 0. If x = {ay, ... , ax} € G, we write |x| for the population size k and
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x+1t={a;+t,...,ar +t}. (The choice of G is quite crude and ignores informa-
tion concerning the life histories of single individuals. It is not a problem to define a
population process on a state space where one keeps track of this type of information
— see Exercise 9.1.1 below).

In the model we shall define (which can easily be generalized to allow e.g., for
multiple births), all births and deaths occur at separate time points (so one only sees
individuals of the same age if they are present at time 0). In particular the population
size can only increase or decrease in jumps of size 1. If the process is observed in
state x = {ajy,...,ar} and a jump occurs, the state reached by the jump is either
{ai, ..., ax} U O corresponding to a birth or {aj,...,ar}\a; forsome 1 < i < k
corresponding to a death (where of course, if there were several individuals of age g;
inx, {ay, ..., ar} \a; denotes the population where precisely one of those of age a; is
removed, the others retained).

It is now a simple matter to set up the model. The process is piecewise determin-
1stic,

X: = ¢, (Y1)

with T}, the time of the nth jump, Y, the state reached by that jump, and the determin-
istic behaviour given by

& (x) =x+1

if |x] > 1 and ¢, () = 0. The Markov kernels determining the distribution of the
MPP ((T,), (Y,)) are given by, for t > £, with y, = |a§"’, L a,?;)} ,

t—ty
Ffmm=wm<—/ w+mhuw0,
0

i B (a” +1— 1)
[B+ 31y, (1 — 1)
) (al-(") +1— tn)

"B+ 4], (t—ty)

Tty (I +1—1,) U0) =

Mot ((yn Fr—1p))\ (af”) - t)) (1<i<ky),

using the notation

kn

[B+58], () =) (ﬁ(af’” +5) + 8™ + s)) .

i=1

Naturally, empty sums equal 0, hence it follows in particular that once the population
becomes extinct, it remains extinct forever.

It may be shown that the process X defined above does not explode — this is
related to the fact that the birth process from Example 3.1.4 with A, = Bn for some
B > 0 does not explode; in particular, if the age-dependent birth rate 8 (a) is bounded
as a function of a, it is easy to show that X does not explode using Corollary 4.4.4.
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Clearly the ¢, satsify (7.28) and it is then immediately verified from Theorem 7.3.1
(b) that X is time-homogeneous Markov with

k
g () =Y (Ba)+5@)),
i=1

k .
rx,xU0) = — 2.i=1 B (ai) ’
Yo (B (ai) + 8 (a)
r(x. x\aip) = ? o) 1<ig<k),

S (B (@) + 8 (ap)

where x = {ay, ..., ax}, and where only the exhaustive non-zero point probabilities
for r (x, -) have been specified. The corresponding predictable intensities, A;(C) (for
special choices of C but enough to determine all A,(C)), are given by

=) (B@+5(@),

aeX;_

M(X-U0)= Y Bla), ©.1)
aeX;_

*(Xi\ao) = Y 8(ao) la=apex, )»
aeX;—

justifying the interpretation of 8, § as age-dependent birth and death intensities. (Note
that if all ages a € X;_ are different,

A (X;-\ao) = & (ao)

forag € X;-).

A particularly simple case of the model above is obtained when both 8 and § are
constants. In this case the intensities above depend on X;_ through the population
size |X;—| only and it follows that the process |X| is a time-homogeneous Markov
chain with state space Ny, the familiar linear birth- and death process with transition
intensities, for k > 1,

qrk+1 = kB, qi -1 = k4.

The process we have constructed here has the branching property characteristic
0) (0)

of branching processes: with the initial state xo = {al s gy } as above, define
ko independent processes X' with the same age-dependent birth- and death intensities
B and § respectively such that Xé = {ai(o)}. Then X := Uf‘ozl X' has the same
distribution as X. To see this, let w' be the RCM describing the jump times 7, and
jumps Y} = XlTrf for X', and let u be the aggregate given by (6.1) which is well
defined since the 7, have continuous distributions. Assuming (after discarding a null
set if necessary) that for all w, Tki (w) # T} (w) whenever (i, k) # (j,n) (cf. (6.9)),
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from Theorem 6.1.1 it follows that x has F!-compensating measure L with A,(A) =
L([0,7] x A) for A =J;_, {i} x A’ given by

t
A(A) = /0 As(A) ds

with

W= Y (8 («') 1o ooewy +3 (@) L rwrewy) - O

i=lgiexi_

Now let /i = } 5 _, £(T,.7,) be the RCM determined by the jump times 7, and
jumps ?n =X 7, for X. The fn are the same as the jump times 7;, for the aggregate

u, and since obviously X can only jump by either a birth or a death occurring for
precisely one of the populations X, the F/*-predictable intensity processes for ji are
given by the total intensity

=YY e (d) =Y B+o@.

i=lgiexi_ deX;-

the birth intensity (take A = X,_ U 0in (9.2))

LEou0) =Y Y ()= Y p@

i=lgiexi_ aeX,_

and the death intensity, for ay € X,_, (take A = X +~\do in (9.2))

e (Xi\ao) = Y8 @0) Lgpexi ) = D 8@ 1 (auzyes, )
i=1 Y

aeX,_

Thus the F/-predictable intensity processes for i are F!* -predictable; hence by The-
orem 4.8.1 they determine the distribution of fi. Since the A; (C) agree in form exactly
with the intensities A;(C) for X, cf. the three equations (9.1), and obviously the deter-
ministic behaviour between jumps of X is the same as that of X while also Xo = X,
it follows that X and X have the same distribution.

Exercise 9.1.1 Consider a model for a population process X *, where each X} not only
reveals the current ages of the individuals alive at time ¢, but also for each individual,
the ages at which she gave birth. Thus a state x* for X* is an object of the form

{aik, e, a,’(‘} with each al.* = (ai; bii), e bf,?) , a; denoting the age of i, and 0 <
bgi) < e < b,(,i) < a; the age prior to her present age at which i gave birth (with

m = 0 possible). To get back to the process X discussed above, it is natural to consider
a function of X*, (g(Xt*))pO , where
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g(x*)=f{ar, ..., ax}.

Give a construction of X* that makes it a homogeneous PDMP and which fits with the
construction of X above in the sense that the process g (X*) has the same distribution
as X when the initial states Xj = x;, Xo = xo are fixed and g (x(’)k ) = Xg.

A quantity that is easily calculated (although formally the construction from Ex-
ercise 9.1.1 is needed) and critical for the ultimate behaviour of the population is y,
the expected number of children born to an individual throughout her lifetime. To
find y, consider an initial population {0} consisting of one newborn individual ¢. Let
N? be the counting process that registers the times at which ¢ gives birth. Let also ¢

b pjd
denote the time at which ¢ dies and define N = 1(; <. then (N?, N?) has ft(N N
compensator (A?, A?) where

t t
Aﬁ’:/o I(nd —o)(s) ds. Af:/o L(vd—g)3(s) ds.

. . d . .
Since A4 is .7-"tN -predictable we recognize that

t
P >1) :exp(—/ S(s) ds);
0
it then follows that

t s
ENtb = EA? :/ exp (—f S(u) du) B(s)ds,
0 0

and defining Né’o = lim,%OONtb that

y =EN% = /Oo exp (— /s 8(u)du) B(s) ds.
0 0

Assuming that fooo 8 = oo (i.e., that individuals have finite lifetimes), one would ex-
pect the population to become extinct almost surely (no matter what the value of X)),
i.e., the extinction probability is 1 if y < 1, while if y > 1 for some initial populations
(e.g., those containing at least one newborn) the population will grow to co over time
with probability > 0. These facts follow directly from the classical theory of Galton—
Watson processes in discrete time from which one knows that only finitely many in-
dividuals are ever born (the population becomes extinct) iff the expected number of
offspring from each individual is < 1. But for the continuous time model considered
here, the total number of individuals ever born is exactly that of a Galton—Watson pro-
cess with offspring distribution equal to that of N, é’o. Note that for the linear birth- and

death process y % 1 according as B % 8.

9.2 An example involving ruin probabilities

If X is a homogeneous PDMP, from It6’s formula Theorem 7.6.1 (b) we know that
if the function f solves the equation Af = 0 (see (7.63)) with A the space-time
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generator given by (7.58), then if f and A f are bounded on finite intervals of time,
the process (f (¢, X;));>¢ is a martingale. In general there is not much hope of solving
an equation like (7.63) explicitly. However, martingales of the form f(-, X) are nice
to deal with when available, as we shall now see when discussing some classical ruin
problems.

Let N be a one-dimensional, homogeneous Poisson process with parameter A > 0
and let (U,),>1 be a sequence of iid R-valued random variables with P(U,, = 0) = 0,
independent of N. Finally, let xo > 0, let « € R and define

N
Xi=xo+at+) U 9.3)

n=1

i.e., X is a compound Poisson process (p.135) with a linear drift > ot added on.
In particular X has stationary independent increments, cf. Section 6.2, and is a time-
homogeneous, piecewise deterministic Markov process with

o) =y+at, q)=2xr
for all ¢, y, and
r(y, -) = the distribution of y + Uj.
We define the time to ruin as
T, = inf{z : X; < 0}.

The problem is then to find the ruin probability p, = P(T; < o0) and, if possible, the
distribution of T;.

We shall focus on two different setups: (i) the simple ruin problem corresponding
to the case where P(U; > 0) = 1, o < 0, where X decreases linearly between the
strictly positive jumps, (ii) the difficult ruin problem where P(U; < 0) =1, a > 0
with X increasing linearly between the strictly negative jumps.

It is clear that for Problem (i),

Xr, =0 on (T; < o0), 9.4)

and it is this property that makes (i) simple, while for Problem (ii) it may well happen
that
X1 <0,

r

and it is this possibility of undershoot, which makes (i) difficult.

There are simple necessary and sufficient conditions for the case when p, = 1.
A preliminary argument leading to these conditions is as follows: in both Problem (i)
and (ii), £ = EU| is well defined, but may be infinite. Now with 7}, the time of the nth
jump for N,
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n
X1, = xo+aTy + ) Uk,
k=1
and so, by the strong law of large numbers

1 as.
_XTn ad
n

>R

+é&. 9.5)

Consequently, X7, — —ooif ¥ +& < 0, implying that p; = 1, whileX7, — oo if
% + & > 0, suggesting that p, < 1 if % + & > 0. In fact, and as will be shown below,
for both Problem (i) and (ii) it holds that

pr=1 iff %+§§0. 9.6)

(For (i) this is possible only if £ < oo. For (ii) (9.6) is satisfied if in particular £ =
—00).
Let P denote the distribution of the U,, and introduce

v(O) =Ee U = /ﬂ” P(du).

In the case of Problem (i), this is finite if & > 0, and v is the Laplace transform for Uj .
For Problem (ii), ¥ is finite if & < 0 and i (—0) then defines the Laplace transform
for —Uj. (It is of course possible that 1 (0) < oo for other values of 6 than those
just mentioned in either case (i) or (ii)). From now on, when discussing Problem (i),
assume 6 > 0 and when treating Problem (ii), assume 6 < 0.

By a simple calculation

Eexp(—0(X; — x0))

o0
> P(N; =n)e " REexp (—0 Y] Us)

n=>0
= 2 %e—“e—e‘“w”w)
= e;p(tp((?))
where
p(0) = AP (0) — A — ba. 9.7)

Because X has stationary, independent increments, also

Eexp|~0(Xos — X))IFY | = exptp(©))
for any s > 0, so defining
M,(6) = exp(~6(X; = x0) — 1p(6)),

the following result follows immediately:
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Proposition 9.2.1 For Problem (i), (M,;(6), ftX) is a martingale for each 6 > 0. For
Problem (ii), (M;(9), FIX) is a martingale for each 6 < 0.

We proved this without using (7.63), but it is quite instructive to verify that (7.63)
holds: we have

f (@, y) =exp(—=6(y — xo0) —1p(6))
and a(y) = « for all y, so (referring to (7.58) for the form of A f)
Dif(t,y) +a(y)Dyf(t,y) = f(t, y)(—p(0) — ab)

while

Q(y)/Rr(y, dy) (ft,y) — f(t,y) =2 (f f@, y+u)Pldu) — f(, y))
= f@, )Y @) —1).
Using (9.7) we see that (7.63) does indeed hold.

Problem (i)

First note that as a Laplace transform v is strictly convex on R, and that v is differ-
entiable on R4 with

v'(0) = —EU e Y1,
Let 6 | 0 and use monotone convergence to obtain ¥'(0) := limg o ¥’ (0),
¥'(0) = —&,
also if £ = oo. Since  is strictly convex, so is p, and
p(0) =0, p'(0)=—-1&—a.

Defining 6y = sup{@ > 0 : p(#) = 0}, it follows that 8y = 0 iff /A + & < O (Giff
0'(0) > 0), cf. (9.6), and that 6y > O iff a/A + & > 0, (iff p'(0) < 0).

Since My(0) = 1, the martingales M (6) for & > 0 have constant expectation 1, so
applying optional sampling to the bounded stopping times ¢ A T; for # > 0 we obtain

1= ]EM),‘/\Tr (9) —E I:eexo—TrP(e); Tr < t] +E I:e—@(Xt—XO)—lP(Q); Tr > t]

using (9.4) on the way. Now take 8 > 6y and consider the last term. Since ¢ <
T;, X; > 0 so the integrand is dominated by the constant e?* (because also
p(0) > 0). Since e @ — 0ast — oo, the last term vanishes as t — o00. On
the first, use monotone convergence to obtain

1=E [eGXO—TrPW); T, < oo] © > 6p).
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By monotone convergence
E [e‘T'p(a); T, < oo] *pe as 6 0y,

and consequently,

Pr= e,

Furthermore, again since p(6) > 0 for 6 > 6y,
Ee PO _ [e—Trpw); T, < oo] — 00

and we have shown the following result:

Proposition 9.2.2 (a) For Problem (i), the ruin probability is

—6px
pr=e ",

where 6y = sup{d > 0: p(0) =0}and 6y =0 iffa/A +& <O.
(b) For & > 0, the Laplace transform of the (possibly infinite) random variable T; is
given by

Ee 0Tr — e—p’l @)xo 9.8)

where p~' 1 Rg — [o, ool is the strictly increasing inverse of the function p

restricted to the interval [0y, oo[.

Note that (9.8) is valid only for # > 0, but that by monotone convergence

_ . ! . _
pr=e 00 = Jim e %= |im Ee T,
510,00 910,90

Problem (ii)

For the solution of Problem (i), (9.4) was used in an essential manner. With the pos-
sibility of undershoot occurring in Problem (ii), (9.4) no longer holds. The basic idea
now is to consider instead the stopped process X = X so that

’X"_ Xt lft<Tr
T X, ift>T,.

Clearly
X1, <0 on (T; < o).

We certainly have that Xisa piecewise deterministic process with state space R
and initial state Xo = x¢o > 0. If 7, is the time of the nth jump for X and ¥, =
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X 7, = 0 the state reached by that jump, it is immediately seen that the Markov kernels
P ) Fm) determining the distribution of the MPP (fn, ?n) are given as follows:

—=(n) _ Jexp(=A(t —1t,)) ify, >0
Pz”‘xO (t) - { 1 if Yn = 0
for ¢t > t,, while fort > t,,, y, > 0,
7™ — the distribution of y, + a(t — t,) + Uj.

Zn,t]X0

The expression for P™ and ™ show that X is a piecewise deterministic time-
homogeneous Markov process with

~ _Jytoar ify>0,
~ . A ify>0,

7(y, -) = the distribution of y + Uj.
From now on assume that —U; follows an exponential distribution,
PU <u)=e" (=0,
where 8 > 0. Thus & = —%, so the claim (9.6) amounts to
pr=1 iff af <A.

Let? > Oand ¢ > 0 be given. We then claim that there are constants y = y (9) <
0and K = K (9, ¢) (not depending on xq) such that the process ( fo (Tr At X ,))

. >0
with

eIV fx > 0,
fo(t,x) = {Ke—ﬁfﬂx fx <0, 9.9)

is an FX -martingale. To see this and determine y and K, we first note that the space-
time generator for X has the form

Af(t’x) = th(tvx)+aDXf(tvx)
+61~(X)/7(x,dy) (f @ y)— [t x)

for x > 0, so that by It6’s formula (7.59)
~ t ~
F(R) = £ 0.x0) + fo Af (5. %)) ds

+/ (f (5,9 = f (s, Xs=)) M (ds,dy)  (9.10)
10,71xR
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for t < T, provided only that for x > 0, f (¢, x) is continuously differentiable in
t and in x and no matter how f (t, x) is defined for x < 0: (9.10) follows directly
from (7.59) if t < T; and it then remains only to verify that the jumps on the left- and
right—halld side of ~(9.10) match at the time ¢t = T; if T; < oo, which is immediate. (In
(9.10), M = ji — L is of course the martingale measure for the RCM i determined by
(7~"n, )7n) , with L the FX-compensating measure for 7).

Using (9.10) with f = fp leads to the identity

TeAt

fo(Te At X)) = fo(0.x0) + AR (5. X;) ds
+ / (fos.y) = fo (s, Xs-)) M (ds, dy)
10,11xR

for all ¢+ > 0. (Since neither & nor L have any mass beyond T;, the last integral equals
the integral over ]0, Ty A ¢] x R). If fy is bounded, i.e., y < 0, the last term iE a
martingale, hence if also A fy (£, x) = 0 forr > 0, x > 0, we find that fj (Tr AL, X,)
defines a martingale and that

E fo (Tr/\t,)?,) = f(0,x9) (t=>0). 9.11)
The condition A fj (¢, x) = 0 also involves fj (¢, x) for x < 0! By computation

Afo(t,x) = e 7 (=9 +ay — 1)

—x -0
+e ) (f BePY Kt O gy + BelYer &ty dy)
-0

—X
_ A _
= (o ey —ra ) e s (e - i) ]

for x > 0, so in order for this to vanish we must take K = K¢ where

Ko@) = 2+ ©.12)
B+
with yp < 0 solving the Lundberg equation
—l9+(¥)/—)u+i=0. (9.13)
B+vy

Rewriting this as an equation in y for the roots of a polynomial of degree 2, which for
¥ > 0 1is easily seen to have one root < 0 and one root > 0, it follows that

yo(ﬁ)zi(ﬂ+k—aﬂ—\/(ﬂ +A—aﬁ)2+4aﬁﬂ). (9.14)
2a

So now let fy be given by (9.9) with y = y9 = v (¥), K = Ko = Ko (8,¢).
Then (9.11) holds, i.e.,

V0% R [Koe—l’TrHXTr; T, < t] +E [e"”“’“x’; T > t] .
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For t — o0, the last term vanishes by dominated convergence since ¥ > 0 and
10X; < 0whent < T;. Thus

0 — | [Koe*I’TrHXTr; T, < oo] ) 9.15)
For ¢ = 0 and with ¥ | O we obtain a formula for the ruin probability p, =
P (T; < o0) . By inspection
. 0 ifaf <X,
fm o () = { L_g ifap > A,

o

and we have a complete proof of the following result:

Proposition 9.2.3 For Problem (ii) with initial state xo > 0, assuming that the —U,
are exponential at rate 8 > 0, the (possibly defective) joint Laplace transform for the

time to ruin T, and the size of the undershoot Y, = —Xr, is given by the expression
1%
E[e" T T, < 00| = B @) oo 9.16)
B+<
with yo as in (9.14). The ruin probability p; is given by the expression
. 1 ifaf <A,
Pr= %e(k/“ﬂg)x‘) ifaB > A.

Exercise 9.2.1 Show that

P
B+¢

i.e., that conditionally on the event of ruin, the size of the undershoot is exponential at
rate 8 and thus has the same distribution as —U,,. Explain the result.

]E[e*“r |Tr<oo]: ¢ >0,

Exercise 9.2.2 For Problem (ii) it was originally assumed that ¢ > 0, but of course
there is also a model given by (9.3) even if « < 0 and all U,, are < 0 with —U,
exponential at rate 8. Show that if « = 0, then p, = 1, and that the joint Laplace
transform of T; and Y, is given as in (9.16) with

L

) = — .
vo (9) Py

Consider also the case « < 0. Then there are two types of ruin: ruin by jump as
before, but also ruin by continuity, e.g., because X, follows the straight line x¢ + o
without jumps until the line hits the level 0 at time —%. Of course pr = 1 and ruin is
bound to happen before time — L—O Show that for @ < 0, the Lundberg equation (9.13)
has two strictly negative roots y_ (#) and y4 (¢) when ¢ > 0. Show also that with
y = y_ or = y4 it holds (cf. (9.15)), with A; the event that ruin occurs by jump, A¢
the event that ruin occurs by continuity, that
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e’ =1 [Kye_ﬂTr“XTr; Aj] +E [e‘”‘; AC]

where (see (9.12)) K, = g%f/ Use the two resulting equations to find the partial
Laplace transforms

E [e_ﬁTrHXTr; Aj] and E [e_ﬂ’; AC] .

9.3 The soccer model

The fact that likelihood processes are martingales, see Section 5.1, may be used to
describe the time dynamics of a process on a finite time interval [0, 7] from knowledge
only of the distribution of the process at a final time point 7. To illustrate this we shall
describe an MPP model for the development over time of a football (here meaning
soccer) game.

In the national soccer leagues in Europe, each team plays each other team in a
prescribed number of matches, some at home and some away. Typically, in each match
a winner is awarded 3 points, there is 1 point for each team if the match is drawn and
a losing team gets 0 points. The league champion is the team with most points at the
end of the season, with goal difference or other criteria used if the top teams end up
with the same number of points.

Consider a match where team i plays at home to team j — we shall assume that
the results of different games are stochastically indpendent and henceforth focus on
the outcome of a single game. A simple model, which allows for the comparison of all
teams, is obtained by attaching to each team k an attack parameter o and a defense
parameter §; such that the end result of a game between i and j is x goals scored by
i, y goals scored by j with probability

px, yi0, 8, a,8;) = % (al-&j)x % (ajSi)y e~9%i=a%  (x vy eNy), (9.17)

i.e., the two scores are independent and Poisson, fitting into a multiplicative Poisson
model. (In this model the best team is the one with the highest value of o /3. In
statistical terms, the model is an exponential family model with the total number of
goals scored by each team and the total number of goals scored against each team as a
minimal sufficient statistic. As it stands, the model is over-parametrized — replacing
all o by coyg, all &, by 8¢ /c for some ¢ # 0, does not change the probability (9.17)).

The model described by (9.17) is too simple and does not take into account that
it is (usually) an advantage to play at home, or that it is particularly important to get
points (win or draw) from a game. The one advantage the model does have is that there
is a natural way to describe the evolution of the game between i and j over time: if
the score at time ¢ is X, goals by i against ¥; goals for j, just assume that X and Y are
independent, homogeneous Poisson processes with intensity parameters «;6;/7 and
a;é;/ T respectively, with T denoting the duration of a soccer game, T = 90 minutes.
In particular, the final score (X7, Y7) has the distribution given by (9.17).
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It is easy to adjust for home court advantage: let the attack and defense parameters
depend on whether the match is played at home or away. Writing a, d instead of «, &
when playing away, the game between i at home against j (in a still too simple model)
would result in the score x for i, y for j with a probability p(x, y; o;, §;, a;j, d;) given
by (9.17) with «; and §; replaced by a; and d; respectively. Again, the evolution of
the game is described by two independent Poisson processes in the obvious manner.

Finally, to incorporate into the model something that describes the ability of each
team to get points from a game, we attach to each team k one further parameter wy >
0, so that the end result of a game between i at home against j is x goals for i, y goals
for j with probability

p(x,y; @i, 8, wi,aj,dj, wj)

1
= < (WL + wiwylany + Wil e i 8 ag dp). (9.18)

where C = C(«;, 8;, w;, aj, dj, w;) is a normalising constant so that the probabilities
addto 1, Zx>0 y=0 P(X,y) = 1. Thus, if w; = w; = 1 we are back to probabilities of
the form (9.17), while if, say, w; > w;, then results with x > y or x = y are favoured
more. (The full model for the entire tournament is again an exponential family model
with the minimal sufficient statistic comprising (i) the total number of goals scored
by any k at home, (ii) the total number of goals scored by any k away, (iii) the total
number of goals scored against k at home, (iv) the total number of goals scored against
k away, (iv) the total number of points obtained by any k).

Remark 9.3.1 It is possible to express C using the modified Bessel function Iy of
order 0. One expression for [ is

Io (NX) -y % (9.19)
Defining

F@,p= E o
0 Xy
y=0x=y+1

one finds using (9.19) that
DiF () = Io (2/30) + F (3, ),
and since F (0, n) = O this gives
A
FO,uw = ekf eI (24/S/L) ds
0

It follows that

TN C = I F (widj, a;6) + wiwjlo (2/eid;ai8;) + wiF (a8, id).
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It remains to describe the time evolution of a game, the final outcome of which has
the distribution (9.18). Fix «;, §;, aj, d; and let Q denote the distribution of the two
independent homogeneous Poisson processes X and Y on the interval [0, 7] described
above, which in the ﬁnal model corresponds to w; = w; = 1. Also, let for w;, w; > 0
given but arbitrary, Q denote the distribution of X and Y, when the full set of parame-
ters is «;, 8;, aj, dj, wi, wj — Q is the distribution we are looking for. (Formally Q is
the joint distribution of the two counting processes X and Y, trivially identified with
an RCM with a mark space having two elements, i (goals scored by i) and j (goals
scored by ). Below we think of X = N° and ¥ = N°/ as defined on the canonical
space M). -

We shall construct Q by finding the likelihood process £ = (£;)g<;<7 Where
L, = dQ, /d Qy (cf. (5.1)), assuming that the final value Lt depends on the final
scores X7, Yt and the parameters only and more precisely define

p(X7,Yr; @i, 8, wi,aj,dj, wj)
p(Xr,Yr; 04,8, aj,d;)

Lr =

1
=C (wi31(XT>YT) +wiwjlxr=y) + w?I(XT<YT)) :

We next define Q on Hr by

Q(H)=/HETdQ (H € Hyp)

and by the martingale property of likelihood processes, see Section 5.1, are then forced
to take

Li=Eo(Lr|H,) O=<t=T).

Since under Q, X and Y are independent and homogeneous Poisson, this reduces to

1
L= E (w?l//win @Y — X))+ wiwj‘ﬁdraw @Y — X))+ wil//loose @Y — Xt)) s
(9.20)

using the notation

Ywin (1,2) = Q X7 — Y74 > 2)
Ydraw (1;2) = Q (X7 — Y1t =2)
Yioose (1;2) = O (X7— — Y14 < 2)

for z € Z, i.e., each ¥ (¢; z) is determined by the distribution of the difference be-
tween two independent Poisson random variables with parameters o;d; (1 — %) and
a;8; (1 — %) respectively. B B

From (9.20) it is easy to find the intensity processes for Q, i.e., the intensities A
and 1°/ for i, respectively j scoring a goal: if AN, =1, we have, cf. (5.7),
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TON(r)
A
t .
El = Et— Tong
t

see (5.7). But here A9’ = a;d;/T and A;’ = a;8;/T, hence
oi _ aidij o (t; Y- — X~ — 1)
CT e Y —X)

Xoj_ajaiﬁp(t;yt—+1_xt—)
! T oY —X,)

>

where ¢ is the function
@ (1 2) = W} Ywin (£ 2) + Wiw Yaraw (13 2) + W Poose (£ 2) -

It follows in particular from Theorem 7.2.1 (see also (7.14)) that (X, Y) under é
is a (non-homogeneous) Markov chain, and that in fact the difference process X — Y
is also a Markov chain.

If, in a soccer match, one team is a strong favourite to win, but is nevertheless
behind on goals shortly before the finish, the final minutes may well prove intense
with the supposedly stronger team very much on the offensive. To see if such a match
evolution is captured by the model, consider lim;_, 7 Ifk fork =i, j. Whent — T,
the Q-distribution of Y7_; — X7_; becomes degenerate at 0 so that

lim Yryin (t; 2) = 1;<—1,
t—T
}g% Ydraw (t; 2) = 150,

lim Ypose (5 2) = 17>1.
t—T

Thus e.g.,
idj i :
anz—z iftYr =Xr_ +1
'Xoi = li 3:01‘ — a;jd; w; . _ 9.21
Fo=limat =y et ey = X ©-21)
Ol,'de otherwise

and similarly for limx;’". We see that if i is stronger than j in the sense that w; is
(much) larger than w;, then the intensity for i scoring in the final minutes is large if
the score is either level or i is behind by just one goal! If all w; = w > 0 and the
common value is large, the intensity for a goal (either way) from a level score is large,
but small for i scoring if i is behind by just one goal. If, on the other hand, w is small,
the intensity for a goal is small if the score is level, but high that i scores if i is behind
by one goal.

Exercise 9.3.1 Not everything was argued carefully. In particular you should check
that (5.7) indeed may be used to derive the expressions for A¢* and ;”. You should
also give all details in the reasoning leading to (9.21).
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A Model from Finance

A simple specific PDMP model is set up to describe the price of a finite number
of risky assets. For this model we discuss self-financing trading strategies, arbitrage
and the concept of equivalent martingale measures, and the fair pricing of contingent
claims.

References. Pliska [99] treats models in discrete time and was used as inspiration
for the example given here. Other major references on mathematical finance, mainly
in continuous time, include the monographs Bjork [9], Cont and Tankov [20], Follmer
and Schied [42], Karatzas and Shreve [74], Melnikov [91], Musiela and Rutkowski
[96] and Shiryaev [113].

10.1 The model

We shall consider a PDMP-model for the development of the price of d > 1 risky
assets and where an investor may also place money in a safe bank account or bond.
The price of asset i at time 7 is denoted X! > 0 and X = (X'), _, _, is the R{ -valued
price process. Investing in the bank account yields a fixed interest rate r > 0 so that
if one unit of currency is invested at time 0, the value of that investment at time ¢ is

X? =¢",

Note. Throughout, index i, 0 < i < d is written as an upper index and i = 0 always
refers to the riskless asset. The assumption » > 0 is standard in finance but is not
required formally: everything below is true also if r < 0.

To descibe the price process, let U = (U i)l _i<g Dean R¢-valued compound Poisson
process,

N
U, = ZY,,, Up =0, (10.1)
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with jump times 7, jump sizes ¥;,, = (Y'l;)lfifd € R‘{lo, N, = Z;’lozl 1(7,,<r) @ homo-
geneous Poisson process with rate A > 0 independent of (Y,) and the Y,, themselves
iid with distribution «. Equivalently, U is an R?-valued Lévy process with bounded
Lévy measure Ak, cf. Section 6.2.

Now assume given an initial fixed price X)) = x{ > 0 for each risky asset and
assume that each X' satisfies a stochastic differential equation of the form

dX! =d' X! dt +o'X!_dU!, (10.2)

where ' € Rand o > 0for 1 <i < d are given constants, i.e., for | <i < d and
t > 0 we have

t
X; =x; +a’/ X, ds +a‘/ X,_dU,. (10.3)
0 10.7]

The model is a multidimensional analogue of the model from Subsection 7.4.3
when taking a(x) = ax, o (x) = ox in (7.48). The process X jumps precisely at the
jump times 7T;, for U,

AXy =Xy _o'Y),
and between jumps
D X! =d' X,
i.e., foralln > 1,

Xi =)l (T <t<T,).

Thus
Xf, = X7, + AXY,
= ! =Tyt (1 + a"Y;)
=T (T] (1 - aly,;)) xG»
k=1
and consequently, for all i and ¢,
. i T .
Xi=e"0 <’>)X'T(,>
N

— ot ]‘[(1+aiY,§) X (10.4)

k=1

Since we are requiring that all X ; > 0, it is assumed from now on that the Y,
satisfy that
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Yis—— (<i<d), (10.5)

a condition that expressed in terms of « reads
K[yeRfO:y">—§,1§i§d}:l. (10.6)

With this assumption in force we may take logarithms in (10.4) and obtain

N,
log X! = logx)+d't + 3 log (1 +a'Y,§> (10.7)
k=1

which shows that the process log X = (log X i) | <i<q 18 @ d-dimensional Lévy process
with drift vector (ai) and Lévy measure Ak, where ¥ is the distribution of the vector
(log (1 +olY! ))1<l<d for any n.

The only restriction we shall for the time being place on the model is that the
distribution « of the jump sizes for U satisfy (10.6). In particular, for d > 2 it is
allowed that two different coordinates of U jump simultaneously, which in turn allows
for two different X' to be correlated.

In the definition of the model, the parameters o/ are really redundant: X can also be
described by the equation (10.2) using all o/ = 1 by simply adjusting the distribution
« of the Y,,. However, we prefer to keep the o as some kind of volatility parameters.

Exercise 10.1.1 With X given by (10.4), show that it is always true that each log X i
is a one-dimensional Lévy process with the constant jump intensity A’ = Ak’ (R\O)
and the jump probability distribution which is the conditional distribution «/ /i (R\o)
of the Y,; given that Y} # 0. Here «' denotes the marginal distribution of ¥} — so of
course ' (Ryo) < 1is s possible for d > 2. (Hint: it should be clear that log X'isa

Lévy process. To find Py , just determine EN! where N’ counts the number of jumps
for X).

Exercise 10.1.2 Show that the coordinate processes X iforl <i <dare independent
iff i (UL A7) = 1, where

Ai={( )eR\O v/ _Oforallj;éi}.

From (10.4) and (10.5) one immediately obtains the following result:

Proposition 10.1.1 The price process X = (X ) l<izd is a homogeneous PDMP with

state space G = Rd determined as follows: writing Yn = X7, for the state reached
by X at time T,;, X; = ¢s— Ty ( )where

a't i
x)=(e""x ,
¢ (¥) ( )15i5d

and, WithinZ(Tl,... ,Tn;?l,-n ,Yn), ?():xo,
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~ =T, ~
Pl (Tus1 > 1]Zy) = exp <_/0 q (o5 (Ya)) ds) ,
Pix (?’H‘l € izﬂ’ T’H‘l) =r (¢T,,+|—Tn (17") ’ )

with the jump intensity function q (x) and the jump probabilities r (x, -) given by

q (x)=A, r(x,-) = the distribution of ((1 + aiY,’;) xi>

l<i<d

Before proceeding it is useful to note the following: if (2, F, P) is the proba-
bility space on which U and X are defined, without loss of generality we may and
shall assume that Y, (w) # O for all w € Q2. Then, with u the RCM determined by
((Tn), (Yy)), itis clear that for all 7,

FX =Frt (10.8)

(The inclusion C is trivial. For the converse just use that N, = Y _; <+ L(ax,0) and
Y, = AXT /o' XT ).

Remark 10.1.1 The description (10.2) is of course very much inspired by the basic
model

dX! =a' Xidt +o'X dB!, X} =x} (10.9)

for the continuous random development of the price of each asset i. Here B =
(B’)1<l.< , is a d-dimensional Brownian motion with mean vector 0, EB; = 0 for
all i and ¢, and some covariance matrix I, Cov (Bti, B,j ) = tI';; for all i, j and ¢

(with I = I;«4 a particularly important case). It is worth noting that the model (10.2)
with jumps can be made to approximate the diffusion model (10.9) arbitrarily well. By
[t6’s formula for continuous processes (10.9) implies

log X; = logx6 + (ai - %Fi{) t+ B;

so the idea is simply to take a sequence of jump processes XX = (Xi’K)1<i<d of

the form (10.2) (driven by a compound Poisson process UX) such that for every ¢,

the vector (log X;K)
1<i<d

K — oo. But by (10.7)

converges in distribution to the vector (log X?) as

1<i=<d

—K

N, '

log Xi'X =logx + a1 + Zlog (1 4 O,t,KYlé,K) ’
=1

so the desired weak convergence will in fact follow by taking e.g., a""X = a’ — 1T,
oK = o' letting AX, the jump rate for XX, satisfy that AX — oo and finally
requiring that the distribution of the vector Y. IK = AU zl"f equal that of \/%Y ', where
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Y’ is an arbitrary d-dimensional random variable with mean vector 0 and covariance
matrix I". With this setup it even holds that the sequence XX of processes converges in
distribution to X (with XX, X viewed as random variables with values in the Skorohod
space D (Ro) of R4-valued cadlag functions).

(For an easy proof of the convergence in distribution of log X [K to log X; for a
given ¢, just compute characteristic functions).

10.2 Portfolios and self-financing strategies
By a trading strategy we shall mean a d + 1-dimensional process ¥ = (¥'),_,_,
with, as is vital, each W .7-'tX -predictable. In particular, the initial values 1//6 are just
some constants. The interpretation is that 1/f,i is the number of units the investor holds
in asset i at time 7, and (y;),_,, is then the investor’s portfolio at time ¢. Changes
in wti when ¢ varies reflect that the investor has been trading in asset i — this may be
done so that the change is continuous in ¢, but also by a substantial trade at some point
in time corresponding to a jump for ¥/ which however, due to the predictability of
the /!, can never coincide with a jump for any of the X’. Note that 1/60 is the amount
sitting in the bank account at time 7.

In the discussion that follows we shall permit borrowing and shortselling of assets,
ie., wlf < 0 1is allowed.

The value process V = (V;),;5( determined by the trading strategy v is the R-
valued process given by

d
Vi=yle" + > wiX (10.10)
i=1

The cumulated gains process G = (Gy);»¢ is the R-valued cadlag process defined
by

G,=/ w?re”d”/ > yldxi, (10.11)
0 10

1] =1

provided the integrals exist, the intention being that the (possibly negative) gain in-
curred by the investor over the infinitesimal interval [¢, ¢ 4+ d¢[ amounts to

d
dG, =y de" +> i dX] (10.12)
i=1

because the predictability of the ¥/ does not allow the ! -values to change across the
interval and also 1 is the same as the value of ¥’ just before 7.
The next concept is fundamental:

Definition 10.2.1 A trading strategy ¥ is self-financing if the integrals (10.11) are
well defined and finite for all ¢ and

Vi=W+G;. (10.13)
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To understand what it means for a trading strategy i to be self-financing, consider
a ¥ that is smooth in the sense that between the jump times for X each v/ is continuous
and differentiable in 7. Then if there is no jump for X at time ¢, we have that all
A@[r[ =0and AV, = 0 and from (10.10) and (10.2) see that

d d
dv, = <w,0re” + Zlﬁ,iaixf) dt + ((Dﬂﬂ,o) e + Z (Dt‘ﬂzl) X;) dr.
i=l i=1

Hence dV; = dG; between jumps iff
d . .
(D,lﬂ?) Y (D,w;) Xi =0, (10.14)
i=1

i.e., the infinitesimal changes in the portfolio during the interval [¢, t 4 dt[ are paid
for exclusively by the earned interest in the bank account and the current value of the
price process. If, on the other hand, A X, # 0, the condition for v to be self-financing
is automatically fulfilled in the sense that the predictability of ¥ (cf. Proposition 4.2.1
(biv)) implies that

d
AV, =) YlAX = AG, (10.15)
i=1

provided V is cadlag at time r — so that it makes sense to talk about AV, and compare
it to the jump of the cadlag process G — which however is not always the case; see
the discussion following (10.24) below.

The discounted value process V* is defined by

d
Vi=e V=gl 4+ ) gixy
i=1

where X* is the discounted price process,
XH =X (10.16)

The discounted gains process G* is defined analogously to G, see (10.12), but using
X* instead of X and replacing de"” by d1 = 0dt,

d
G = /]0 > yldxy, (10.17)

1=

whenever the integral exists.

To avoid problems with integrability in the sequel it is often convenient to assume
that the l/fi (or other relevant processes) are pathwise bounded, i.e., that for (P-almost)
alwe Qandr >0,

sup | (a))‘ < 0. (10.18)

s<t
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Proposition 10.2.1 (i) Suppose that \r is self-financing with all ¥ for 0 < i < d
pathwise bounded. Then

V=V +Gr (10.19)

(i) Suppose that W' for 1 < i < d are predictable, pathwise bounded processes, let
Vi = Vo be a given constant, and define

d
v = VoGl uixy (10.20)
i=1

with G} given by (1 0.17). Then V0 is predictable, pathwise bounded and the trad-
ing strategy ¥ = (W)0<i<d is self-financing.

Proof. (i) Note first that V(T = Vj. Then use (10.16) and (10.2) to obtain
dX} = —re™""' X! dt + e dX! (10.21)
= (aq; —r) X dt + o' X} dU!, (10.22)

which shows in particular that X* is a process of the same type as X itself with X} =
X obtained by replacing a’ by a’ —r and, when including the discounted bank account
e e =1, replacing the interest rate r by 0. But

AV =d(e™"V;)
=—rVidt+e " dV,
= —rV dt+e " dG,

using (10.13), and since by (10.21) we find
d . .
dG; =) ¥ dx;

i=1

d

=Y <—rx,*f di e de)
i=1

= —rV dt+e " dG,,

dV} = dG7 follows.
(ii) The process G* is cadlag and satisfies

d
AGE =Y viaxy,
i=1
and this implies that

d
Y = Ve + G =) X
i=1
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which shows that ¥ is predictable. It is pathwise bounded because the yifori > 1
are pathwise bounded by assumption, the X*' are pathwise bounded automatically and
G* is then pathwise bounded as a simple consequence. With

Oprt 4 Z vixi (10.23)

it then remains to show that, cf. (10.12),
d . .
dV, = wtore” dt + Z Yy dX;.

Defining V;* = Vi + G7, (10.20) shows that
V[ — ert Vl*
so

dVy =rV,dt + €' dG}

=r< 0 ”dt+Ztﬁtdet>

i=1

d
+e’ Z U (—re_”Xi dt +e " de)
i=1

d
=yire dt + Y yldXi,

i=1

as desired using (10.23), (10.17) and (10.21) for the second but last equality. O

We shall now in more detail discuss sufficient conditions for a trading strategy v to
be self-financing. By (10.13) and since by the definition of G, G is cadlag, it follows
that if i is self-financing, V is necessarily cadlag. As already remarked, in general
V need not be cadlag, and to understand this better we resort to the representation
provided by Proposition 4.2.1 of the ]—",X -predictable processes ¥’ and write

vi= 10 © (10.24)

where Z, = (Ty,. s Ty Y, Yn)s (we retain as marks the jump sizes for U
and do not use the Y, = X7, appearing in Proposition 10.1.1). Assuming that all

tl—)f'(")

Ixo (t) are continuous, it is clear that for every n > 1,
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0,(n—1) - (n=1)
,(n— T, J(n— i
VT,,* = fznfllx() (Tn) er + Z fértill‘x() (Tn) ernf’
i=1

d
0,(n—1 - i (n—1 ;
Vr, = Zn(—nllxo) (Tn) e’ + Z fén(ill‘x; (Tn) XlTn’
i=1

nlx0

d
0’ n " i
Vi = [0 @™+ 50 (1) X5,
i=1

where V7, := limy 1, ;~7, V:. In general all three values may differ, but V is cadlag

at T,, iff the two last values agree. With all f;ﬂ;

the open intervals ]Tn,l, T,,[; hence V is cadlag provided it is cadlag at all 7;, and
using (10.4) to obtain the value of X7, on each of the sets (Z,, = z,) and combining
the preceding discussion with (10.14), we obtain the following sufficient condition for
a trading strategy to be self-financing:

continuous, V is continuous on all

Proposition 10.2.2 Let ¢ be a trading strategy and consider its representation (10.24).
Assume that  is smooth in the sense that for alln, i and z,,, t — fl’(”()) (¢) is differen-

tiable on [t,, ool . Then  is self-financing provided for every 0 <zt,,1|x< s < ty, and
k-almostall y1,...,y, € R‘\lo it holds for everyn >0, z, = (t1, ... , ta; Y15 oo s Yn)
that
d ) . n
(Def ) e+ 3 (D @) e (]"[ (1+ o"yi)) =0 (=)
= . (10.25)

and, forn > 1,
0 1 d i 1 i L .o .
ForOs e Y D () (]‘[ (1+ aly,i)) %
i=1 k=1

d n
= [0 (1) €+ 3 F (1) € (]‘[ (1+ a"y;;)) xg.  (1026)
i=1 k=1
Attime T, ¥ = fé,,(ilii()) (T,) , while using the values just after T, ¥}, | =
fé’n("?o (Ty,) . If the two values are different, the interpretation is that a (discontinu-
ous) trading in asset i has taken place immediately after time 7;,. Note that with the
fzi,;(") |xo continuous, the predictable processes ¥ are in fact left-continuous with
limits from the right.
It is quite easy to find smooth trading strategies that satisfy (10.25) and (10.26): if
Vo = vg is known and the fll;(go) for i > 1 are given, use (10.25) to solve uniquely for

fl?c;)(O) subject to the boundary condition

d
2O+ > 290 xf = vo.
i=1
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Next, assuming that the f i’(l()) are given for i > 1, use (10.26) to determine the initial
value f 0.( (t ) of f 0.1 ) and then use (10.25) to determine the function uniquely.
Proceedlng, it is clear that given e.g., vo and all f T") for 1 <i < d, all the functions

. 0-™) are determined uniquely by (10.26) and (10.25), resulting in some self-financing

Znlx0
strategy.
Example 10.2.1 The following self-financing strategies will be important later: sup-
pose that Vy = 0 and that the ﬂ;éO) for i > 1 are continuously differentiable, and that
immediately after time 77 all the risky assets are sold and the proceeds put into the
bank account with no more trading taking place. The choice of f| 0-0)
by (10.25),

is then forced

Fa (0

t .
Z ()f|l ,(0) ) — Zx;)/(; e(ai_r)sDxf‘;éO) (s) ds
=1

d
Y x ((a, Py, (1) — Dihly (z)) (10.27)

i=1

by partial integration, where
|x0 ) = / @=rs fll @ (s) ds.

Forn > 1,i > 1, we demand that f.’ L — 0 and then find from (10.25) that

nlxo
Dy £\ (r) = 0 50 that by (10.26) for n > 2,
0, 0, 0,(n—1 0,(n—1 0,(1
Fafa @ = Fof ) = 1250 @) = £ e = - = S @)
so that

nlxo

0@ = @ @) + Z £ (@) el (1 +o'y )x(i) t>ty,n>1),
(10.28)

again using (10.26). Then (10.25) and (10.26) are satisfied for n > 1 and the strategy
is self-financing. .
Instead of specifying the f‘lx’go) fori > 1, one may of course start with sufficiently

smooth h" o and then define

fllx(O) (t)_e(r a')t D, |x0()

fori > 1. Note that the h’| v, Must always satisfy that hi o ) =0.
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Proposition 10.2.2 deals only with smooth trading strategies. We shall not dis-
cuss the structure of general self-financing strategies but only note that if i is self-
financing, by (10.13) and (10.11) not only must V; be cadlag, but it must also be
absolutely continuous as a function of ¢ on all the intervals [Tn_ 1 Tn[. In particular,

a discontinuity in some fZ’”Tz; signifying a discontinuous trade in asset i at a time that
is not one of the 7, must be compensated by a simultaneous discontinuous trade in at
least one of the other risky assets or the bank account.

10.3 Arbitrage and martingale measures

Consider a self-financing trading strategy ¥ = (W)(Kl. g and let V and V* denote
the associated value process and discounted value process respectively. Then ¥ is an
arbitrage opportunity if

9 >0:Vo=0, V,, >0and P (V, > 0) > 0. (10.29)
Sometimes there are arbitrage opportunities that are global in the sense that
Vig>0: V=0, Vi, >0and P (V,O > 0) > 0. (10.30)

Any realistic model used in finance must never allow arbitrage, and we shall now
discuss when there is no arbitrage for the models given by (10.2).

It is very easy to give examples of models where arbitrage is possible: just assume
that there is an asset ip > 1 such that the igth coordinate of the discounted price
process X;"° = e7"'X,° is monotone in ¢ and not constant. In particular, assume

that there exists ip > 1 with a®® > r and P (Y]io > 0) = 1 and either ¢® > r or
P (Ylio > O) > 0. From (10.4) it is clear that X;kio is increasing in #, strictly increasing
between jumps if a0 > r, while if aé = r from some (random) timepoint onwards,

one has X} o o xg) since by the assumptions made, eventually a jump with Y,’;" >0

will occur. The trivial trading strategy 1/fti° =19y, = —x(i)0 and wli =0fori #0,ip
is obviously self-financing, Vy = 0 and

Vz* — _x(i)o + X;kio
is increasing in ¢ and for an arbitrary 7y > 0, Vtz > 0if a0 > r, while if a0 = r,
P(Vy>0) = P(Tl <1, 7" > 0) =(1—e )P (Yéo > O) >0,

hence there is arbitrage using the strategy .
Similarly, if there is an ig > 1 such that a® <randP (Yllo < 0) = 1 and either
a> < rorP (Y lio < 0) > 0, then X; 0 g decreasing in ¢, eventually (possibly from

the start) < x(i)0 and the self-financing strategy I/f,io = —1, I/Ito = xé" and all other
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W;i = ( is an arbitrage opportunity at each o > 0. As we shall see presently, ford > 2
these trivial examples of arbitrage are not the only ones that may appear.

The following discussion of arbitrage is based on the fundamental Definition
10.3.1 of risk-neutral measures. In order to formulate this, recall that X is assumed
defined on the probability space (2, F, P) and let FX = F* denote the sub o-algebra
of F generated by X or, equivalently, the RCM p determined by the 7, and Y,,. The
natural filtration to use is of course (}"tX ) which is the same as (]-',“ ); cf. (10.8).

Call a probability Pon (Q, FX ) locally equivalent to [P and write P ~loc P if

PP and P oo P

where <oc refers to local absolute continuity as discussed in 5.1, but here using the
restrictions P, and PP, of P’ and P’ to FX for every t € Ry. Thus P and P are locally
equivalent if P, < P; and P, « P, for all t € Ry.

Under I, u has «-intensity process (A7) with all Z»]y = A. From Theorem 5.1.1 and
Remark 5.1.1 it then follows that if P «<joc P, under IP & also has a k-intensity process
(Xy ), a fact used in the proof of Proposition 10.3.1 below.

Definition 10.3.1 A probability measure P on (Q, FX ) is called an equivalent mar-

tingale measure for P or a risk-neutral measure if P~ P and if under P each
coordinate X* for 1 <i < d of the discounted price process is an fIX -martingale.

In the sequel we shall refer to P as the true measure and we shall denote by P.M
the possibly empty set of equivalent martingale measures. We shall first establish con-
ditions for PM # (3, but rather than treating general X as in (10.2), we shall from
now on assume that the probability distribution « (which is the distribution under the
true measure) of the jump sizes Y, for U (see (10.1)) has bounded support, i.e., there
exists R > 0 such that x ([—R, R]%) = 1. With this assumption we shall show (with /
as always referring to an index, not a power):

Proposition 10.3.1 There exists at least one PePM iff there exists a k-integrable
function A (y) > 0 such that

G’fd Y k@) =r—da (1<i<d. (10.31)
\O

If this condition holds, one PePMis y defined by letting U given by (10.1) under P
be the compound Poisson process with N homogeneous Poisson at rate ) and the Yy
iid and independent of N with distribution K, where

~ ~ - 1~

A= / A(y) k(dy), k(dy)==r()«(dy). (10.32)
R, A

Remark 10.3.1 (10.31) is an example of what in finance is called a drift equation.

Proof. Initially it should be noted that the price process X is given by (10.2) under
P as well as under any P € PM — it is only the distribution of the driving process
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U that changes when switching from P to P. And of course (10.16) does not change
either under the switch. - ~

Now assume first that (10.31) holds and define PP by requiring that under P, U has
the properties given in the last statement of the proposition. Then the basic martingale
measure for y under P is

M (dt, dy) = p (dt,dy) — % (y) dt « (dy)

and using (10.22) and (10.31) we obtain
t
X =x6+f (a’ —r) X ds+0’/ XUy p(ds,dy)
0 10,11xR¢,
=x(i)+c7i/ X:iyiﬂ(ds,dy).
10,11xR¢,

That X* is aj?g-martingale will follow therefore from Theorem 4.6.1(iii) if we show
that (writing IE for the expectation Eg under IP)

1
Ef X wu(ds, dy) =E/ ds X;"/
10,11xR¢, 0 R,

Because « is assumed to have bounded support and * (y) is k-integrable, the inner
integral is finite and we only need

% V[T @y) < .

t t
]E/ X7 ds =[ EX} ds < oo. (10.33)
0 0
But by (10.4), since all |Y,§| < R for some constant R > 0,
. i .\ N
Xi < ld'=r)s (1 + o’R) (10.34)

and since N under P is Poisson 3: (10.33) follows.
Suppose now that P € PM with predictable «-intensity process (X-V ) . Thus the

basic martingale measure under P is
M (dt,dy) = p (dt, dy) — %] dt k (dy)

and using (10.22) we get for the ﬁ-martingale X* the expression

t
X =x)+ [ (a’ - r) X3 ds + / o' XLy p(ds,dy)
0 10,11xR¢,

=x5+/0 (a’ —r+o! /Rd xgy';c(dy)) X ds (10.35)

\0

+/]0 . o' Xy M (ds, dy).
1%

d
\0
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By Theorem 4.6.1(iii), the last term is a local ﬁ-martingale (Ty,) provided

E / X
10, T, At]

for all t and n. By (10.34)

Y| 1 (ds, dy) < oo (10.36)

. i . n—1 .
X3 < el (1 + a’R) xy = Ky
say, for s < T,, A t. Hence the expectation in (10.36) is
< K,REgN7,» < KyRn < o0,

so the last term in (10.35) is a local Iﬁﬁ’—martingale. But from (10.35) and the assumption
P € PM it then follows that the continuous, hence predictable process

t . . ~ . .
/ a —r+o' / Ay K (dy) | X ds
0 R¢

\0

is a local ﬁ—m}artingale. By Proposition 4.5.1 this process is therefore constant and
since X 3’ = x(‘), it is identically equal to 0, i.e., with P-probability 1

t
f a’—r+0’/ My K (dy) ]| XHds =0
0 R¢

\O

simultaneously for all . Since X;‘i > 0, (10.31) follows. |

Example 10.3.1 It is of particular interest to look for equivalent martingale measures
to the true measure PP in the case where « is discrete. Suppose that ¥ has p > 1

d : _ i : —
atoms o, ... ,a, € R\O and write oy = (aq)lgisd for1 < g < p. Withk (aq) =

i ({ag}) > 0, by (10.31) the existence of an P € PM is equivalent to the existence
of real numbers £, > 0 such that

M=

aéx(aq)ﬁqzr—ai (I=i=d);

g=1
in other words, with A the d x p-matrix (ai alK (aq)) and v the vector
_ I<izd.1<q<p
(r— a’)1<i<d , PM # @ iff the linear equation
Al =v (10.37)

has a solution vector £ with all £, > 0.
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If rank(A) < p (in particular if d < p), (10.37) may not have any solutions at
all in which case PM = (. If d = p and A is non-singular, (10.37) has the unique
solution £ = A~'v and PM # ¢ precisely when for this particular ¢, all £, > 0.If
d > p and rank(A) > p, (10.37) has infinitely many solutions ¢ and P.M # @ iff one
of these satisfies £, > 0 for all .

It is quite instructive to consider the case d = p = 1: then k = g, for some
a € Ry and (10.37) has the unique solution (with the unique index i ignored in the
notation)

r—a
! =

oo

which is > 0 iff r # a and r — a and « have the same sign. Thus PM = @ iff either
r=aorr # awith (r —a)a < 0, which means precisely that 7 — X is monotone
increasing (a > r, « > 0) or monotone decreasing (@ < r, @ < 0), a situation with a
trivial form of arbitrage as discussed p. 257.

Exercise 10.3.1 Show directly for general «, by studying the drift equation (10.31),

that if some X} " is monotone and not constant as described p. 257, then the equation
has no solution A (y) > 0.

We shall call any P € PM for which U is compound Poisson as described in
Proposition 10.3.1 for a natural equivalent martingale measure. So if PM # {4, there
is always one P € PM that is natural and if the equivalent martingale measure is
unique, it is automatically natural. If there are many equivalent natural martingale
measures there are also many with a random intensity process (XV ): just switch from
one @eterrginistic) solution to (10.31) to anotheL in an w-dependent fashion, e.g., de-
fine A,y = 1" (y) for T, <t < T4 with each A" (y) a solution to (10.31).

One of the main results in mathematical finance states that ‘no arbitrage’ is the
same as ‘the existence of an equivalent martingale measure’. To formulate our version
of this result and in order to avoid various technicalities, we shall not only assume
that the Y;, are bounded (x has bounded support as assumed above) but also restrict
ourselves to considering only bounded trading strategies i, i.e., self-financing ¥ such
that

sup |t (w)’<oo t>0,1<i<d). (10.38)

s<t,weR
A bounded arbitrage opportunity is then an arbitrage opportunity generated by a
bounded, self-financing strategy. Note that if ¢ is bounded, it is in particular path-
wise bounded; cf. (10.18).

Theorem 10.3.2 (i) There are no bounded arbitrage opportunities if and only if
there exists an equivalent martingale measure for the true measure P: PM # (.
(i) If PM = @, then there exists a global arbitrage opportunity.

Proof. Suppose first that P M # () and suppose that ¥ is a bounded, self-financing
strategy with Vj = 0. Choose a P € PM which is natural, determined using a

particular solution Py (y) to (10.31). Then
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d . .
= [ Y wiax;
10,11 =1

d
:/]0 e ijoiX;‘iyiM(ds,dy),
1%

\0 i=1

cf. (10.35), with M (ds,dy) = Py (y) ds k (dy) the martingale measure for p under
P. With the ¥ uniformly bounded on [0, ] and because «x has bounded support (all
|Yi] < R)and

~ D o~ . \N: .
Esup X} < Reld =t (l +0’R) Tx(l) < 00

s<t

(using that N, is Poisson under P for the last inequality), it follows from Theorem
4.6.1(iii) that V* is a P-martingale and consequently

Ev =Ev§ =o. (10.39)

If a bounded arbitrage opportunity Y existed, for some 7o > 0 we would have V,» > 0
P-a.s.and P (V, > 0) > 0. Since P ~joc P then also V, > 0 P-as. and P (V;* > 0) >
0 which contradicts (10.39), and we conclude that there are no bounded arbitrage
opportunities.

For the converse and the proof of (ii), assume that PM = . The task is then to
produce a global bounded arbitrage opportunity (see (10.30)), and for this we need in
fact only consider the simple self-financing strategies from Example 10.2.1. Therefore
let w, fZ IXO (t) where fori > 1, n > 1, f’ (") = 0, while with the f 1O or
i > 1 given and continuous, cf. (10.27),

£ (r)—Zxo ((a" =) iy @ = Ditly, )

where fori > 1,

|x0 (1) = /[ (a=r)s fllx(O) (s) ds.

Finally, forn > 1, f0 (n) is as in (10.28).
As shown in Example 10.2.1, ¥ is self-financing, V;j = 0 and with trading stop-
ping immediately after 77, using only that the fllx’éo) are continuous and Y7 is bounded,
it is verified directly that ¢ is a bounded strategy.
Now, fort < T},

=200 + Z F2O @y ela' =y
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which defines a non-negative increasing function of ¢ provided

d

i=1

Also,

Vi = fa (1) + Z i (@ e (14 0 v ) 2

d
= in (a — r) h‘xo (T) + Zxoa YlD, |x0 (Ty)

i=1

and V}* = V}“l for t > Tj. It follows that ¥ is a global arbitrage opportunity if (10.40)
holds and

d
> xbo'YiDihi, (T1) =0
i=1

w1th a sharp 1nequa11ty somewhere. Specializing further to D, (D= ¢’ (xo) (ie.,
| Yo () = tc! (xg)) we conclude that there exists a bounded arbltrage opportunity if
constants 8’ can be found such that

d d
Z (ai _ r) st >0, ZainiSi >0 P-as. (10.41)
i=1

i=1

with either the first inequality sharp or

d
P (Z olyis > o) > 0. (10.42)

i=1

The proof is therefore concluded by showing that such &' exist when knowing that
PM =@, i.e., (see Proposition 10.3.1) that there is no «-integrable function A (y) > 0
such that

ai/d Vi k@) =r—d (=<i<d. (10.43)
R{o

The proof is quite long and is performed in two main steps: « finite support or not.
Suppose first that « has finite support with p > 1 atoms oy, ..., «, as in Example
10.3.1. As there, writing

A= (o’a;/c (aq)>

and v for the column vector (r
equation

- ai)lfisd , the assumption P M = ¢ is then that the
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Al =v (10.44)

has no solution £ with all £, > 0, and since the only possible values for Yli are the oe;
for 1 < g < p, we want to show that there exists constants 8% such that

d d
doo(a=r)z0, Y saiz0 (=g=p)
i=1 i=1

with a sharp inequality somewhere. Equivalently, with A}, denoting the gth column
of A and writing (-, -) for the inner product on R?, § = ( ’) € R? must be found so
that

(8,v) <0, (8,A4)=0 (d=<g=<p (10.45)

with at least one sharp inequality.
Consider first the case where rank (A) = d (in particular p > d). Let ¢ > 0 and
define

Se={Aw:w e R, allw, > e}, (10.46)

which is a closed convex subset of R?. By the assumption PM = @, v ¢ S, (for any
¢) and hence there exists a separating hyperplane (if d = 1 a single point separating
the point v from the closed interval S;),

H, = {u e R? : (8, u) =)/s}

for some &, € R‘\io, ye € R such that either
(B, v) > ve, (8, Aw) < ¥e
when all w; > ¢ or
(8e, V) < Ve, (8, AW) > ys (10.47)

when all w, > . Since H; may be represented by any pair (cd,, cy,) with ¢ # 0
arbitrary, we may and shall assume that we are always in the second case (10.47) and
furthermore that ||8. || + |ye| = 1 (of course ||u||2 (u, u)).

The second inequality in (10.47) states that

p
D (8. Alg)wg > e (10.48)
g=1

whenever all w, > ¢, and this forces

(66, Alg) =0 (10.49)
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for all g: if for some gy, (85, A\qo) < 0 just choose wy, > ¢ large and w, = ¢ for
q # qo to obtain a contradiction to (10.48).

Letnow ¢, | Oasn 1 oo with all ¢, > 0 and determine &, , y,, as above with
(10.47) valid with & replaced by ¢, and H&gn ” + |ygn} = 1. By compactness and by
choosing a suitable subsequence, we may assume that

(86 V) = (8, 7) (10.50)

asn — 0o, where § € R4x1, y € R and

1811+ 1yl = tim (]|8s, ]| + |ve]) = 1. (10.51)
n—od

(10.49) implies that
(8,Ay) = lim (5., A;4) = 0. (10.52)
n— oo

Also, using (10.48) with all w, = &, we find that

p

&n Z <58na AIq) > Vens

g=1
implying when n — oo that y < 0. Since the first inequality in (10.47) gives that

(8,v) = lim (8,,,v) < lim y,, =y <0, (10.53)

n—0o0 n—oo
we have shown that the vector §, determined by (10.50), satisfies the inequalities
(10.45) and it only remains to show that one of them is sharp. There is nothing to
show if (5, v) < 0, so assume that (5, v) = 0. In this case (10.53) forces y = 0 and
(10.51) then shows that 6 # 0. Since we assumed that rank(A) = d, § cannot be
orthogonal to all the columns in A and therefore (cf. (10.52)) (8 LAy ) > ( for some ¢,
as desired.

Consider next the case where d4 = rank(A) < d. In particular d > 2 since always
rank(A) > 1 (all the elements of A are # 0). The argument above still applies, but the
problem is that now the vector § found may be orthogonal to v and all the A}, , which
means that there is no sharp inequality in (10.45). We shall here treat two subcases and
first assume that v € L4, the linear subspace spanned by the vectors A, . But then the
argument from above may be copied to produce for any ¢ > 0 a vector §; 4 € L4 and
a scalar y; 4 such that

Hep = {up € La:(8e.A.un) = VeA}

separates v € L4 from S; C L4 (S, as defined in (10.46)). Pursuing the reasoning
from before one finds §4 € L4 and y4 € R with ||64]| 4+ |y4l = 1 such that

(84, v) <ya <0< (84, Ayy)

for all g. Since clearly §4 # 0, it is impossible for 4 to be orthogonal to v and all the
A)q ;s hence (10.45) holds with at least one sharp inequality.
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Finally, if d4 < d and v does not belong to the linear subspace L 4, (10.44) has no
solutions at all and it is possible to find § € Rfo such that 5 L A, for all g, but § is not
orthogonal to v. Replacing § by —§ if necessary we obtain that

(8,v) <0, (8,A4)=0

for all g, i.e., (10.45) holds with the first inequality sharp.

We have now shown that if « has finite support, then there exists a vector § such
that (10.41) and (10.42) hold when PM = (. So suppose now that ¥ does not have
finite support, and to avoid an annoying special case briefly discussed at the end of the
proof, that the support, supp («) , spans all of R?. (Formally, supp (k) consists of all
y € Ri’o such that ¥ (O) > 0 for any open set O containing ).

Because (10.43) has no solution x (y) > 0, it holds in particular for any finite

partitioning R‘\io = U5=1 B, of R{O into disjoint sets By that the equation

o' Z/ Yik@dy) tg=v (1<i<d (10.54)
B
has no solution £ with all £; > 0. Defining

Ay =of/ Yk (dy),
B‘{

(10.54) becomes A¢ = v and we are back to the situation with « having finite support.

Therefore there exists § € R‘{O such that

(B.0) <0, (8.44)=0 (I1<q<p) (10.55)

with sharp inequality somewhere, at least if all « (Bq) > (. Now it is unproblematic,
when using the assumption that supp (k) spans all of R?, to define a sequence of finite

partitionings R\o = 5’;1 By, for n > 1 such that

(i) form >2,each B, ,isa spbset of some B‘/»”*l;
(i) allx (By,) > 0andall Ay, =o' qu,n y' Kk (dy) # 0,
(i) forall yo = (y}) € supp (k) , if By, is that member of the n’th partitioning
containing yo, it holds that (1), By,.» N supp (k) = {yo} .

(If d = 1 one would e.g., consider the intervals 9271, i",;] and [ s —92_71[ for
1 < g < n2" and define the partitioning by attaching any interval I with « (1) = 0 to
one with « (I) > 0. Since within each interval y = y! always has the same sign it is
clear that in particular A’ a7 0).

For each n, we can ﬁnd 8n # 0 such that (10.55) holds with é replaced by §,, and
we may normalize and assume that ||§, || = 1 for all n. Passing to a subsequence if
necessary, we may also assume that §, — & as n — oo, with obviously ||§]| = 1.
Also
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(6,v) = lim (6,,v) <O. (10.56)

For any yo € supp (k) , determining By, , as in (iii) above, since

. 1 .
o= lim —/ "k (d
y(’) n—>00 (qu’n) B y ( )’)

q0.1
it follows that

i

d d

L. o , ,
E o'ypst = lim E —/ v Kk (dy) 8!
i=l1 0 n—o0 K (qu,”) qu.n "

. 1
= ) )

> 0.

Combining this with (10.56) gives (10.41), and (10.42) will then hold because supp (k)
spans R and it is therefore possible to find yo € supp («) such that Zl‘?: 1 o y68i > 0,
an inequality then also true for y in a small open neighborhood of yy and hence with
k-probability > 0.

Finally, if supp (k) spans a linear subspace L, of R? of dimension d, < d, one
may proceed as in the preceding argument, but now considering partitionings of L,

only. ]

Remark 10.3.2 Farkas’ Lemma from the theory of linear inequalities states that if
A € R4*P is a matrix and v € R*! a column vector, then either

Al=v, allt,>0 (10.57)
has a solution £ € R?>*!, or
(8,v) <0, (6, A4)=0 (=<g=<p (10.58)

has a solution § € R¥, but there is no solution to both (10.57) and (10.58). The asser-
tion that if there is no solution to (10.57), then (10.58) has a solution is close to, but not
quite the same as the statement that if there is no solution to (10.44), then (10.45) has
a solution with at least one inequality sharp. The argument in the proof above when
supp (k) is finite is a variation on a standard proof of Farkas’ Lemma.

10.4 Contingent claims and pricing

In this section we shall assume that PAM #  and will be particularly interested in
models where there is exactly one equivalent martingale measure, |PM| = 1.

From Example 10.3.1 we saw that if « has finite support and is concentrated on p
atoms oy, ... , o, With (oeq) > 0forl < g < p, then PM # @ iff the equation
(10.37),
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Al = v, (10.59)
has a solution £ = (Eq)1<q<p with all £, > 0. Here, as before, v = (r —a'), _,_, and
A € RY%P ig the matrix with elements

A; = O'lOl;K (ozq) ) (10.60)

Now assuming that PM # ) and that £ with all £, > 0 satisfies (10.59), it is
clear that if the equation A¢" = 0 has a solution ¢’ # 0, then also £ = € + &l’
will solve (10.59) with all E > 0 provided ¢ # 0 is sufficiently close to 0. Each
such ¢ defines a new member of PM, and since by linear algebra an ¢’ # 0 solving
Al = 0 exists iff rank(A) < p, we conclude that if PM # @, then |[PM| = oo or
[PM| = 1 with |[PM| = oo whenever p > rank(A) and |PM| = 1 precisely when
p =rank(A) <d.

The most natural condition for [PM| = 1 is that p = d and A is non-singular
with all elements of the vector A~ v strictly positive, but [PM| = 1 may also occur
if p = rank(A) < d in which case v necessarily must belong to the subspace spanned
by the columns in A.

If PM # ¢ and « does not have finite support, it is easy to see that [P M| =
let P € PM be natural with deterministic x-intensity A (y) > 0 satisfying (10.31).
Because « has infinite support, one may pick 8y, ..., 8441 > 0 and disjoint subsets
By, ..., Bim1 ofR\OwnhallK( ) > Oandk(y) >4, forally € B;, 1 <gq <

d + 1. But then there exists a vector (B, ... , Bd+1) € R‘\ig’ ! such that

d+1

Zaiﬂq/ Ykdy)=0 (1<i<d)
q=1 By

and for ¢ # 0 sufficiently close to 0, the function

- d+1
YA +eY Byls, ()

g=1
will be > 0 and satisfy (10.31). We have shown

Proposition 10.4.1 Suppose that PM # (. Then either there is exactly one equiv-
alent martingale measure relative to the true measure P or there are infinitely many.
There is exactly one if and only if the support for k is a finite set with p < d elements
and furthermore rank(A) = p where A is the matrix defined by (10.60).

If there are infinitely many equivalent martingale measures, then there are in par-
ticular infinitely many natural ones.

Note that if |’PM| = 1, necessarily v # 0, i.e. al # r for some 1 < iy < d.
Finding the unique P € P.M requires us in particular to find the unique solution £ to
(10.59) and if v = 0 we get £ = 0, violating the constraint that all £, > 0. For this
reason and also for technical considerations it is assumed from now on that
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Jig : a0 #r. (10.61)

Let 7o > 0 be given but arbitrary. A fo-contingent claim is defined as an }",ff -
measurable random variable. The #y-claim C is called attainable if there exists a self-
financing trading strategy ¥ = (¥)o<,<, defined on the time-interval [0, 70] only,
such that C is the value at time £y of the portfolio resulting from v, i.e.,

fo o
cC=YV _|_/ ¢§)rer5 ds +/ Z w; dev P-a.s.,
0 10,101 i=1

cf. (10.13) and (10.11). The strategy then replicates the claim C.
At first sight it seems obvious that the natural price to pay at time O for the claim
C should be

d
Vo =0+ > wixi
i=1
the value of the replicating portfolio at time 0. But as we shall presently see, there
are always infinitely many self-financing strategies replicating C leading in fact to
infinitely many prices. The remainder of this section is now devoted to a discussion
of this disturbing fact and how it is still possible to price at least certain contingent
claims fairly and uniquely.
To find some of the self-financing strategies replicating C, consider i represented
as in (10.24) with the special structure

0, 0, 0,
fz,,\(:o) ®) = azn?i?é + B, .2’:3 ; (10.62)
i@ =al() + gL e (1 <iza), (10.63)
forn > 0,1, <t <tywhereonly z, = (t1,... ,ty; Y1, ..., yp) With t,, < tp and yi

belonging to a suitable set of x-measure 1 are considered. (With P-probability 1 there
will be no jumps at 7y, hence the condition t, < g is allowed). The conditions from
Proposition 10.2.2 for ¢ to be self-financing now become

°<")+Z(r_a) PO =0 (= 0), (10.64)

Zn [xo Zn [xo “znlxo

and

050’(") 0 (m) ty + Z '31 2 () l (n)

anxo anx(J Z,1|X() ZnlXo

— O[0,(n7]) 0 (n— l)tn + Z,Bz ,(n— l) i,(n) (n > 1) ’ (10.65)

Zn—1lx0 Zn 11x0 zn—11%0 Tznlxo

where we write
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n
J(n) i i ]
= (kr[1 (1 +oty,¢)) X

i

(which in fact depends on z,, through the y; only). In particular Ufjcgo) = X
By Proposition 4.2.1(b), since C is .7-",3( -measurable we may write

N
)
C= Zgznlxo (Niy=n)

(n)

for some measurable R-valued functions (xo, z,) — g, 1o

. The requirement that ¥

replicates C on the set (N w0 =" 2Zyp= z,,) then becomes

Olo’(n) 0 (n)f + Zﬂl ,(n) l (n) — 7rlo (n) (n > 0) (1066)

zanO zn |xo ‘0 2nlxo Tzulxo 8zulxo

when ¢, < tg.
For n > 1, working recursively in n, we thus have the three linear equations

(10.64), (10.65) and (10.66) to solve for the d+2 unknowns «** and (,Bi‘(”) )0 .
<1<

Znlxo Znlxo
while for n = 0 there are only the two equations (10.64) and (10.66). So start for n = 0

by choosing a‘o,(()) and the ﬂli’(o) fori > 1, i # iop (with ip as in (10.61)) arbitrarily

and then solving for ;3‘ '@ and ,310 '@ \which is possible if the matrix of coefficients to
the two unknowns,

1 (r —a") x(i)0

o x(l)o

is non-singular, i.e., if 7o (- — a’) % 1 as we assume from now on. Then proceed by

induction, for each n choosing the a?};fz) and the /3 (") fori > 1, i # ip arbitrarily

0,(m) ﬁoy(n) and ﬁlo »(n)

and then solving for o’ | XO %0 %0

Wthh is possible because the matrix

(where 1™ is short for n” o)
01 (r - aio) n™
1t, n® (10.67)
1 to n(n)

is non-singular since a’0 # r and 1, < 1.
Thus, provided 7 (r — a’o) # 1, for d > 2 there is for each n the free choice of at
i,(n) 0,(0)

least one ﬂz Ixo * . For d = 1 (in which case a = a® # r by assumption), given o s
ﬂ&o(o) and ,3|1 O the “S,’,?Z()) ) ,B?n’ ‘(;:3 and 'len ‘(;lg are uniquely determined, but there is still

a free choice for a&(fo). Thus, for all d we have infinitely many self-financing trading

strategies of the special form (10.62) and (10.63) that replicate C, and since
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_ 0,0 i,(0)
Vo= a\xo +Z'B|X0 l

where a(l’ O can certainly be chosen freely, different strategies suggest different prices

for C! Tooget around this unpleasant fact and find a fair price for some claims C, we
shall focus on and exploit the probabilistic structure of the model.

Consider a natural P € PM with deterministic -intensity A (y) > 0 satisfying
(10.31). Suppose further that C is a fy-contingent claim such that

E|C| < oo,
e.g.,
ICl < K (1+L)Mo

for some constants K, L > 0 (in which case also Ep |C| < oo and Ep/ |C| < oo for
all natural P’ € PM since under P, ', N,, is Poisson).
Now define M (C) = (M; (C))o<;<;, as the cadlag version of the martingale

M, ©) =E[eroc ’]—",X | 0sr=w, (10.68)
in particular
My (C) = Ee ™",

By the martingale representation theorem, Theorem 4.6.1, there exists a predictable
field (SY) y ER% such that

M, (C) =Ee"0C + / SY M (s, dy), (10.69)
10,101 R{y

where M (ds, dy) is the fundamental ﬁ-martingale random measure,
M (ds, dy) = p(ds, dy) — % (y) ds« (dy).

The ideg is now to look for predictable and e.g., pathwise bounded (see (10.38))
processes ' for i > 1 such that

M*=M(C) P-as. (10.70)

n [0, o] where

d
M=V + /]O ]Zw;' dx;, (10.71)
=1

since then in particular
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e_”"C = M:;) = VO / Zl/f dX*l P-a.s.

10,001 74

Recalling Proposition 10.2.1 and defining ¥° by (10.20) we obtain a self-financing
trading strategy v replicating C, which is such that the corresponding discounted
value process M* = M(C) is a P-martingale.

For (10.70) to hold, obviously

Vi =Ee'C (10.72)

which is then the fair price for C suggested by the martingale measure P. Furthermore,
identifying the jumps at 7,, for M* and M (C) gives the condition

d
Y b o' X; _yi=S[" on (T, <), (10.73)
while the identification between jumps yields

Zw,o xi [ Eoean= [ sTeedn ©0=r<w. 07

\0 \0

as is seen using the identity
X7 =x3+/ / ol X3y M (ds, dy).,
0,r/] JRY

cf. (10.22). ‘
Using (10.73) one would like the ¥ to satisfy (since each 7,, can be anything
between 0 and 7y and the Y;, are arbitrary jump sizes for U)

Z YlolXMyl =8 (0<1t <1 (10.75)

simultaneously for k-a.a. y € R{lo. This may not be possible, but if it is, multiplying by

x (y) and integrating with respect to « yields (10.74). Thus (10.75) is critical if there is
to exist a pathwise bounded self-financing strategy replicating C, so we shall now in
some detail discuss when (10.75) can be solved. (It may be noted that it is possible to
deduce (10.75) from (10.73): the idea is that if the ' for i > 1 are pathwise bounded
predictable processes satisfying (10.73), then one can show using only (10.73) that
with S defined by the expression on the left of (10.75) it holds that the stochastic
integrals M (S) and M (S) are P-indistinguishable on [0, fy], i.e., the representation
(10.69) of the martingale M (C) is not affected if S is replaced by E).

Suppose first that |PM| = 1. Then by Proposition 10.4.1 « has finite support
ai, ..., o, with p < d and rank(A) = p where A is given by (10.60). (10.75) now
becomes
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d . . . . o,
Do vio'Xilal=5" (1<q<p)
i=1

or equivalently,
A T w=u ( 1076)

where
w= <1//;X;ki)l<i<d ’ = (S;qu ((XQ))

If p < d, (10.76) has infinitely many solutions w, while if p = d, there is a unique
solution w. Then ¥/ = w'/ X,*i for i > 1 together with ¥° given by (10.20) defines
the desired replicating strategy provided e.g., that the ¥ are pathwise bounded, some-
thing that may of course depend on the structure of S. But if the ¥ found is pathwise
bounded, M;" is well defined by (10.71), M* is a P-martingale and the fair price for
the claim C is given by (10.72) with I’ the unique risk-neutral measure.

Suppose next that |[PM| = co with P € PM given and natural. Now it may well
happen that (10.75) has no solution, e.g., for d = 1 it is required that

l<q<p

S

1 _
v = oXfy

simultaneously for k-a.a. y € Ryp, so that S} must be a linear function in y. But if
there exist pathwise bounded predictable ¢' for i > 1 that do satisfy (10.75), then
defining ¥ as in (10.20) we see that the self-financing strategy v replicates C with
M* a P-martingale and (10.72) the price for C corresponding to the given P. This
of course defines a unique price for C iff Epre™"C is the same for all P’ € PM
and at least we can give a simple sufficient condition for this: suppose that (10.75)
corresponding to the original P has a bounded (in the sense of (10.38)) and predictable
solution v for i > 1. Then M* given by (10.71) will be a P'-martingale for any
P’ € PM and consequently

EpeC = M{ = Vi =Ee"C.

In mathematical finance one calls a market complete if ‘any contingent claim can
be hedged’ and one shows that the market is complete ‘iff there is a unique risk-
neutral measure’. That a 7y-claim C can be hedged means that there is a self-financing
strategy such that the value of the corrsponding portfolio at time ¢, is precisely C. For
our model we cannot quite state results like this, but the discussion above at least gives
Theorem 10.4.2 below.

In order to state this result we shall only consider the class Cy, of fp-claims C (for
an arbitrary fo > 0) such that Vj' = Ee™""0C is the same for all P € PM and then say
that C can be hedged if there exists a pathwise bounded self-financing trading strategy

Y= (‘/’i)izo such that
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e = Vi + / Zw dx;. (10.77)
0,

0] j=1
In that case V/;" is the time O price for the claim C.

Theorem 10.4.2 (i) Suppose that [PM| = 1 and let ] P denote the unique equiva-
lent martingale measure. Then Cy, is the class of P- integrable F X _measurable
random variables. _

Let C € Cy,, consider the P-martingale M (C) given by (10.68) and let S be
determined as in (10.69). Then (10.75) always has a predictable solution ' for
i > 1 and a sufficient condition for C to be hedgeable is that this solution be
pathwise bounded.
(ii) Suppose that |PM| = oo and let P e PM be given. Then Cy, is a genuine
linear subspace of the class of P- integrable f -measurable random variables.

Let C € Cy,, consider the P- martingale M(C) given by (10.68) and let S be
determined as in (10.69). Then (10.75) may not have a predictable solution W
fori > 1, but if it does, a sufficient condition for C to be hedgeable is that this
solution be bounded.

(iii) In both (i) and (ii), if ¥' for i > 1 is the required solution to (10.75), then
Y= (1// )0<z<d with 0 defined by (10.20) is a self-fiancing strategy replicating

The only assertion not proved already is the claim from (ii) that Cy, is a genuine

~.

subspace of L! (Q ]_—tx , ]P’) To see this, take P # P’ € P.M both natural and just note
that P # [P’ because they are natural simply means that the P-distribution of (T, Y1)

is different from the P’-distribution, 1mp1y1ng since 7 and Y] are independent under
both P and P, that there exists B € B¢ 10 such that

ﬁ(Tl <tg, Y1 € B)#P (Ty <ty,Y, € B),
i.e., the tp-claim

Ler <t v,eB)
does not belong to Cy,.

Remark 10.4.1 In case (ii), observe that Cy, is always a linear space of random vari-
ables containing the constants and all the X; .

Let C be any fp-contingent claim. We saw earlier that there is a host of simple
self-financing strategies ¥ that replicate C, see (10.62) and (10.63) and that these
strategies yield different prices. How can this fact be reconciled with the findings from
Theorem 10.4.2 according to which certain claims have a well-defined unique price?
Suppose that [PM| = 1, write P for the unique risk-neutral measure, let C € C;, and
assume that C can be hedged using the self-financing strategy ¥ described in Theorem
10.4.2(i). Then if ¥ is another replicating strategy of the form (10.62) and (10.63) with
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d
Vo =15 + ) wioxh # Vg =Be"C,

i=1

we certainly have

e T C = VO _|_/ Zwt dX*z
0,

fol j=1

and since ‘70 # V| are forced to conclude that the stochastic integral

/ qu dXx* (10.78)
0,7]

involving the ﬁ’-martingales x* cannot itself be a ﬁ)-martingale. To substantiate this
further, go back to the construction of ¥, which on the set (N,O =n,Z,= z,,) when
t, < tp and n > 1 involved the solution of three linear equations with three unknowns
with coefficient matrix (10.67). By inspection one sees that for ¢, close to ¢ this matrix
is nearly singular, implying that the trading strategy may well explode when #, is close
to to: following the strategy J, if a jump occurs close to time 7 violent adjustments in
the portfolio may be needed in order to replicate C and the martingale property (inte-
grability) of (10.78) may be destroyed in contrast to what happens with the strategies
Y described in Theorem 10.4.2.

Example 10.4.1 Some of the simplest fp-contingent claims imagineable have the

form
c=h(xp)

for some i; > 1 and some function 4. If [PM| = 1 such C are of course hedgeable
provided E |C| < oo with P the unique member of P M. A compact explicit expres-
sion for the price Ee~""0C is usually not available, butif d = 1, k = &, and r # a,
we have that the total Poisson-intensity for a jump under P is

~ r—a
A’:

> 0,
oo

cf. Example 10.3.1, and find that

IEefrZ‘OC — efrto Z (to 7)Lt0h aty (1 + O'Ol)n XO) .
n=0

Special cases include the European call option with exercise price K, expiry date 7y
and the European put option corresponding to

h(x)=x—-K)", h(x)=(K-x)*

respectively.
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We have seen that if [PM| = oo not all contingent claims are hedgeable. By
definition hedgeable claims must have the form (10.77) (which need not even be the

case in general for the claims & (X;;) considered in Example 10.4.1), so in order to

construct a hedgeable f-claim C one may start with a collection (w")i>1 of predictable

and, say, bounded processes, define ¥° by (10.20) to obtain a self-financing strategy
and then consider the #y-claim

d
oo Fotox).
10,501 =1

Then using (10.75) to define S,

Z%G X*z i

we have in fact for any P € M with x-intensity process (%; ) that

/ Zw X = / SY M (ds,dy) (¢t < to) (10.79)
0, 10.11xRY,

10,11 =1

where M (ds,dy) = Xy ds k (dy) is the martingale measure for P. Thus the represen-
tation (10.69) of the P-martingale (E [e~"0C yfx ) holds for all P € PM with

a predictable field S that does not depend on P.

O=t=ito

Exercise 10.4.1 With an arbitrary P € PM as above, it follows from Proposition
10.3.1 and its proof that

o! fd y"’)tf/c dy)=r —d
\0

for all ¢ and all i > 1. Use this to show (10.79) by identifying the jumps and the
behaviour between the jumps.
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Examples of Queueing Models

In the first section the classical GI/G/1 model is treated with the emphasis of finding
when there is equilibrium (stationarity). For the simplest case, the M/M/1 model, sta-
tionarity is discussed in detail, not just for the length of the queue but also involving
the time since most the recent arrival and the time since the present service started.
The second section deals with the description of some PDMP models of queueing
networks that are not just (homogeneous) Markov chains.

References. Some important books on queueing theory and networks are As-
mussen [3], Brémaud [15], Baccelli and Brémaud [7], Kalashnikov [72], Kelly [79],
Robert [103], Serfozo [110] and Walrand [119].

11.1 The GI/G/1 queue

The simplest and most basic model in queueing theory is the single server queue,
where customers arrive at one service station, are serviced one at a time on a first
come first serve basis and when service is completed the customers leave the system.

Here we shall discuss the GI/G/I queue where arrivals occur according to a re-
newal process with interarrival times that have a given hazard function « (a) and
where the service times are iid and independent of the arrival process with a given
hazard function B (s) . Particularly simple and important is the M/M/I queue where
a(a) = «a, B(s) = P so that arrivals occur according to a homogeneous Poisson
process (assuming that the first customer arrives at time 0) and the service times are
exponential.

A question of particular importance for the study of any queueing system is
whether it is stable in the sense that the number of customers in the system does not
explode as time t — oo. Phrased differently, it is of interest to determine conditions
for a queueing system to be in equlibrium meaning more precisely that if the system
can be described using a time-homogeneous Markov process, one wants conditions
for this process to have an invariant distribution (see Section 7.8).
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Let K; denote the number of customers in the GI/G/1 queue at time ¢, i.e., either
K; = 0 and the queue is empty, or K; > 1 and K; counts the customer presently being
serviced as well as all customers that have arrived but not yet started service.

For the M/M/1 queue (K;) is a time-homogeneous Markov chain on Ny and one of
the simplest and classical results in queueing theory states that this Markov chain has
an invariant distribution p = (,o P)p>0 iff « < B and that in that case p is a geometric
distribution, see (11.12) below. -

For the general GI/G/1 queue, (K;) is not Markov. However, as we shall now see,
it is still possible to view the GI/G/1 queue as a time-homogeneous PDMP — and
hence to discuss conditions for equlibrium of the GI/G/1 queue.

Introduce the arrival process (A;) and the service process (S;), where A; is the
time elapsed since the most recent arrival and S; is the time elapsed since the cus-
tomer presently being serviced started service (so S; is defined only if K; > 1). Note
in particular that (A;) is simply the backward recurrence time process for a renewal
process.

Now consider the joint process X = (K;, A;, St);>¢ - The state space consists of
pairs x = (0, a) (the queue is empty, time a elapsed since the most recent arrival) and
triples x = (p,a,s) with p € N, a > 0, s > 0 (p customers in the queue, time a
gone since latest arrival, the customer being serviced started service s time units ago).

We formally make X into a time-homogeneous PDMP, with jump times 7, and
Y, = X7, the state reached by the nth jump, by defining the deterministic behaviour

¢t(07a):(0aa+t)v ¢I(p1avs)=(psa+t7s+t) (le)s

the total intensity ¢ (x) for a jump from an arbitrary state x,

q0,a) =al(a), g(p.a,s)y=a@+p(s) (pz1,

and the distribution r (x, -) for a jump from x,

r(0,a), ) = €@1,0,0)

r((p,a,s),) = La)ﬁ( +10r)+L5( ~1,a,0)
T a@A BT a@ B T

(with &(p—1,4,0) Teplaced by £(,q) if p = 1), reflecting in particular the facts that if a
new customer arrives, K; increases by 1, A; is reset to 0 and S; is unchanged, while
if sevice is completed for a customer, K; decreases by 1, S; is reset to O if there is a
customer waiting to start service and A; is retained.

Some special features of the process X should be noted: no matter where X starts,
it is perfectly possible that for a strictly positive amount of time one has A; = S;,
but for # > T this can only happen if also K; = 1 and the single customer involved
arrived at an empty queue. Also fort > T, if K; = 1 necessarily S; < A;.

Let

(p=1

o0 t S 1
4 = f e—fo a(s)ds dt, &g= f e—fo BGs)ds 4y
0 0
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denote the mean of the interarrival time distribution and the service time distribution
respectively. Then it may be shown that a necessary and sufficient condition for X to
have an invariant distribution is that

&s <éa < 00. (11.1)

Here we just indicate why this condition is necessary: if X has an invariant distribution
there is in particular an invariant distribution for the backward recurrence time process
(A;) and therefore £4 < oo as shown in Example 7.8.3. And for n large the time of the
nth arrival will take place approximately at time n§4 while the time required to service
these n customers is close to n&g, i.e., K; — oo a.s.if & > &4 which is not possible if
X is started according to an invariant distribution which would imply in particular that
all K, have the same distribution. (If {5 = &4 one may show that lim sup,_, ., K; = 00
a.s.).

Suppose that (11.1) holds. In order to study what the invariant distribution for X
looks like we shall use the results from Section 7.8. What follows uses Theorem 7.8.2
but it should be noted that Corollary 7.8.10 can also be applied with the choice

xo=(1,0,0)

corresponding to T,, from the corollary being the first time a customer arrives at
an empty queue: no matter what is the initial state of the queue, it is clear that
Py, (Tx, < o0) > 0 as is a minimal requirement if the corollary is to be of any use.
The corollary shows in particular that the condition E,, Ty, < oo is sufficient (it is in
fact also necessary) for the existence of an invariant distribution.

For functions 4, (a, s) that are continuously differentiable in a and s, the infinites-
imal generator for X has the form

(Ah) (0,a) = Dgho (a) + a (a) (h1 (0,0) — ho (a)) (11.2)
and for p > 1,

(Ah) (p,a,s) = Daghp(a,s) + Dshy (a,5) + o (@) (hpt1 (0,5) — hy (a, 5))
+B(s) (hp-1(@,0) —hp(a,s)). (11.3)

We shall also need the full infinitesimal generator A (with Ak = Ah for the smooth &
just considered) described in Section 7.7 and note in particular that any function / of
the form

hp (a,s) = lpzl,azx Ep (@)

belongs to the domain D (A) provided # is bounded and each Ep (a) is continuously
differentiable in a with Ak bounded where

(Ah) (0, a) = & (a) hy (0) (11.4)

and for p > 1,
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(Ah) (P, a,s) = la=s Dah (@) + (@) (1520 hp+1 (0) — laes hp (@)
+B(5) (Lm0 hp—1 (0) — laes i (@) , (11.5)

cf. Definition 7.7.1.

We shall discuss what is the form of the invariant distribution ® (dp, da, ds)
when it exists and first note that it is a good guess that for each given value of p,
® ({p}, da, ds) has a density as follows:

@ ({0}, da) = ¢o (@) da,
® ({1},da,ds) = ¢1 (a,s) dads + 13—, Y1 (a) da, (11.6)
& ({p},da,ds) = ¢, (a,s) dads (p >2)

with the contribution from 1y taking care of the possibility that there is only one
customer present who arrived when the system was empty.
By Theorem 7.8.2, for identifying the ¢, and | one studies the equation

O:/ dagoo(a)(Ah)(O,a)—i—Z/ da/ ds ¢p (a,s) (Ah) (p,a,s)
0 »=1J0 0

+[ da ¥ (@) (AR) (1, a, a)
0

for h (a, s) that are bounded and differentiable in a and s with Ak given by (11.2)
and (11.3) bounded. Here it is natural to consider

hy(a,s) =1,zp, f (a,5) (11.7)

for any p¢ (omitting the argument s if pyp = 0) with f smooth enough and having
compact support. Doing this for p = pg > 3 gives

0=/O da/o dsep(a,s)(Daf + Dsf — (a(a)+ B (s)) f)(a,s)
+/ da / dsgp_1(a,s)a(a) f(0,s)
0 0

+fo da/o ds gpi1 (@, 5) B (s) f (a,0),

and by partial integration, since f has compact support this implies that
o oo
02/0 da fO ds f (a,s) (_Da(pp_Ds(pp_(“(a)+,3(5))(ﬂp) (a,s)
oo o
—/0 dsf(O,s)wp(O,s)—/O da f (a,0) ¢p (a,0)
oo o0
—i—/(‘) da /0 dsgp_1(a,s)a(a) f(0,s)

+/(; da /0 ds gpy1(a,s)B(s) f(a,0).
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Choosing f to vanish everywhere except in a small neighborhood of a given point
(a, s) one deduces thatifa > 0, s > 0,

Dypp (a,s) + Dypp (a,s) = —(x(a) + B (5)) ¢p (a,s), (11.8)
whileifa > 0, s =0,
¥p (a,0) :/0 ds op+1(a,s) B (s) (11.9)

and by analogy ifa =0, s > 0

©p (O,s):/0 dsgp_1(a,s)a(a).

Similar reasoning with 4 asin (11.7) and pg = 1, 2 or with pg = O and 1, (a, 5) =
1,—0 f (a) shows that (11.8) and (11.9) are valid also for p = 1, 2 and that in addition

Dgyo (@) + a(a) po (@) = /0 ds g1 (a,s) B (s) + Y1 (a) B (@)
and
010,8) =0, ¢ (0,s)= /(; dsgi(a,s)a(a)+ ¥ (s)a(s).

Finally, for po = 1 and f vanishing outside a neighborhood of a point of the form
(a, a) with a > 0 one finds that

Dy (@) = — (a (@) + B (@) Y1 (a) (11.10)
and for pp = 0 with f vanishing away from a neighborhood of (0, 0) that
w0 =0. [ dag@a@=0.

If the equations from (11.8) and below can be solved for ¢, > 0, ¥; > 0 with

/da(po(a)+2/ da/ ds ¢, (a, s)+f dayr (a) = 1,
0

Theorem 7.8.2 shows that X has an invariant distribution given by (11.6). Of course,
solving the equations explicitly is not possible, but it may be noted that the first order
partial differential equation (11.8) has the complete solution

wp(a,S)ng(S—a)GXP(—/ Ot—/ /3)
0 0

for some functions g, while (11.10) immediately gives
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Y1 (a) = Crexp <_/o (Ol—i-,3)>~

It should also be remembered that since for t > 77, S; < A; whenever K; = 1, one
has ¢1 (a,s) =0ifa < s.

We shall now proceed to describe @ (see (11.6)) explicitly in the M/M/1 case
when « (a) = « and B (a) = B with o < B (the condition for an invariant distribution
to exist, see (11.1)). Even then the equations above for the ¢, and v are not easy
to solve so instead we shall find the partial Laplace transforms (for any given p and
60=>0,9=>0)

Lo(®) = fo " ey (a) da.
L, (e,ﬁ)zfoooda /(;oodse_e”_ﬂswp (a,s) (p=>1),
L?(@):/O e %Y (a) da.

In particular the Laplace transforms determine the point probabilities p, =
@ ({p} x Ro x Ro),

Lo (0) for p =0,
pp =14 L1(0,00+LP©0) forp=1, (11.11)
L, (0,0) for p > 2.

Theorem 11.1.1 The invariant distribution ® for the M/M/I queue (K;, A;, S;) exists
if and only if « < B and is then determined by

o a\?
pp=<1—5> (5) (p = 0) (11.12)
and for® > 0,9 > 0,

Lo®) =po— 2P (11.13)

P e Y0+ B '
L6, 0) = op (11.14)

) = P S Tat+ PO+ p) '

D oo B

LY O) =Py o g (11.15)

and for p > 2,

L,©.9) = af N BY ( B )pl
PETIE N G @t @+ tath @)\ tatp :
(11.16)



11.1 The GI/G/1 queue 283

Proof. We shall use that

/CD (dp,da,ds) (Ah) (p,a,s) =0 (11.17)
for all h € D (A), the domain of the full infinitesimal generator; cf. 7.8.2. Starting
with

hp(a,s) =1p-9 e 0

gives using (11.2), since (11.17) contributes only for p =0 or 1,
~ O+ Lo® + B (L1 6.0+ LD ©) =0. (11.18)

Proceeding with
hp(a,s) = 1p=p, e 0a=0s
for a given pg > 1, using (11.3) and noting that (11.17) contributes only for p = po—1
or po + 1 gives first for py = 1,
—O+9+atp) (L1 ©.9) + LP (9+z9)> +aLo0)+ Ly (6,0) =0,
(11.19)

and for po = 2,
—(9+z§‘+a+ﬁ)L2(0,z‘})+a(L1 0,9) + LP (19)) + BL3(6,0) =0,
(11.20)
and finally for p = pg > 3,
@+ +a+pB)L,0,9)+al,_1(0,9)+BLyr1 (0,0)=0. (11.21)
Taking 6 = ¢ = 0 (cf. (11.11)) gives the classical equations for determining the
Pps
p1 = dpo, Pp+1 —8pp = pp —8pp—1  (p=1)

where § = /. This forces p, = 8”po, and since we need Y 5~ pp, = 1 it follows
that necessarily o < 8 and that under this condition p,, is given by (11.12).

The equations (11.19), (11.20) and (11.21) show that for p > 1, L, (0, 9) is
determined once L, (0,0), L, (0, %) for p > 1 and L{) (0) have been found. So the
next step is of course to take 6 = 0, respectively ¢ = 0 in the three equations. This
gives

—@+a+p) <L1 0,9) + LP (19)) Fapo+ Bor =0, (1122)
O +a+p) (Ll ©.0)+ LP (9)) tapo+BL2(6,0) =0, (11.23)

—@4a+p) L0, +a (Ll 0,9)+ LP (19)) +Bp3 =0, (11.24)
—@+a+B)L,0,9)+aL,_; (0,8) + Bpps1 =0, (11.25)
—@+a+B)Ly6,0)+apy_1+ BLyp1(6,0)=0. (11.26)
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with (11.25) valid for p > 3 and (11.26) valid for p > 2. Here (11.22) immediately
gives

apo + B2 — oa+p
Uv4+a+p v+a+p

Ly (0,0) + LY () = (11.27)

and (11.24) and (11.25) can then be used to determine L, (0, ¥#) recursively leading
to

_ o po B\
Lp(o’ﬂ)_'op(z‘}+a+(1§‘+a+,3)(19+a)<ﬁ+a+ﬂ) ) r=2

(with the expression on the right for p = 1 in fact equal to L; (0, 9) + L{) (¥) as
given by (11.27)).
In order to determine L, (6, 0) we rewrite (11.26) as

0 +o+
Lpt1(0,0) = +ﬁl‘p 0,0)—pp (p=2),

which implies that (recall that p, = (1 — §) §7)

p—1 k
Ly©,0)=y" 2L, 0,00~ (1= 8)y"' (%)

k=2

p—2

p—2 pzl_(g)
=y Le.o -2 =2,

voolTy

where y = (@ +a+8)/B, 6 =a/B.Buty > 1andsince L, (0,0) < p, < 1 and
8/y < 1, as p — oo this forces

B

L 9,0 = p = p 11.28
2( ) 2 S 29 ﬂ ( )
and
L (9 O) =p ] =P (p > 3)
p ’ py 8 p9+ﬂ - .

It still remains to find L (0, ), L;(6,0), Lf) (0) and Lg (0) (with the latter
directly obtainable from (11.18) once the others have been found) and for this the un-
used equations (11.22) and (11.23) are simply not enough! But using the full generator
(11.4) and (11.5) on the function

hp (a,s) = 1p=1,u=s e—@a

and integrating Ah with respect to & gives
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—@+a+BLP O +app=0

proving (11.15). Then (11.22) gives
o
L1(0,0)=p————
1(0,9) =p1 P
while inserting the expressions (11.28) for Ly (6,0) and (11.15) for LlD (0) into
(11.23) yields

op
NCE YR
Inserting this together with (11.15) into (11.18) implies (11.13).

It is now straightforward to complete the proof using (11.19), (11.20) and (11.21)
and the findings so far to obtain (11.14) and (11.16). O

Li(0,0)=0p

Remark 11.1.1 The partial Laplace transforms found in Theorem 11.1.1 are easily
recognizable in particular when ¢ = 0. For instance one finds the following properties
of the distribution of the time since last arrival A, for an arbitrary #) when the system
is in equilibrium (was started with initial distribution ®):

(i) given K;, = 0, the distribution of A, is the convolution of two exponential
distributions with rates « and 8 respectively;
(ii) given K,y = p > 1, the distribution of A, is exponential at rate 8 (the service
rate, not the arrival rate!);
(iii) combining (i) and (ii) it follows that A, has Laplace transform

af B o

(1=9 (9+a)(9+ﬂ)+89+;6 T +a

i.e., Ay is exponential at rate « (the arrival rate). Since (A;) is the backward
recurrence time process for a renewal process with rate o exponential interarrival
times, this could also have been seen directly from Example 7.8.3.

Taking & = 0 in (11.15) one finds

(iv) given K;, = 1, the probability that this single customer arrived at an empty
queue is ﬁ
The service time §;, in equilibrium is not so simple, but
(v) given K, =1, S, is exponential at rate o + f;
and after some calculations

(vi) given Ky, > 1, §;, is exponential at rate .
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(For the verification of (vi) and some of the other results above, remember that
p = 1is special and that L (6, 0) + LID (@) or Ly (0,9%) + LID (¥) should be used).

The description of the PDMP determining the GI/G/1 queue described above
looked back in time: time since most recent arrival and time since present service
started. But it is also possible to define another homogeneous PDMP X that looks
forward in time by using as marks (the states reached by each jump) the time to the
next arrival whenever a new arrival occurs and the time to the completion of service
whenever a new service starts; cf. the discussion in Subsection 7.4.1 of the forward
recurrence time process associated with a renewal process.

The states for X are either pairs (0, @) (the queue empty, time @ > 0 left until
the next arrival) or triples (p,d,s) for p > 1, @ > 0,5 > 0 (p customers in the
queue including the customer presently being serviced, time @ remaining until the next
arrival, time s remaining of the service time for the customer being serviced). Formally
X is described as the homogeneous PDMP with piecewise deterministic behaviour

¢ 0.0 =0a-1 O0=<t<ad),
b (p.d,H=p.a—t5—1 (p=1,0<t<ans

and with jump times Tn and marks 17,1 =X 7., whose joint distribution is determined
by the following Markov kernels corresponding to an arbitrary initial state X where
we write Z,, = (t~1 S Vi ,an) with ¥, = (0,d,) or ¥, = (p,, dy, S,) for
p > 1:forZ, such that all %, | = 7; + (@x A S%) (no other Z, are relevant),

PN(n)~ _ & +an lf pn =0,
ZnlX0 & 4@ a5y A pn =1,

and with Z,, as above and t =1, + (d, ASp) .

the distribution of (1, U, V) if p, =0,
7-[.(4'1) o £(0,a,—5,) if p, =1, ’En < a}’l’
Zn:t1Xo the distribution of (p, +1,U,s, —a,) ifp, > 1, a, <5,,

>
the distribution of (p, — 1,4a, —5,, V) if p, > 2, 5, < dy,

where U and V are independent random variables such that U has hazard function «
and V has hazard function B. Note that cases with @, = 7, are ignored as may be
done since with continuous distributions for the interarrival and service times there is
probability O that the time to next arrival ever equals the remaining service time (unless
of course one deliberately chooses )EONWith po > 1 and Gy = g, so for convenience,
assume that this is not the case). That X is indeed a homogeneous PDMP follows from
Theorem 7.3.2 (b).

For the model just discussed, the service time for a customer was attached to that
customer only when service started. Yet another version of a forward looking PDMP
describing the GI/G/1 queue may be obtained by associating the service time for each
customer with the customer immediately upon arrival. The state space and mark space
now consists of pairs (0, @) as above and, for p > 1, of vectors ( D, d, 81, ... ,'Ep) with
p the number of customers in the queue, @ the time remaining until the next arrival
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and (31, . ,Ep) the remaining service times for the p customers in the queue listed
in their order of arrival so that 51 is the remaining time of service for the customer
being serviced — and the 5; for k > 2 is the complete service time required to handle
customer k. One now finds

¢ (0, a)y=a—1t, ¢ (p.as,....5)=(p.a—1.51—1,%,....5))
and, with y,, = (p,,,En,E],,,, .. ,Epm,,),
o _ | e, if pu =0,
nl%o 8}:!+(EHA§‘L") if pn>1,

whenever all 71 =7 + (ax AS1k) . and when t =7, + (d, AS1) .

the distribution of (1, U, V) (),

o _ eeas,) o _ (iD),
st 1Xo the distribution of (pn +LU,51,0—an, 20+ » Sp,.ns V) (iii),
8(Pn—1,5n—3;z,§2,n,~-- »/Epn,n) (iV)’

with U and V as above and the four cases corresponding to (i) p, = 0, (ii)) p, = 1,
St < ap, (iil) pp > 1, a8, <51, and (iv) pp > 2,510 < dy respectively.
A particularly relevant feature of the corresponding PDMP X with

X = (Ki. A St Sko)

is that it in a natural fashion incorporates the socalled virtual waiting time,

the remaining amount of work required to handle the customers in the system at time
t.

11.2 Network models

An open Jackson network consists of a number J > 1 of nodes, each with a single
server, with new (external) customers arriving at a randomly chosen node and moving
randomly from node to node before leaving the system. Each visit to a node requires
the customer to queue there before being serviced and moving on to the next node or
exiting the network.

In its classical form, the network is modeled as a time-homogeneous Markov chain
K = (K1, ..., Kj) with state space N({ . Here K j ; is the number of customers waiting
at node j (including the customer being serviced) and the intensity matrix Q = (qppr)
has the following structure: gpp = — >/, gpp and for p, p’ € N({ with p # p’ the
only non-zero off-diagonal elements of Q are
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aj ifp'=[p;+1].
(external arrival at j),
Bjv;j ifpj>landp = [pj — l], (11.29)

dop’ = (completion of service and exit from j),
Bivit ifj#k pj>landp =[p;—1,pr+1],
(completion of service at j, move to k).
Notation. The bracket notation [-] is used to denote a vector p’ = (p}, ..., p/;) that
differs from p = (pi1,..., ps) only on the coordinates indicated and in the way

described within the brackets, e.g., p’ = [Pj —1, e + 1] is given by p;- —pi— 1,
i = px + 1 and all other p] = p;.

In (11.29) «; is the (external) arrival intensity at node j, 8; is the service intensity
at j and yj for 1 < j,k < J is the probability that a customer that has completed
service at j moves on to k, while y; is the probability that a customer having com-
pleted service at j exits from the network. We shall require the parameters of the
model to satisfy that all «; > 0, all 8; > 0, all y; > 0, yjx > 0, y;; = 0 with all
Yj + >k ¥jk = 1 together with the free movement conditions that it is possible to exit
eventually with the customer having visited any given node,

V-] an’ jl’ ctt j” : y]fl yjle e yjn—ljnyjn > 0’ (1130)

and that it is possible for externally arriving customers to visit any node,
Vi3An, jos - nt @oYioji Vivia* Vin-rinVinj > 0-

The assumption (11.30) implies that the matrix / — I', where I' = (yjk) , is non-
singular. In particular the set

J
Gi=aj+) any (1<j=<J) (11.31)
k=1

of equations has a unique solution vector ({ j) of so-called throughput rates with, in
fact, all £; > 0. The following remarkably simple result then holds:

Proposition 11.2.1 The open Jackson network K has an invariant distribution p if
and only if ¢; < Bj forall 1 < j < J, and in this case

= 1— = = = RN NI ). 11.32
Pp Jl_[]< TAY] (P (p1 pJ) € 0) ( )

J
In other words, with the network in equlibrium the distribution of any K; is such
that the coordinates K;; are independent, each following a geometric distribution.
(Taking J = 1, the result states that the M/M/1 queue has an invariant distribution iff
o < B in which case p is geometric; cf. (11.12)).
We shall not give a detailed proof of Proposition 11.2.1, but various aspects of the
result will be discussed below in a more general setup.



11.2 Network models 289

Exercise 11.2.1 Show that with (§ j) the solution to (11.31) and assuming that all
{j < Bj, then p defined by (11.32) is invariant, i.e., show that

Z P dpp =0

p’eNé
forallp € Né.

In the network model discussed so far, external arrivals at each node j occurs
according to a Poisson process with rate o; with the J arrival processes indepen-
dent. Also, all service times are independent and independent of the arrival pro-
cesses, with the service times at node j exponential at rate 8;. We shall now dis-
cuss more general models that become homogeneous PDMPs when incorporating for
each j, ‘the time since last arrival’ and ‘the time since service began’; cf. the dis-
cussion of the GI/G/1 queue in the preceding section. Thus we shall obtain a process
X = (K, A,S) withK = (Kj)1<j<J the queue lengths at the different nodes as be-
fore, and A = (Af)lsjsl and S = (Sf)lsjsj where A; is the process giving the
time since the most recent ‘arrival’ at j, S; is the process giving the time since the
present service (if any, i.e., if K;; > 1) began. The state space G consists of elements
x = (p,a,s) with p € N/,ae IR({ and s € R({ when all p; > 1 and s; omitted if

pPj = 0.
It is obvious that the deterministic behaviour of X is given by

¢l‘ (p’aﬂs) = (p’a‘|‘f1,s+tl)

writing 1 for the appropriate vector of 1’s. Trivially the ¢, satisfy the semigroup prop-
erty (7.28), so to complete the PDMP description it suffices to define the total intensity
q (p, a, s) for a jump and the jump probabilities » ((p, a,s) , -) .

The interpretation of K, A and S makes it clear that from any (p, a, s) it is only
possible to jump to finitely many other states:

(i) if an external customer arrives at j,

wno— |y i ez

(ii) if a customer completes service at j and then exits the network, provided p; > 1,

(p.a,s) — { (lpy = 1], [0;]) it pj =2
0;].as;)  ifp =1
(iii)if a customer completes service at j and then moves to k # j, provided p; > 1,
and if py > 1 (if px = 0O the service time at k in (11.33) and (11.34) should be
reset to 0)

([p; — L pc+1].a,[0;]) ifp; =2, (11.33)

®,28) — { ([0, px +1]5a0s)  ifpj =1,
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assuming that only external arrivals count as ‘arrivals’ when adjusting a, while if
all arrivals are included

([pj— 1. pe+1].10.[0;]) if p; =2,
,a,8) — .
Notation. The bracket notation used earlier is now used for each of the three compo-

nents p, a and s. Also, s\ ; is the vector obtained from s by omitting s; and retaining
sj forall j" # j.

(11.34)

With the jump structure prescribed, the ¢ and r may be chosen quite arbitrarily
(one may have to worry about stability though), but to simplify we shall now focus
on the model where external arrivals at the nodes occur according to independent
renewal processes with all the service times independent and independent of all the
arrival processes, while the moves from node to node or from node to exit occurs
using time-independent transition probabilities y;; and y; (not depending on p nor
a nor s) exactly as in the simple network discussed earlier. Apart from the y;; and
v;j, the model is described by the hazard functions o (a j) for the distribution of the
interarrival times at the nodes j and the hazard functions f; (s j) for the distributions
of the service times at the various j. Since in particular only external arrivals should
affect the value of A, we use (11.33) and not (11.34) and obtain

J
g@.a.9) =Y (aj(a;)+p(s;) 1p=1) (11.35)

=1

and, with X¢), X, Xii) the states reached by the jump described in cases (i), (ii) and
(iii) above, for given values of j and k # j,

o @i(a))
r ((p’ a, S) ’ {X(l)}) - q (p’ a, S) ’
r((p.a,9), {xa}) = M1 (11.36)

q(p.as ="
_ PG,
q(pas) "
Exercise 11.2.2 Discuss the model using (11.34) instead of (11.33) but otherwise re-
taining (11.35) and (11.36). Discuss in particular how the occurrence of external ar-
rivals is affected by the change. In the basic case discussed earlier where all the func-

tions o; and B; are constant, show that K is the same Markov chain whether (11.33)
or (11.34) is used.

r((pa,9), {Xii})

Exercise 11.2.3 It is intuitively clear that with the model just defined (using (11.33)),
A = (Aj) is itself a time-homogeneous PDMP with, assuming e.g., that X started
from a given (but arbitrary) state, the coordinate processes A ; independent and each
A a backward recurrence time process as in Subsection 7.4.1. Give a formal proof of
this by finding the }"tx-compensating measure for the RCM describing the jump times
and jumps for A.
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Using (11.35) and (11.36) one finds that the infinitesimal generator for X =
(K, A, S) has the form (cf. (7.64))

J
Ah (p,a,s) = Z (Dajh (p,a,s) + Ds;h (p, a, s)) (11.37)
j=1

7
+Z‘Xj (a;) (h ([pj +1].[0;].8") =k (p.a,s))
(sj)vi (R ([pj —1].a,8™) —h(p,a,s)) 1y

i () vik (R ([pj =1 e+ 1], 2,8") —h(p,a,9)) 1,21

i

where
S*:{ s ifp;j>1 S**:{[OJ-] if pj >2
[Oj] lfpj=0, S\j lfpjzl,
and
[0/] ifp;j =2 p =1,
§FF — [Oj’ Ok] ifpj =2, pr=0,
S\j ifpj=1pe =1,

(S\j,[ok]) ifpj=1,p,=0.

The description of the network model X = (K, A, S) makes it possible to discuss
when the network is in equilibrium, i.e., one may look for conditions ensuring that
there is an invariant distribution. By Exercise 11.2.3 A is itself a PDMP, hence a nec-
essary condition for an invariant distribution to exist for X is that A on its own has
one, and from Example 7.8.3 it follows that this happens iff

oo a
&a,j :/ exp (—/ a(,~> da < o0
0 0

for all j, as we assume from now on. Also, cf. Exercise 11.2.3, the invariant distri-
bution for A is the product of the invariant distributions for the bcakward recurrence
time processes A so that in equlibrium each A ; for ¢ > 0 has density

Lexp( /aa]). (11.38)
§a,j 0

Now use (11.37) to compute Ah for the very special case & (p, a,s) = pj, for an
arbitrary jo. The end result is

J
Ah(p,a,8) =y (ajo) = Bjo (5o) 1pjy=1+ Y Bj (57) VijoLp;=1
=t
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and believing that if an invariant distribution p for X exists, then

/ p (dp,da,ds) Ah(p,a,s) =0
G

(since & is not bounded and Ak need not be bounded, we cannot use Theorem 7.8.2
directly), one finds that for any ¢, writing

i =E,[Bj (Si): Kjuw = 1], (11.39)

it holds that

+ Z Lj¥ijor (11.40)

Cjo =
EA Jo =1

where it was used that by (11.38),

o a
1
Epotjy (Ajo.r) =/ oj, (@) ——exp (—/ 0lj0> da = —.
0 S JO 0 EA,]O

The equations (11.40) for jy varying have exactly the same structure as (11.31),
hence assuming a suitably adjusted version of the conditions for free movement on
p. 288, there is a unique solution vector ({ j) of throughput rates with all ¢; > 0.

In the special case with all the functions «; and 8; constant, we have §;;, = 1/a,
and recover (11.31) and furthermore recognize, using (11.39), that the ¢; from (11.31)
satisfy

= B;P ( tZl)

Starting from any fixed initial state x = (p, a, s) it is easy to see that P (K jt = 0) >
0 for any ¢ > 0; hence we deduce as part of the assertions from Proposition 11.2.1 that
if p exists necessarily {; < B; and in this case

in agreement with (11.32).

In the general case, ¢; has an interesting interpretation: suppose that X starts from
a given state X, let u = ), €7, v,) be the RCM that registers the jump times 7}, and
the marks (jumps)

Y, =X, = (Kz,. A7, S7,)

for X, and consider for an arbitrary j, the counting process N ;‘” counting all arrivals
(external and internal) at node j, i.e.

N = / Ly —x. o1 i (du, (dp. da, ds)).
Jt 10.61xG (pj=Kju—+1)
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By (7.32), (11.35) and (11.36) the ﬁx-compensator for N;‘” is

k=1

t J
AT =/0 (a,- (Aju) + ) B (Sk,u)ijl(Kk,uzl)) du.,

and hence

t J
Ex Nj\rtr = /0 (Elxaj (Aj,u) + ZEIX [ﬂk (Sk,u)§ Ky > 1] ij) du.
k=1

Assuming that the invariant distribution p exists and integrating x with respect to p
and using (11.40) now yields the identity

EpNja'rtr =1{;

with the ¢; given by (11.39). Thus ¢; is the average time rate (throughput rate) at
which customers, external as well as internal, arrive at j, and if these customers are
to be handled successfully in equilibrium it is at least intuitively clear that in order
for p to exist it is necessary (and with constant «, B}, also sufficient according to
Proposition 11.2.1) that

for all j, where

&s,j = /(;ooexp (—/OS/B/) ds

is the expected service time for customers at node ;.

We shall not discuss further the question of stationarity for the general network
model, only note in passing that for establishing necessary and sufficient conditions
for stationarity in a rigorous manner, Theorem 7.8.9 might be useful (but in contrast
with the case for the GI/G/1 queue, the simpler Corollary 7.8.10 cannot be used).
The main point of the discussion has been to emphasize that because the model is
formulated as a homogeneous PDMP, it is immediately clear what it means for it to be
in equilibrium, and to indicate at least, how the results from Section 7.8 may be used
to study properties of the invariant probability when it exists.
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Differentiation of Cadlag Functions

Let A be a positive measure on (Rg, Bp) such that A(z) := A ([0, t]) < oo for all ¢
and A(0) = 0. Let f be a Borel function on R such that f]o,r] |fl dA < oo forall ¢,
and define

F(t) = / £(s) A(ds). (A1)
10.11

Clearly F is cadlag (right-continuous with left limits), F(0) = 0 and F' inherits the
following properties of A: (i) if for some s < ¢, A(s) = A(¢) also F(s) = F(¢) (and
F is constant on s, t]); (i) if AF(¢) # 0 also AA(t) > 0.

It is natural to say that F' is absolutely continuous with respect to A with Radon—
Nikodym derivative f. For us it is of particular interest that the derivative may be
computed in a certain way.

For K € N, write I x = ](k -1 /2K, k/ZK] for k = 1,2,.... Also, for any

K

R-valued function g on R, define fork e Ny, K e N, gx x = g (2K

) and gk as the
function

8k,K — 8k—1,K
Ak — Ak—1,K

gr() = 1,0
k=1

with the convention % =0.

Proposition A.0.1 If F is given by (A.1), then limg_. Fx(t) = f(t) for A-a.a. t
and limg _, oo f]o,t] |Fx — f| dA =0forallt.

Proof. Suppose that A is a probability measure and that fRo |fldA < oo and let
Gk = 0 (Itk);~, - Then B4 [f |Gk ] = Fk, hence (Fk)g>1 is a uniformly inte-
grable martingale_ on (Ro, By, A) converging A-a.e. (and in L'(A)) to Ex [f |Gso]
where G, is the smallest o-algebra containing all the Gk ,i.e., Goo = By so that

Ealf 1G] = f.
The argument obviously applies also if A is a bounded measure with [ | f| dA <
0o, and for general A and f with f[o . | f] dA < oo for all ¢, by e.g., considering the
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restriction of A to [0, #p] for an arbitrarily large 7o, it is seen that the A-a.e. convergence
and the Ll-convergence on [0, tp] remains valid. O

Now let F : Rg — R be a cadlag function, but not a priori of the form (A.1). We
say that F is (pointwise) differentiable with respect to A if

(i) whenever A(s) = A(t) for some s < ¢, also F(s) = F(t);
(ii)) whenever AF(t) # 0 also AA(¢) > 0O;
(i) limg_ o Fx(t) = f(¢) exists for A-a.a. t.

We then call f the derivative of F with respect to A, and write f = D4F. In
particular, Proposition A.0.1 states that the integral (A.1) is differentiable with respect
to A with derivative f.

Proposition A.0.2 [f the cadlag function F is pointwise differentiable with respect to
A with Do F = f, then a sufficient condition for

F(t) = F(O)—i—/ f(s) A(ds) (¢ € Ry) (A2)
10.1]

to hold is that f be bounded on finite intervals and that there is a function g > 0,
bounded on finite intervals, such that

IF() — F(s)| < /] sl ds (A3)
5.t
foralls < t.

Note. Clearly (A.3) is necessary for (A.2) to hold: take g = f.

Proof. Given t, write tx = [2K¢] /2% (where [x] is the integer part of x), 1} =
tk + 3¢ Using (A.3) we find for s <1,

fr . 1gl dA
L St < sup|gl
Ak — Ak—1,k [0,1]

o0
|Fx ()] <D Lig (5)
k=1
and hence, by dominated convergence,
fdA = lim Fx dA.

10,1] K—00J10,1]

But
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k k—1

0 A<2—K/\t)—A(—K/\t>
/0 FxdA = Z (Fi,x — Fi—1,k)
10,1]

=1 Ak — Ak—1,K

24] / A() — A (1)
— 2 (Fi.xk — Fio1.5) + (F (1) — F (15)) I AEYYTS)
A(th) — A1) )
A (tf) — A (k)
A(th) — AQ@)
A(th) — Ag)

= F (tx) — F(0) + (F (tx) — F (1x)) (1 -

= F (ty) — F(0) — (F (tx) — F (tx))

where (i) above has been used for the second equality. Since F' is right-continuous,
F (t}() — F(t) as K — oo. If AA(t) = 0, by (ii) F is continuous at ¢ and so also
F (tx) — F(t) and since the ratio involving the A-increments is bounded by 1, we
have convergence to F(t) — F(0) of the entire expression. If AA(¢) > 0, let ¢ be an
upper bound for | F'| on [0, ¢ 4+ 1] and use

A (rf) — A@) - A(rf) — A@)

(F(IK)_F(IK))A(t;()—A(tK) =TTAAD

to again obtain convergence to F(t) — F(0). O

The following useful differentiation rule is easily proved: if Fj, F, are differen-
tiable with respect to A, so is the product Fj F> and

Da(F1F2) (t) = (DaF1) (1) F2 (1) + F1 (t—) (DaF2) (1) . (A4)

Note that this expression is not symmetric in the indices 1, 2. Switching between 1 and
2 gives an alternative expression for the same derivative. In practice, one expression
may prove more useful than the other. If the conditions from Proposition A.0.2 are
satisfied for (F;, D4 F;), i = 1,2, one obtains the partial integration formula

(F1F2) (1) = (F1F2) (0) + /]0 | ((DaF1) (s) F2(s) + F1 (s—) (DaF2) (s)) A(ds).
't
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Filtrations, Processes, Martingales

We shall quickly go through some of the basics from the general theory of stochastic
processes. All results below are quoted without proofs.

A filtered probability space is a quadruple (2, F, F;, P), where (2, F,P) is a
probability space and (F;);>0, the filtration, is an increasing family of sub o -algebras
of F, Fy C F;if s < t. (Notation: C means ‘contained in or equal to’).

A probability space is complete if any subset of a P-null set is measurable: if
Fo e F, P(Fp) =0, then F € F forany F C Fy.

A probability space (2, F, P) may always be completed: define N = {N C Q :
3Ny € F with P(Ng) = 0 such that N C No}, and let F be the smallest o - algebra
containing F and N. Then F = {FUN : F € F, N € N} and PP extends uniquely
to a probability Pon (Q,F) using the definition P(F) = P(F) for any F € F and
any representation F = FUN of F with F € F, N € N. The probability space
(Q,F,P)is complete and is called the completion of (2, F, P).

A filtered probability space (2, F, F;, IP) satisfies the usual conditions if (2, F, P)
is complete, if N' C Fy where now N = {N € F : P(N) = 0}, and if the filtration is
right-continuous,

Fi=F (=0,

where Fr4 1= (,o, Fi

Much of the hterature on process theory presents results and definitions, assuming
that the usual conditions are satisfied. In this book we do not make this assumption
and unless stated explicitly, it is not required in this appendix either. In the setup of
the main text filtrations are automatically right-continuous, but they are not then com-
pleted: this is relevant in particular for Section 4.2 and Proposition 4.2.1 there, where
the measurable structure on the canonical spaces of counting process paths and dis-
crete counting measures is discussed.

Let (G, G) be a measurable space. A stochastic process (in continuous time) with
state space (G, G), defined on (2, F, IP), is a family X = (X;),;>0 of random variables
X, : (2, F) = (G, G). A stochastic process X is measurable, if the map

(t, w) — X;i(w)
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from (Rg x 2, By ® F) to (G, G) is measurable.

The filtration generated by the process X is the family (FX);>¢ of o-algebras,
where FX = o(X)o<s<-

A process X with a state space which is a measurable subspace of (R?, R?) is
right-continuous if t — X;(w) is right-continuous for all w. Similarly, X is left-
continuous, cadlag, increasing, continuous if for all w, t — X, (w) is respectively left-
continuous, cadlag (right-continuous with left limits), increasing (in each of the d—
coordinates), continuous. We shall say that X is e.g., a P-a.s. defined cadlag process
if there exists N € F with P(N) = 0 such that r — X; (w) is cadlag for all w €
Q' := Q\N. In that case X may be viewed as a true cadlag process in our sense when
defined as a process on (Q’,]—"’,]—"’,]P”) where F/ = FNQ = {F N : Fe .7-"} ,
F/=FNQadP =P(-NQ).

Let (2, F, F;, P) be afiltered probability space. A process X defined on (2, F, IP)
is adapted if it is measurable and each X, : (2, ) — (G, G) is F;-measurable. X is
predictable (or previsible) if X is Fp-measurable and the map (¢, w) > X;(w) from
R4 x 2, BL®F) to (G, G) is P-measurable, where P, the o-algebra of predictable
sets, is the sub o -algebra of B} ® F generated by the subsets of the form

Is,00[ x F (s € Rg, F € Fy).

A predictable process is always measurable. Note that all sets of the form ]s, ] x F
or]s,t[ x F for0 <s < t, F € Fy are predictable. For the definition it is critically
important that the intervals above are open at the left endpoint s.

If X, X’ are two processes on (§2, F, P) with state space (G, G), they are versions
of each other if for all 7, P(X;, = X;) = 1. They are indistinguishable if Fy =
MNi>o0 (X, = X;) € Fand P(Fp) = 1.

Proposition B.0.3 Let X be a process on (2, F, F;, P) with state space (G,G) C
R4, B).

(1) If X is right-continuous or left-continuous, then X is measurable.
(ii) If X is right-continuous and each X, is F;-measurable, then X is adapted.
(iii) If X is left-continuous and X, is F;-measurable for all t, then X is predictable.

Notation used above: (G, G) C (R?, B) means that (G, G) is a measurable sub-
space of (R?, BY).

We shall now proceed to define martingales and submartingales in continuous
time.

Let (2, F, F;, P) be a filtered probability space and let M, X be real valued pro-
cesses (state spaces C (R, B)).

Definition B.0.1 M is a martingale if for all t, E|M;| < oo, M, is F;-measurable
and

E[M|Fsl=M; (0=s=1).

X is a submartingale if for all t, E|X,| < oo, X; is F;-measurable and
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E[X/|F]l=Xs (0<s<1).
X is a supermartingale if — X is a submartingale.

The definition depends in a crucial manner on the underlying filtration. We shall
therefore include the filtration in the notation and e.g., write that (M;, F;) is a martin-
gale.

The next result describes transformations that turn (sub)martingales into sub-
martingales.

Proposition B.0.4 Let ¢ : R — R be convex.

(a) If (My, F;) is a martingale and E|p(M;)| < oo for all t, then (p(M;), F;) is a
submartingale.

d) If (Xy, Fy) is a submartingale, ¢ is increasing (and convex) and E|o(X;)| < oo
forallt, then (p(X;), Fr) is a submartingale.

Proposition B.0.5 Let (X;, F;) be a submartingale.
(a) Ift > 0 and D C [0, t] is at most countable, then for every x > 0
1 +
P|sup Xy >x) < -EX,
seD X

1
P (inf X, < —x) < - (EX;" — EXo).
X

seD
(b) If in addition X is right-continuous or left-continuous, for allt > 0, x > 0
1 +
P|supXs > x ) < -EX;
s<t X
1
P <in§XS < —x) < —(EX;" — EX).
s< X

Let D C Ry, andlet f : D — R be a function. For a < b € R, the number of
upcrossings from a to b for f on D is defined as

Bp(f;a,b)=sup{neNy: It <th<---<tr, €D
with f(ty-1) <a <b < f(tn), 1 <k <n}

with sup @ = 0. The following analytic fact is a basic tool for establishing the main
theorem on continuous time martingales. Here and in the statement of the theorem,
the argument g is always understood to be rational, g € Qo, such that e.g., lim,, is
a limit through g € Q.

Lemma B.0.6 Let f : Qp — R.

(a) The following two conditions are equivalent:
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(1) the limits

fa+):= lim f(g), f@—):= lim f(q)
q—t, g>t q

—1, g<t

exists as limits in R, simultaneously for all t € Rq in the case of f(t+) and
forallt € Ry in the case of f(t—).
(i) Bgenio.(fia,b) <oo (t € Ry, a <b €R).

(b) If (i), (ii) are satisfied, then the function t — f(t+) from Rg to R is cadlag.

Note that (ii) holds forall t € Ry, a < b € Riffitholds forallt = N € N, a <
b € Q, the latter imposing only a countable infinity of conditions.

In order to show that there are finitely many upcrossings, one uses the classical
upcrossing lemma:

Lemma B.0.7 Let (X, F;) be a submartingale, lett € Ry and let D C [0, t] be at
most countable. For alla < b € R, Bp(X;a, b) is then an F;-measurable random
variable and

1
EBp(X;a,b) < —EX, —a)".
b—a

We are now ready to formulate the main theorem for martingales and submartin-
gales in continuous time.

Theorem B.0.8 (a) Let (M;, F;) be a martingale.
(1) For P-almost all w the limits

M (w) = lim M,(0), M; (0):= lim M,(w)
q—1,q>t qg—t,q<t
exists as limits in R, simultaneously for all t > 0 in the case of M,y (w) and
forallt > 0 in the case of M,_(w). Moreover, for every t,

ElMiy| <00, E|M,_| < oco.

(i) Forallt >0, E [M,+|.77,] =M, as.,andforall0 <s <t, E [M,|]:S+] =
My a.s. Moreover, for a givent > 0, M,y = M, holds a.s. if one of the
two following conditions is satisfied:

(*) Fiy = Fu,

(**) M is right-continuous in probability at t. (B.1

(ii1) The process My := (M;+);>0 defined by

limy ./ g>r My(w)  if the limit exists and is finite

My () = { otherwise

forall w € 2, t > 0, satisfies that all M;+ are F;-measurable and that
(M; 4, Fiy) is a P-a.s. defined cadlag martingale. Furthermore, if condition
(B.2) (** in (B.1) is satisfied for every t > 0, then M is a version of M.
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(iv) Ifsup,sg EM,;" < coor if sup;>0 EM;” < oo, then

My := lim M, = lim M,

q—> 00 t—00
exists a.s. and E|My| < o0.

(b) Let X = (X, Ft) be a submartingale.
(i) For P-almost all w the limits

X (@) := lim X,(0), X; (0):= lim X,(o)
q—>t,q>t q—t,q<t

exists as limits in R, simultaneously for all t > 0 in the case of X;+(w) and
forallt > 0 in the case of X;—(w). Moreover, for every t,

E|X:y| <00, E|X;_| < oo.

(i) Forallt =0, E [X,+|.7-',] > X as.,andforall0 <s <t, E [thfH] >
X+ a.s. Moreover, for a givent > 0, X;+ > X; holds a.s. if (B.2)(*) is
satisfied and X, = X; holds a.s. if (B.2)(**) is satisfied:

(%) Frp=F.

(**) X is right-continuous in probability at t. (B.2)

(iii) The process X 4 := (X;4)r>0 defined by

limy_; 450 Xgq(w)  if the limit exists and is finite
otherwise

Xt () = {

forall w € Q, t > 0, satisfies that all X, are F;-measurable and that
(Xt+, Fi4) is a P-a.s. defined cadlag submartingale. Furthermore, if condi-
tion (B.2) (**) is satisfied for every t > 0, then X is a version of X.

(iv) Ifsup,~q IEX?' < 00, then

X = lim X, = lim X,y
q— 00 t—00

exists a.s. and E| X | < 00.

Note. A process V. = (V;);>0 1S right-continuous in probability at t, if for every
sequence (t,) with ¢, > ¢, lim,_,  t, = ¢ it holds that V;, — V; in probability.

From Theorem B.0.8 (a), one immediately obtains the following result:

Corollary B.0.9 Let (M;, F;) be a cadlag martingale. Then (M;, F;+) is also a cad-
lag martingale.

A classical and important result from the general theory of processes is
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Theorem B.0.10 (The Doob—Meyer decomposition theorem.) Ler us suppose that
(R, F, F:, P) satisfies the usual conditions (!) and let X be a cadlag local submartin-
gale. Then there is up to indistinguishability a unique decomposition

X=Xo+M+A

where M is a cadlag local martingale with My = 0 a.s. and A is predictable, cadlag
and increasing with Ag = 0 a.s.

Local martingale and local submartingales are defined in Definition B.0.2 below.

We next proceed with a brief discussion of stopping times and the optional sam-
pling theorem.

Let (Q, F, F;, P) be a filtered probability space. A map 7 : @ — Ry is a stopping
time if

(t<t)ekF (teRy).
Let 7 be a stopping time and define
Fr={FeF:FN(t <t)e Fforallt e R}

which is a o-algebra. Note that if t = #( for some 7y € R, then F; = Fy 4. Also, if
o < T are stopping times, then F, C F;.

In view of the importance of the right-continuous filtration (F; ) it should also be
noted that 7 is a stopping time iff

(t < eF+ @eRy,
and that
Fr={FeF:FN(t <t)e FyforalreR,}.

(To see this, just use that (t < 1) = o (t <7 — %)).

If the filtration is right-continuous, F; = F; forall ¢, 7 : @ — Ry is a stopping
time iff (r <t) € F,forallt e Rpand F; = {F € F: FN(t <t) € F for
all r € Rp}. On general filtered spaces such t are called strict stopping times and are
special cases of stopping times.

If o, T are stopping times, so are ¢ A T, 0 V 17, 0 + T and h (o, T) for any mea-
surable & : Ré — Ry satisfying & (s, 1) > s V . Also if (tw)p>1 1s an increasing or
decreasing (everywhere on 2) sequence of stopping times, then to, = lim,_ o 7, is
also a stopping time.

Now let X be an R-valued right-continuous process defined on (€2, F, F;, P) and
let 7 be a stopping time. Define the R-valued random variable X, by

Xi(w)(w) if1(w) < o0,
X, (w) = tl_l)rgo X; (w) if T (w) = oo and the limit exists in R,

0 if T (w) = oo and liminf;, oo X; (w) < limsup,_, o, X; (@) .
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For stopping times t such that P (t = co) > 0 the definition is used mainly for pro-
cesses X such that the limit X, = lim;_, 5o X; (w) exists a.s. and in that case

X:=Xsas. on (r=00).

Lemma B.0.11 [f X is an R-valued process which is right-continuous and adapted
and t is a stopping time, then X is Fr-measurable.

For the statement of the next result, recall that a family (U;);<; of real-valued
random variables is uniformly integrable if (i) sup;;E|U;| < oo and (ii)
limy_, oo SUp f(|U-|>x) |U;| dP = 0. In particular, (U;) is uniformly integrable if ei-

iel '

ther (a) there exists a random variable U € L! (P) such that P(|U;| < |U|) = 1 for all
i, or (b) there exists p > 1 such that (U;) is bounded in L? (P): sup;¢; E |U;|? < oo.

Theorem B.0.12 (Optional sampling).

(a) Let (M;, F;) be a cadlag martingale and let o < T be stopping times.
If either of the following two conditions (i), (ii) is satisfied, then E|M,| < oo,
E|M;| < oo and

E[M:|Fs] = Ms; (B.3)

(i) T is bounded.
(1) (M;)>0 is uniformly integrable.
(b) Let (Xy, F) be a cadlag submartingale and let o < t be stopping times.
If either of the following two conditions (i), (ii) are satisfied, then E|X,| < o0,
E|X:| < oo and

E[X:|Fs] = Xo; (B.4)

(1) t is bounded.
(1) (X ,+ )i>0 is uniformly integrable.

In view of Corollary B.0.9 one might in part (a) have assumed from the start
that (M;, F;+) is a cadlag martingale, in which case (B.3) if o = 9 would read
E [M:|Fiy+] = M;, with the a.s. identity E [M.|F,] = My, an immediate conse-
quence.

Note that if (aii) (or (bii)) holds, then My, = lim; o0 M; (X0 = limy_ o0 X;)
exists a.s. (and in the case of M also as a limit in L! (P)). Thus, with (aii) satisfied
(B.3) holds for all pairs o < t of stopping times, while if (bii) is satisfied (B.4) holds
for all pairs o < 7. In particular, if (aii) holds we may take T = oo in (B.3) and obtain

E[MeolFs] = Ms

for all stopping times o.

We finally need to discuss stopped processes and local martingales.

Let X be an R-valued, adapted, cadlag process and let t be a stopping time. Then
X*, X stopped at t, is the process given by
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X;: = X‘[/\t .

Stopping preserves martingales: if M is a cadlag F;-martingale and 7 is a stopping
time, then M7 is also an F;-martingale. (Note that by optional sampling, for s < ¢

E[M] |Fens | = M{.
To obtain the stronger result

one shows that if F € Fg, then F N (t > s) € F;As and therefore

/MdeP’:/ MdeP’+/ M, dP
F FN(t>s) FN(t<s)
- / MT dP + / M? dP
FN(t>s5) FN(t<s)

= / M dP).
F

Definition B.0.2 An adapted, R-valued cadlag process M is a local F;-martingale
(an adapted, R-valued cadlag processX is a local F;-submartingale) if there exists a
sequence (0,),> of stopping times, increasing to 0o a.s., such that for every n, M
is a cadlag F; -martingale (X°" is a cadlag F;-submartingale).

That (o,) increases to co a.s. means that for all n, o, < oy,41 as. and that
lim,_, », 0, = 00 a.s. The sequence (o0y,) is called a reducing sequence for the local
martingale M, and we write that M is a local F; -martingale (oy,) .

Clearly any martingale is also a local martingale (use 0,, = oo for all n). If (0,,) is a
reducing sequence and (p,) is a sequence of stopping times increasing to oo a.s., since
(MOn)Pn = MO Pr it follows immediately that (o, A py) is also a reducing sequence.

It is often important to be able to show that a local martingale is a true martingale.
This may be very difficult, but a useful criterion is the following:

Proposition B.0.13 Let M be a local F;-martingale. For M to be an F;-martingale
it is sufficient that for all t,

E sup |M;| < oo. (B.5)

s:s<t

Warning. A local martingale M need not be a martingale even though E |M;| < oo for
all z. There are even examples of local martingales M that are not martingales although
the exponential moments Eexp (6 |M;|) are < oo for all 1,0 > 0. Thus moment
conditions on the individual M; are not sufficient to argue that a local martingale is a
true martingale — some kind of uniformity as in (B.5) is required.
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General

Doob [35] is a major classical and still relevant reference on stochastic process theory.
Also classical is Karlin and Taylor [75] and [76] with discussion of a host of specific
types of models. For ‘le théorie generale des processus’ which although not used in
this book is at the core of the modern treatment of processes, Dellacherie and Meyer
[33] (the first eight chapters of their four volume work) is basic; a very fine overview is
given in Chapter I of Jacod and Shiryaev [65]. More recent comprehensive treatments
of stochastic processes are Gikhman and Skorokhod [45] and Rogers and Williams
[104] and, at a more basic level, Resnick [102] and Borovkov [13]. Two important
monographs focusing on general semimartingale theory are Liptser and Shiryaev [85]
and Protter [100].

Chapters 2 and 3

The construction of canonical simple and marked point processes given here follows
and extends the construction from Jacobsen [53] and [56]. An important exposition
of MPP theory, relying more on the general process theory than is done here, is Last
and Brandt [81]. Major references on general point processes (not necessarily indexed
by time) and random measures are Kallenberg [73] and Daley and Vere-Jones [27].
Reiss [101] demonstrates the relevance of point process theory to various applications
in statistics and stochastic geometry.

Chapter 4

Hazard measures are mostly discussed and used for absolutely continuous distribu-
tions, described by their hazard function. The general version appears e.g. in Chou and
Meyer [18], Jacod [60] (Lemma 3.5) or Appendix A5 of Last and Brandt [81]. It was
used also in Jacobsen [53]. The structure of adapted and predictable processes on the
canonical spaces presented in Proposition 4.2.1 is certainly part of the folklore, but is
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not widely used. Compensators and compensating measures appeared with the discus-
sion of Doob-Meyer decomposition of counting processes (which are trivial examples
of submartingales), see e.g. Boel et al [12] and the very important paper Jacod [60]
where compensating measures for marked point processes on general filtered spaces
are introduced. The key lemma 4.3.3 is certainly well known, but perhaps not often
used as explicitly and to the same extent as is done in this book. Major references on
general coupling constructions such as those underlying Proposition 4.3.5 and Corol-
lary 4.4.4 are Lindvall [83] and Thorisson [118]; for constructions referring directly
to point processes and processes with jumps, see e.g. Whitt [120] and Kwieciriski and
Szekli [80]; also Section 9.3 of Last and Brandt [81] contains explicit coupling con-
structions of ‘jump processes’. The technique used in Sections 4.5 and 4.6 to show
that e.g. the ‘basic martingales’ are indeed (local) martingales, is taken from Jacobsen
[53] but has its origin in the study of ‘one-jump martingales’, see Section 1, ‘le cas el-
ementaire’ of Chou and Meyer [18]. The martingale representation theorem, Theorem
4.6.1, goes back to the mid 70s, e.g. Chou and Meyer [18], Jacod [60], Boel et al [12]
and Davis [28]; more general representations are in Jacod’s papers [61] and [62]. The-
orem 4.7.1 (Itd’s formula) relies on the explicit structure of adapted and predictable
processes on the canonical spaces, and is therefore rarely seen in this form. From the
point of view of the general theory of stochastic integration, the integrals from Section
4.6 are elementary since they can be defined directly. Excellent references for the gen-
eral theory, including general forms of It6’s formula, are Rogers and Williams [104]
and Protter [100]. Section 4.8 on MPPs on general filtered probability spaces is quite
brief, for a much more extensive treatment see Last and Brandt [81].

There are several important topics from general point process theory that are not
treated in this book: (i) Palm probabilities, i.e. the description of the ‘conditional’
distribution of an MPP say, given that one of the jump times has a given value; this
is non-trivial since there is no interpretation within the world of ordinary conditional
distributions; see e.g. Section 1.3 of Franken et al [43], Chapter 10 of Kallenberg [73],
Chapter 12 (first edition) of Daley and Vere-Jones [27] or Section 1.3 of Baccelli and
Brémaud [7]. (ii) stationarity (which is discussed for piecewise deterministic Markov
processes in Chapter 7), see e.g. Sigman [114] and Thorisson [118]. (iii) thinning of
point processes, i.e. the omission of points from a point process by random selection,
see e.g. Chapter 8 of Kallenberg [73] or Section 9.3 of Daley and Vere-Jones [27]. (iv)
convergence of point processes, see e.g. Chapter 4 of Kallenberg [73] or Chapter 9 of
Daley and Vere-Jones [27] or Chapters V and VIII of Jacod and Shiryaev [65].

Chapter 5

Change of measure formulas originated with Girsanov [46] with van Schuppen and
Wong [107] giving an early generalisation of Girsanov’s ‘change of drift’ formula. For
MPPs, early references are Boel et al [12] and Jacod [60], and for certain processes
with jumps, Segall and Kailath [109]. More general results were given by Jacod and
Mémin [64] and in a series of papers [69], [70] and [71] by Kabanov, Liptser and
Shiryaev; see also Section III.5 of Jacod and Shiryaev [65]. Most of the formulas
are examples of the socalled Doleans-Dadé exponentials, Doleans-Dadé [34], see also
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Subsection 1.4f of Jacod and Shiryaev [65]. It is well known how to change measure
using non-negative martingales as in Theorem 5.2.1(i); the version involving local
martingales, Theorem 5.2.1(ii), is possibly new.

Chapter 6

The discussion of independence in Section 6.1 is not standard and traditionally the
emphasis is more on superposition of independent point processess, e.g. Section 9.2
of Daley and Vere-Jones [27] or Section 1.5.1 of Baccelli and Brémaud [7]. Poisson
processes and their compensators are thoroughly studied and used as prime examples
of point processes in any textbook, but the curtailed Poisson processes (Definition
6.2.3(ii)) are certainly less well known, as is their relevance for the understanding of
counting processes with deterministic compensators. The Lévy processes appearing
in Section 6.2 are elementary in the sense that they have bounded Lévy measure. Two
recent and essential references on the theory of general Lévy processes are Bertoin [8]
and Sato [108]. Infinitely divisible point processes is a related topic not treated in this
book but is the theme of Matthes, Kerstan and Mecke [89], see also Chapters 6 and 7
of Kallenberg [73], Section 8.4 of Daley and Vere-Jones [27].

Chapter 7

Classical expositions of the theory of homogeneous Markov processes are [38] and
Blumenthal and Getoor [11]. Sharpe [111] is more recent and exploits general process
theory to the full. Non-homogeneous processes are not given the same attention, but
an early reference is Dynkin [37]. Chung [19] is the classic on homogeneous Markov
chains on a countable state space. Non-homogeneous chains are well studied when
they have transition intensities; for chains that do not, see Jacobsen [52]. The funda-
mental references for the definition and theory of PDMPs are the paper [29] and the
monograph [30] by Mark Davis. An even earlier little known dissertation Wobst [122]
contains possibly the first definition of homogeneous PDMPs. Davis’ work deals only
with homogeneous PDMPs where, apart from certain forced jumps, all conditional
jump time distributions have densities. The paper Jacod and Skorokhod [66], which
contains a vast amount of information on homogeneous PDMPs in particular, dispense
with the density assumption for their discussion of ‘jumping Markov processes’ and
‘jumping filtrations’ and for homogeneous PDMPs Theorem 7.3.2(b) is contained in
their Theorems 5 and 6. Example 7.3.1 is from Jacobsen and Yor [59] who introduced
the concept of ‘multi-self-similarity’. The strong Markov property is contained in Sec-
tion 25 of Davis [30]. The ‘full infinitesimal generator’ of Section 7.7 is essentially the
same as the ‘extended generator’ characterized by Davis [30], Theorem (26.14), but he
does not use the terminology ‘path-continuity’ and ‘path-differentiability’. Jacod and
Skorokhod [66] also include a subsection on general infinitesimal generators, martin-
gale structures etc. for the processes they consider. Itd’s formula for homogeneous
PDMPs is found in Theorem (31.3) of Davis [30]. Theorem 7.8.2 generalizes with the
proper definition of the generator and its domain to virtually all homogeneous Markov
processes. The remainder of the material in Section 7.8 has been prepared explicitly
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for this book, but is inspired by the technique of proving stationarity for processes in
general if they have a suitable regenerative structure, see e.g. Asmussen [3], Sigman
[114] and Thorisson [118]. For other results on stationarity of PDMPs, see e.g. Costa
[21] and Dufour and Costa [36]. Convergence to stationarity is not treated in Section
7.8, for how to do this using coupling methods, see the references just quoted and
Lindvall [83]. For stationarity of general state space homogeneous Markov chains in
discrete time, the indispensable reference is Meyn and Tweedie [93]; in [94] and [95]
they transfer some of their results to continuous time processes. The change of mea-
sure martingale from Example 7.9.1 is taken from Subsection 5.2 of Palmowski and
Rolski [98].

Among all piecewise deterministic processes, in this book the focus has been on
PDMPs. Other classes of processes with few jumps, and which are piecewise deter-
ministic, include Markov renewal processes and semi-Markov processes, see e.g. As-
mussen [3] 2nd edn, Section VIIL.4, and Markov additive models, ibid. Chapter XI.
The latter includes certain hidden Markov processes in continuous time; a very good
reference on hidden Markov models in discrete time is MacDonald and Zucchini [86].

The different chapters in Part II of the book serve to illustrate how the theory from
Part I may be used to study and understand different topics in mathematical statistics
and applied probability. This means that the contents appear more as examples rather
than surveys of the different topics, hence the references below are primarily aimed at
further reading.

Chapter 8, Survival Analysis

The use of martingale methods to define and study estimators of e.g. integrated hazard
functions go back to the fundamental paper Aalen [1]. Standard references on the use
of these and other probabilistic methods in survival analysis are Fleming and Harring-
ton [41] and the very comprehensive book [2] by Andersen, Borgan, Gill and Keiding.
For a detailed discussion of censoring patterns that agree with a nice martingale struc-
ture, see Jacobsen [55]. The Cox regression model, which is absolutely essential for
survival analysis, is due to Cox [24]. An excellent reference for the analysis of mul-
tivariate data is Hougaard [50], where more elaborate and sophisticated models are
treated than the ones discussed here, including models for longitudinal data, multi-
state models and frailty models. For the use of point process methods and martingale
techniques in the analysis of longitudinal data, see e.g. Scheike [106] and Martinussen
and Scheike [87] and [88].

A main reference for the theory of statistical inference for point processes on gen-
eral spaces is Karr [78] and, for stochastic processes in general, Liptser and Shiryaev
[84].
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Chapter 9
A branching process

The model discussed in Section 9.1 is a simple and special case of the classical type of
branching processes referred to as Crump-Mode-Jagers processes, where in particular
a life history of a very general nature is attached to each individual, see e.g. Jagers
[68]. Such a life history may include all sorts of characteristics of an individual and
not only the ages at which she gives birth and the age at death as in the example in
this book. Of particular interest are the socalled Malthusian populations which exhibit
an exponential expected growth, and where martingales may be used to evaluate the
a.s. asymptotic behaviour of the population when time ¢ tends to co. Modern branching
process theory deals not only with the classical type of models, but also has close
relations with the theory of random fields, random trees and particle systems. The
collection of papers edited by Athreya and Jagers [5] shows the variety of topics treated
by the modern theory. Among the most important classical monographs on branching
processes are Athreya and Ney [6] and Jagers [67].

Ruin probabilities

Ruin probabilities are now studied for very general risk models, see e.g. the compre-
hensive monographs Rolski et al [105] and Asmussen [4]. The results often involve
approximations and only a few exact results are known, especially when it comes to
the discussion of the distribution of the time to ruin. Combining martingales with op-
tional sampling is a standard technique and the first to exploit this for a model with
undershoot was Gerber [44], who found the ultimate ruin probability in the basic risk
model with Poisson arrivals and iid exponential claims, cf. Proposition 9.2.3. Recent
and much more general exact results based on martingale techniques can be found in
Jacobsen [57] and [58]. Both monographs Rolski et al [105] and Asmussen [4] include
discussions of the use of martingale techniques for solving ruin problems, but the fo-
cus is on other methods yielding approximate or exact results; in particular, for risk
models where claims arrive according to a renewal process, random walk techniques
including Wiener-Hopf factorizations prove especially powerful. Also important are
renewal theory techniques, which can be used to derive integro-differential equations
for quantities relating to ruin time distributions, and may also lead to exact expressions
for the socalled ‘double Laplace transform’ for the time to ruin (with one integration
performed with respect to the initial state of the risk process).

The soccer model

This is, apart possibly from the special case of the multiplicative Poisson model (see
(9.17)), definitely the author’s own invention! The multiplicative model was used as
an example in Jacobsen [54], and with an analysis of data from the English premier
league as Example 10.21 in Davison [31] (with the model refined to accomodate for
home team advantage).
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Chapter 10, Finance

Most of the literature on mathematical finance deals with diffusion models or diffu-
sions with jumps. Cont and Tankov [20] is a very recent monograph on jump processes
and finance with the focus on models involving Lévy processes (with, in general, un-
bounded Lévy measures) and allowing also for a continuous part. The model from
Chapter 10 was chosen to illustrate how the MPP and PDMP theory could be used for
understanding concepts from mathematical finance in a simple jump process model
with the exposition essentially self-contained. The book Pliska [99] on discrete time
models served as the main inspiration. An early study of a model from finance with
jumps (diffusion with jumps) is given by Bjork et al [10]. Otherwise all the definitions
and main results from Chapter 10 are of course standard with the results valid in much
greater generality, see e.g. Harrison and Pliska [49] and Delbaen and Schachermayer
[32]. Apart from these names, other good sources are the work of e.g. Bjork, Eberlein,
Fo6llmer, Madan, Runggaldier and Schweizer. Recent monographs on mathematical fi-
nance include Bjork [9], Follmer and Schied [42], Karatzas and Shreve [74], Melnikov
[91], Musiela and Rutkowski [96] and Shiryaev [113]. And with the emphasis more
on the economic aspects, Merton [92] must be mentioned.

Chapter 11, Queueing

Some pertinent references on the huge literature on queueing theory are Franken et al
[43], Brémaud [15], Asmussen [3], Kalashnikov [72], Baccelli and Brémaud [7] and
Robert [103]. Jackson networks were introduced by Jackson [51]. More recent treat-
ments of Jackson and other networks in queueing theory include Kelly [79], Walrand
[119], Serfozo [110], Chao et al [16] and Chen and Yao [17]. A particularly important
issue in queueing theory is concerned with stability, and here one often uses methods
from random walk theory, regenerative processes (Asmussen [3]) and coupling tech-
niques (Baccelli and Brémaud [7]) rather than, as was done in Chapter 11, attempting
to view a given queueing system as a homogeneous Markov process and then checking
for the existence of an invariant distribution. A particularly interesting technique for
studying stability involves the existence of the socalled ‘fluid limits’, see e.g. Dai [25]
and Dai [26] which are also discussed in Robert [103], Chapter 9. Theorem 11.1.1 on
the three-dimensional invariant distribution for the M/M/1 queue is most likely known,
but the author does not have a reference.
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Notation Index

Af, the jumps for the function f, 12
&x, the probability degenerate at x, 5
1, the random variable on M defining the nth mark (jump), 42
Nn.s, the nth mark (jump) after time s, 56
65, the shift by a fixed time s on W or M, 56
0, the translated shift by a fixed time s on W or M, 57
Uk, the shift by 74, on W or M, 57
A, the compensator for a CP, 96
A°, the intensity process for a probability on W, 63
A°, the compensator for a probability on W, 51
A°, the total compensator for a probability on M, 52
A (A), the compensator for N (A), 96
A% (A), the intensity process for N° (A) wrt a probability on M, 63
A° (A), the compensator for N° (A) wrt a probability on M, 52
A° (S), the stochastic integral of S wrt L°, 78
A°Y, the intensity process for a probability on M wrt some reference measure, 63
u, aRCM, 12
u°, the canonical RCM on M, 13
&,, short for (tq, ..., ) or (T1, ... , Tui N1y --- , Mn), 42
&), short for Eyo or §50, 43
(n) :

2,.t» the Markov kernels generating the marks (jumps) for an MPP (RCM), 23

JT;:"), o> the Markov kernels generating the jumps for a Markov chain, 147, or a PDMP,
156, initial state xq

7,,, the random variable on W or M defining the time of the nth jump, 42

Ty.s, the time of the nth jump after time s, 56

¢s:, the functions describing the deterministic behaviour of a PDMP, 153

(@f’x), a multiplicative functional for a PDMP, 207

¢, the functions describing the deterministic behaviour of a homogeneous PDMP, 154
@, the map identifying K with W, 17 or Kg with M

¥y (x, ), the average ¢~ [§ py (x,-) ds, 185

T



322 Notation Index

(\Il;r ) a homogeneous multiplicative functional for a PDMP, 207

V, the irrelevant mark, 10

at,a", positive and negative part of a number, function or process, 5
A, the infinitesimal generator for a homogeneous PDMP, 174

A, the full infinitesimal generator for a homogeneous PDMP, 179

A, the space-time generator for a homogeneous PDMP, 171

BB, the Borel o-algebra on R, 4. Variations By, B, Bo, B, B¢

CP, counting process, 11

cross (mg, m), switching from mg to m, 60

D 4, differentiation with respect to the function A, 298

Dy, ordinary differentiation, 5

E, expectation for a probability on the canonical spaces W and M, 5
E, expectation for a probability on a concrete space, 5

[E, expectation for a probability on an abstract space, 5

(E, &), the mark space for an MPP or RCM, 4

(E.€), the extended mark space for an MPP or RCM, 10

E[U; F], the integral [, U dP, 5

fz(,, x> the functions describing the piecewise deterministic behaviour of a PDP with
1n1t1a1 state xq, 25

0 )
fgmle , short for fé%o o ? 45

—o

fé‘ \xo short for f§<o ‘2 ,45

fzt(t)‘xo,short for fZ( ) 26

~, %0’
F!, the o -algebras defining the filtration generated by an RCM u, 95
FN, the o-algebras defining the filtration generated by a CP N, 95
.EX , the o -algebras defining the filtration generated by a process X, 302
(G, G), the state space for a stochastic process, 4
‘H, the o -algebra on W or M, 12,13
'H, the o -algebra on W or M, 12,15
‘H:, the pre-t o -algebra on W or M with t a stopping time, 69
‘H;, the o-algebras defining the canonical filtration on W or M, 43
(J m 7 (")> the space of values of the first 7 + 1 jump times and  first marks for an
MPP, 22
join (zx, Zn), combining the vectors zj and Z,, 57,58
(K,K), the space of sequences of jump times for an SPP, 10
(K IC) the space of sequences of jump times for an exploding SPP, 10
(KEg,KE), the space of sequences of jump times and marks for an MPP, 11
(KE K E) the space of sequences of jump times and marks for an exploding MPP, 11
(K(”),IC(")), the space of the values of the n first jump times an SPP, 11

(K%"),IC(E")), the space of the values of the first n jump times and n marks for an MPP,
22
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L, the compensating measure for an RCM, 96
L°, the compensating measure for a probability on M, 52
L, alikelihood process on W or M, 104

L*, the likelihood process for an RCM u, 203
Efio , the likelihood process for a PDMP X with initial state xq, 204

m, an element of M, 13

m <; w, m dominated by w on [0, ¢], 62

M°, the fundamental martingale measure for a probability on M, 79
[M], the quadratic variation for M, 84

(M), the quadratic characteristic for M, 83

M, the space of discrete counting measures, 13

M, the space of exploding discrete counting measures, 15

M?™, M stopped at the stopping time t, 308

(M, M'), the cross characteristic between M and M’, 83

MPP, marked point process, 10

M° (S), the stochastic integral of S wrt M°, 79

N,aCP 11

No = NU {0}, Ny = Ng U {0}, N = N U {oo}, 12

N°, the canonical CP on W, 12

N, a CP counting the total number of jumps for an RCM, 14

N°, the CP on M counting the total number of jumps, 14

N (A), a CP counting marks in A, 13

N° (A), the CP on M counting marks in A, 14

N° (S), the stochastic integral of S wrt u°, 78

N7, a CP counting marks = y, 15

P, a probability on a concrete space, 4

‘P, the predictable o -algebra on W or M, 43, or on a general space, 302
P, a probability on an abstract space, 4

PDP, piecewise deterministic process, 25, if Markov PDMP

Pz(f), the Markov kernels generating the jump times for an SPP (CP), 18, or MPP
(RCM), 23

— ()

P 2 the survivor function for PZ(:), 19,23

Pz(fl)x , the Markov kernels generating the jump times for a Markov chain, 147, or a
PDMP, 155, initial state x

Pst (+, +), the transition probabilities for a Markov process, 143

Py, the transition operators for a Markov process, 145

ps (-, +), the transition probabilities for a homogeneous Markov process, 144

P;, the transition operators for a homogeneous Markov process, 145

0, a probability on the canonical spaces W and M, 4,12,13

q: (x), the total intensity for a jump from x at time ¢ for a Markov chain, 146, or a
PDMP, 154

q: (x, -), the transition intensity from x at time ¢ for a Markov chain, 146

R,4.Rg = [0, oo[ , Ry =10, 0o[, R = [—00, 00], Ry = [0, oc], Rg = 10, o0}
RCM, random counting measure, 12



324 Notation Index

ry (x, +), the distribution of a jump from x at time ¢ for a Markov chain, 146, or a
PDMP, 155

SPP, simple point process, 9

(8¥)yek> a predictable field of processes on M, 78

(r), short for N;, 26

tT, the termination point for a distribution on R, , 34

7T, an SPP, 9

T, an exploding SPP, 10

T,,, the time of the nth jump for an SPP or MPP, 9,10

T,,, the time of the nth jump for a canonical SPP or MPP, 10,11
(7,)), an MPP, 10

(T, i), an exploding MPP, 11

w, an element of W, 12

W, the space of counting process paths, 12

w, an element of W, 12

W, the space of exploding counting process paths, 12

x ~ A, A can be reached from x, 187

Y,,, the nth mark for an MPP, 10

Y., the nth mark for a canonical MPP, 11

Zn, a vector (f1,...,t,) of n jump times, 18, or (t1,...,%;; y1, ..., yu) of n jump
times and n marks, 22

Z,, short for (T1, ... ,T,), 18, 0or (T1, ... ,Ty; Y1, ..., Yy), 22

Z,,, short for (Tlo, R Tno), 18, or (Tlo, LT Y,f), 22

Zy, short for Zy, or Zy; , 25



Index

absolute continuity, 103
local, conditions for, 105
local, definition, 104

absorbing state, 28

aggregate, 120

backward differential equation, 149
backward integral equation, 149
birth process, 21
branching diffusion, 29
branching process, 231
branching property, 233
extinction probability, 235
Brownian motion, 29

cadlag, 5
canonical filtration for CP, 43
canonical filtration for RCM, 43
Cauchy process, 140
censoring
right-censored survival data, 221
Chapman—Kolmogorov equations
homogeneous Markov chain, 27
Markov process, 144
compensating measure
characterizing RCM, 54
definition, 52
general filtration, 96
compensator
basic martingale, 72
characterizing CP, 54
CP of set of marks, definition, 52
definition, 51
general filtration, 96

predictability of, 52
total, definition, 52
compound Poisson process, 135
conditional expectation, 5
conditional probability, 6
corlol, 5
counting process
canonical, 12
canonical probability, 17
definition, 12
distribution, 12
identification with SPP, 12
path space, 12
Cox process, 99
Cox regression model, 225
baseline hazard, 226
covariates, 225
partial likelihood, 227
partial score process, 228
cross characteristic, 83

dead process, 19
determining class, 185
differentiability w r t cadlag functions, 298
derivative, 298
partial integration, 299
Doob-Meyer decomposition theorem, 306
doubly stochastic Poisson process, 132

extended generator, 175
Feller—Kolmogorov equation, 149

filtered probability space, 301
complete, 301
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completion, 301
filtration, 301
usual conditions, 301

filtration
canonical for CP, 43
canonical for RCM, 43

finance
arbitrage opportunity, 257
attainable contingent claim, 269
complete market, 273
contingent claim, 269
cumulated gains process, 251
discounted value process, 252
drift equation, 258
equivalent martingale measure, 258
European call option, 275
Farkas’ Lemma, 267
global arbitrage opportunity, 257
hedging, 273
pathwise bounded strategy, 252
replicating strategy, 269
risk-neutral measure, 258
self-financing strategy, 251
trading strategy, 251
value process, 251

forward differential equation, 149

forward integral equation, 149

gamma-process, 140

harmonic function, 211
hazard function, 34
hazard measure
definition, 34
properties, 35
homogeneous Markov chain
as MPP, 27
compensating measure, 56
intensity process, 65
homogeneous Poisson process
as CP, 19
as SPP, 19
basic martingale, 74
compensator, 55
intensity process, 65
with mark space, 23
homogeneous Poisson random measure
compensating measure, 56
definition, 24

intensity process, 65

innovation theorem, 101
intensity measure
definition, 63
intensity process
as limit of conditional probabilities, 66
as predictable field, 64
conditions for existence, 64
for CP of marks in set, definition, 63
for CP, definition, 63
kappa-, 63
positivity at jump times, 67
invariant probability, 184
PDMPs, generator, 186
PDMPs, occupation measure, 195
irrelevant mark, 10
items at risk, 218
1t6’s formula
for RCMs, 85
PDMPs, full, 180
PDMPs, special, 171

Kaplan—Meier estimator, 223
key lemma, 57

Lévy measure, 139
Lévy process, 127
Lévy—Khinchine formula, 139
likelihood process
as martingale, 104
construction from local martingale, 113
construction from martingale, 113
definition, 104
PDMPs, 204
local martingale, 308
reducing sequence, 308
local submartingale, 308

mark space, 10
separating points, 11
marked point process
aggregate, 120
canonical probability, 21
construction, 22
definition, 10
discrete time process as, 25
distribution, 11
explosion, 11
identification with RCM, 15



1t6’s formula, 85
superposition, 120
Markov chain
construction as step process, 147
general state space, 146
transition intensity, 146
Markov kernel
transition probability, 6
Markov modulated Poisson process, 132
Markov process
definition, 143
homogeneous, definition, 143
initial distribution, 145
invariant probability, 184
piecewise deterministic, 152
stationary distribution, 184
transition operator, 145
transition probability, 144
Markov property
homogeneous Markov chain, 60
PDMPs, 158
Markov renewal process, 28
martingale, 302
basic on canonical space, 72
main theorem, continuous time, 304
predictable on canonical space, 69
representation theorem, 79
martingale measure, 79
minimal jump chain, 28
multi-self-similarity, 161
multiplicative functional, 207
homogeneous, 207

Nelson—Aalen estimator, 222

occupation measure, 187
optional sampling theorem, 307

partial likelihood, 227

path-continuous, 178

path-differentiable, 178

piecewise continuous process, 26

piecewise deterministic Markov process, 152
backward differential equation, 183
backward integral equation, 181
construction, general, 157
construction, homogeneous general, 157
construction, homogeneous special, 155
construction, special, 155

Index

forward differential equation, 183
full infinitesimal generator, 179
homogeneous Poisson measure, 165
infinitesimal generator, special, 174
Itd’s formula, 171
1t6’s formula, full, 180
likelihood process, 204
Markov property, 158
multiplicative functional, 207
path-continuity, 178
path-differentiability, 178
renewal process, 162
solving SDE, 165
strong Markov property, 168
piecewise deterministic process, 26
piecewise linear process, 26
Poisson process
compound, 135
curtailed, 127
doubly stochastic, 132
existence, 128
general, definition, 127
homogeneous, 19
Markov modulated, 132
positive recurrent, 192
predictable field
definition, 78
predictable sigma-algebra, 302
canonical, 43
process on canonical space, 43
adapted, 43
measurable, 43
predictable, 43
previsible, 43
representation of adapted, CP, 45
representation of adapted, RCM, 45
representation of predictable, CP, 45
representation of predictable, RCM, 45
product integral, 35

quadratic characteristic, 83
quadratic variation, 84
queueing
Gl/G/1 queue, 277
Jackson network, 287
M/M/1 queue, 277
throughput rates, 288
virtual waiting time, 287
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random counting measure compensating measure, 62
aggregate, 120 intensity process, 68
canonical probability, 21 likelihood process, 113
definition, 13 total compensator, 61
deterministic compensating measure, 124 stationary distribution, 184
distribution, 13 step process, 26
identification with MPP, 15 stochastic integral
independence, 121 W I t compensating measure, 78
independent increments, 123 wrtRCM, 78
space of, 13 stochastic process, 301
superposition, 120 adapted, 302

regular conditional distribution, 6 cadlag, 302

renewal process continuous, 302
as PDMP, 162 increasing, 302
as SPP, 20 indistinguishability, 302
backward recurrence time, 163 left-continuous, 302
compensator, 55 measurable, 301
forward recurrence time, 164 predictable, 302
intensity process, 65 previsible, 302
invariant probability, backward, 197 right-continuous, 302
invariant probability, forward, 199 stopped process, 307
zero-delayed, 20 stopping time, 306

right-censoring, 221 on canonical space, 69

ruin probability, 236 sigma-algebra, canonical space, 69

ruin problem, 236 strict, 306
difficult, 236 submartingale, 302
Lundberg equation, 241 supermartingale, 303
simple, 236 superposition, 120
undershoot, 236 survivor function, 19

semi-Markov process, 28 termination point, 34

shift, 56 time change, 98
translated, 56 time to ruin, 236

simple point process transition intensity
canonical probability, 17 general Markov chain, 149
construction, 18 homogeneous Markov chain, 27
definition, 9 transition probability
distribution, 10 homogeneous Markov chain, 27
explosion, 10 Markov process, 144
identification with CP, 12 transition-closed set, 187
stable, 19 translated shift, 56

space-time generator, 171

stability problem, 19 uniform integrability, 307

stability, criterion for upcrossing lemma, 304



